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Chapter 13 Continuous probability distributions — 13A Continuous random
variables

Theory

A continuous random variable X can take any value in an interval of the real numbers (for example a time, length or
mass). Its behaviour is described by a probability density function (pdf) f, and probabilities are found as areas under
the graph of f.

Conditions for a pdf. A function f is a valid probability density function if

1. f ( X ) >0 for all x (the graph never goes below the x-axis); and

2. the total area is 1: f f(x)dx=1.
b
Usually f is given by a rule on a support interval [ a,b ] and is 0 elsewhere, so condition 2 becomes f f ( X ) dx=1.

a

Probability is area. For a<b,

b

Pr(a<X<b)=[f(x)dx.

a

e Because a single point has no area, Pr ( X=c ) =0. Hence < and < give the same probability:
Pr(a<X<b)=Pr(a<X<b).
b b
. Pr(XSb)ZJv f(x)dxand Pr(XZa)Zf f(x)d x are computed over the part of the support to the left /

a

right.

b
Finding an unknown constant. If f contains an unknown Kk, set the total area equal to 1 and solve: _[ f(x)dx=1.

Conditional probability. As for any events,

_ Pr(a<X<b)

Pr(XSb/Xza) Pr(XZa)

To work with a pdf: (1) if there is an unknown constant, use total area =1 to find it; (2) write the required probability
as a definite integral of f; (3) evaluate, giving an exact value.

Worked examples
Example 1 — scaffolded

The continuous random variable X has pdf f ( X ) =kx for0<x<4,and f ( X ) =0 elsewhere. Find k, then find
Pr(1<X<3).

Working Comment

4 Use condition 2 for a pdf.
Total area =1: f kxdx=1.
0

X | =k -8=1,s50k=

0

l 2 ]4 1 Evaluate the integral and solve for k.
k -
8
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Working Comment

3 2 73 Probability is the area from 1 to 3.
Pr(1<x<3)=[ Sdx=|>-|.

1 8 16 |,

16 16 16 2 2
f(x)
/
> T
1 2 3 4

Example 2 — scaffolded

The pdf of X is f (x )=k x° for 0< x <3 (and 0 elsewhere). Find k, then find Pr(2< X <3) and Pr(1<X<2).

Working Comment
3 , E 3 1 Total area =1.
ka dx=k|=| =k -9=1,s0k=—.
0 3 0 9
3 2 373 _ Area from 2 to 3.
5 9 27 |, 27 27
3 _ Area from 1 to 2.
27 |, 27 27
fz)
1
T
1 2 3

Example 3 — unscaffolded

The pdf of X is f (x )=k x(4 —x) for 0<x <4 (and 0 elsewhere). Find k and Pr(1<X<3).

4 374
3
Total area =1: fk(4x—x2)dx=k 2x-X :k(32—%):k .2:1, so k=—.
0 3 0 3 3 32
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373
Pr(lSXSB)Z%lZXZ—%l :i(g_é):i ,2_2_2

. 32 3/ 32 3 32 16
3 11
k=—and Pr(1<X<3)==—.
30 and r( ) 16
f(z)
A
1 2 3 41‘

Example 4 — unscaffolded

The pdf of X is f (x)=ke *'* for x>0 (and 0 elsewhere). Find k, then find Pr(X <2) and Pr(X>1).

00

Total area =1: fkeiX/deZk[—Zef’”Z]o =k(0+2)=2k=1, Sok:%_

(=}

Pr(Xx<2)

Il
O Sy N
N | —

m|

X

N

Q

|

m|

>

N

[=}

Il

H

|

rb|

—

Practice questions
Scaffolded

Q1. X has pdf f (x)=kx for 0<x<2 (and O elsewhere). (a) Find k; (b) find Pr( X <1); (c) find Pr(X>1).
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Q2. X has pdf f ( X ) =k for 2<x <6 (a uniform distribution). (a) Find k; (b) sketch the graph of f; (c) find
Pr(3<X<5).

Q3. X has pdf f (x )=k x* for 0<x<2. (a) Find k; (b) find Pr( X <1).
Q4. X has pdf f (x)=kx(3—x) for 0<x<3. (a) Find k; (b) find Pr (1< X <2).
Q5. X has pdff(x)=ke_’(/3 for x>0. (a) Find k; (b) find Pr( X <3), giving an exact answer.

kx, 0<x<2 .
K ( 4 x) D<x<4 (and 0 elsewhere). (a) Find k; (b) find Pr(XSZ ); (¢) what feature of

the graph explains your answer to (b)?

Qeo. Xhaspdff(x):

Unscaffolded

For each pdf, find the constant where one is given, then find the required probability (exact values).
Q7.f(x)=kx,0<x<6.Find k and Pr(2<X<4).

Q8. f(x)=kx’,0<x<4.Find k and Pr(X>2).

Q9. f(x)=kx(1-x),0<x<1.Find k and Pr(X<1/2).

Q10.f(x)=k,0<x<5.Find k and Pr(1<X<3).

Q11. f(x)=ke ** x>0.Find k and Pr(X<1).

Q12.f(x)=k(4-x"),0<x<2.Findk and Pr(X<1).

K, 0sx<l b ik and Pr(x=3/2).

_ <x<
Q13. f(x)= kx, 1<x<2

Q14.f(x)=kx’,0<x<2.Find k and Pr(X>1),
Q15.f(x)=ke *, x>0. Find k and Pr(1<X <2).

Q16.f(x)=k(x-1)(3-x),1<x<3.Find k and Pr(X<2).

,0<x<4.Find Pr(X<3/X=>1).

NI

Q17. X is uniform with f (x )=
Q18. f(x)=kx "?,0<x<1.Find k and Pr(X <1/4).

Q19. The pdfis f(x)=kx(6-x),0<x<6. Showthatk:%, and hence find Pr(2<X<4).

%, 0<x<3

. Verify that the total area is 1, then find Pr(2< X < 4).
6—Xx
5 3<x<6

Q20. A random variable has pdf f ( X ) =

Q21. The waiting time X (minutes) has pdff(x)=%e_”4, x>0. Find Pr(X>6/X>2).
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Answers

1 1 3 1 2 13 1 _ 1
Q1. k=55 (0) 75(c) - Q2. K :— ()— Q3. k=2 g (1) 5 Qe k= (0) 0. Q5. k=23 () 1-e ™. Q6. k=73 (b)
1 1 1 3 7 1 _3 11 _2
Lornk=LLgsk=2.2 Souk=g: 2. -2 S
5 Q7 18°3 Q8 64° 8" Q9. k=6; Q10 o Ql11.k=2;1-¢ °. Q12.k 16 16 Q13. k e
1 15 31 13

7 11
L Qua.k=7; 2 e QI6. k=2 1 Q17. 2. QI8.k=+; = Q19. 22 Q20. 2. Q21 ¢!
20 Q14 116 Q15. k=1;¢e" . Q16. 17 Q17 . Q18. 25 Q19 27 Q20 9 Q2l.e

Fully-worked solutions

Q1. kadx k

AW

1
0 0 4 4

X2 2 1 1
] 2k=1:>k=%. (b) Pr(Xsl)ZJ'%dXZl l L ©Pr(x21)=1--=
0

f(@)

X
1 2

Q2. fkdx:k(6—2):4k:1:>k:%. (©) Pr(BSXSS):%(S—B)):% (a rectangle of width 2, height 1/4).
2

fz)

2 3 4 5 6

2

X[ _8k (3.2, 3 1.1
stkx dx= le —?—1:>k—— (b) Pr(X 1)—{5)( dx=2 .2=2 -

0

f(@)
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0 2 7 2
2 37?2
Pr1sx<2)=2|3X _x|_2 13_13
9] 2 3 9 6 7
f(z)
1 2 3LL'

Q5. jke‘“dx:k[—3e""3];°:3k:1:k:%. ) Pr(x<3)=[-e [ =1-¢"

0

f(a)

T
1 2 3 4 5 6 7 8 9 10

2
1
Q6. By symmetry each triangular half has area f kxdx=2k;total4k=1=k= n (b)
0

2
dx= lx—l = % (c) The graph is symmetric about x =2, so exactly half the area lies to each side.
0

T

1 2 3 4

] _16-4_12_1
36|, 36 36 3

6
Q7. kadx:18k:1:>k=%. Pr(2$XS4)=[
0
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f(z)

x
1 2 3 4 5 6
Y 64 k 3 3 64-8 56 7
8. [ kx’dx=L=1=2k=" pr(x>2)=| X | =2"C_20_7
Q{ 3 61 Prl )642 64 64 8
f(z)
xT
1 2 3 4

[N

Q10. 5k=1=>k=%. Pr(lsXsS)=—(3—1):%.

Ul

)
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f(z)

1 2 3 4 5

00

Q1l. fkezdeZkl—%ele =§=1=»>k=2. Pr(X<1)=[-e )=
0

f(z)

[

1 2

w

2 37? 3!
16 3 3 £l 3 1_n
12. [k(4-x)dx=k|4x-2| =k - Z=1=2k=—2.Pr(X<l)=-2|4x-2 | == . 2==
Q{<X)X[X3L 3 1ok gg PriX=1)=1g|4x "3 | =96 "3 716
f(x)
1 Zw

1 ; 3_5k 2 t2 o[ 2 7_7
Q3. [ kdx+ [ kxdx=k+k 2= =1=k==.Pr(x23/2)= [ Sxdx=2|%| =2 .2=2
) 1 2 2 5 2,5 512 L, 5 8 20

)
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\

T
1 2

x
4 Jo

f(z)

Q15. [ ke *dx=k=1=k=1.pr(1<X<2)=[-e[i=e'-e
0

f(=z)
\\
1 2 3 4 SI

3 3 3
Q1e6. J'k(x—1)(3—x)dx=kl—%+2x2—3x] =k -%le)k:%. By symmetry about x=2, Pr(X<2)==.
1

fia)
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Q14.ka3dx=kl ]=4k:1:>k=%.Pr(X21):l—
0

N |—




Q17. Pr(1<X<3)

NG

(3-1)==and Pr(X=>1)=

N |~

f(a)

Z
1 2 3 4

1/4

1
- 1
Q18. f k x 1/zdx=k[2 \/;](1)=2k=1 :k:%. Pr{X< 1/4)=[\/;]0 =§. (The graph is unbounded near x =0 but
0
the area is still finite.)

(@)

3

6 376
1
Q19. fk(6x—x2)dx=kl3x2—%] =k(108-72)=36k=1,50 k=2 Then
0

Pr(2<Xx<4)

RN PAP'S Y1 52 13
36 ,

f(z)

1 2 3 4 5 6

3 6
Q20.Totalarea=f£dx+fG_de=l+l=l,soitisavalidpdf.
) 9 5 9 2 2
3 4
X 6—-x 5,5 _10_5
Pri2<X<4)=\| =dx+ dx=—+—=—=—,
rl )!9)('!9)(1818189
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f(z)

Q21. Pr(X>6)=] —e Lovitgy=e? and Pr(X>2)=
6

&~ |

f(z)

X
1 23456738 91011121314151617181920

S0OE) Classbasics Pty Ltd, vwx.au
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Chapter 13 Continuous probability distributions — 13B Mean, median and
percentiles

Theory

A continuous random variable X is described by a probability density function (pdf) f with f ( X ) >0 and total area
o b

f f (x)d x=1; probabilities are areas, Pr(a<X<b)= f f (x)d x. This section finds the centre of such a

oo g

distribution.

Mean (expected value). The mean is

p=E(X)= ] xf(x)dx,

integrated over the domain where f is non-zero. More generally, for any function g, E ( g ( X )) = f g(x)f ( X ) dx —
for example E ( X*)=[x"f(x)d x.

Median. The median m is the value that splits the area in half:

m

f f(x)dx=1/2.

— o0

Half of the probability lies to the left of m and half to the right.

Percentiles. The p-th percentile is the value X, with I f(x)dx= ﬁ The median is the 50th percentile; the lower

and upper quartiles are the 25th and 75th percentiles.

Mode. The mode is the value of x at which f is greatest — the highest point of the pdf. For a smooth pdf find it by
solving f ' ( X ) =0 (and checking the endpoints); a distribution can have no single mode (for a uniform pdf every value
is equally likely).

Shape. For a symmetric pdf the mean, median and mode all sit at the centre. If the distribution has a long tail to the
right then > m; a long tail to the left gives 1 <m.

Worked examples
Example 1 — scaffolded

The continuous random variable X has pdf f ( X ) :g for 0<x <4 (and 0 elsewhere). Find (a) the mean, (b) the

median, and (c) the mode.

Working Comment
4 X 1'% x° ! 64 8 E(X)=[xf(x)dx.
(a)u=fx-—dx=f—dx= — | ===
0 8 ) 8 24|, 24 3
m 2 2 The median has half the area to its left.
(b) Solve [ Xgx=d (X[ _m_1
) 8 2 116, 16 2
m>=8, so m=2+/2 (taking the value in [0, 4 )). Reject the negative root — it is outside the domain.
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Working Comment

(c) f increases across [ 0,4 ], so it is greatest at x=4: The pdfis largest at the right endpoint.
the mode is 4.

8
Since H= 3 82.67<m=2+2w~ 2.83, the distribution is slightly left-skewed.

1z

m

1 2 3 4

Example 2 — scaffolded

2
X has pdf f(x)= 3% for 0<x<2. Find the mean, median and mode.

Working Comment
to3x 3 3x'|_48_3 E(X)=[xfdx.
H:fx ._dxzf_dxz 2X |1 =202
0 8 ) O 32 |, 32 2
2 3™ 3 Set the left area equal to 1/2.
Median: f—d =X Zm—:l.
0 8 |, 2
m>=4, so m:%/Z, Exact value — a cube root.
f increases on [ 0,2 ], so the mode is x=2. Highest point of the pdf.
Yy

1 2

Example 3 — unscaffolded

1 - . .
X has pdf f ( X ) = E e ' for x>0. Find the mean, the median, and the mode.
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-x/2

Mean: p= f x -1/2e "'“d x=2 (integration by parts).
0

Median: f 1/2e **dx=[-e *?]1=1 —em/ZZ%, S0 em/ZZ%, giving —%Zlogel/2 and m=2log,2.
0

Mode: f is greatest at x =0 and decreases thereafter, so the mode is 0.

oo pu=2>m=2log,2~1.39: the long right tail pulls the mean above the median.

Y

it

[\O) -

—1 1

Example 4 — unscaffolded

X has pdff(X)Z%(l - X2) for — 1< x<1. Find the mean, median and mode.

1
The pdf is symmetric about x =0 (it depends only on x*). The mean is p= f x -3/4 ( 1- xz) d x=0, since the
integrand is an odd function on a symmetric interval. B
By symmetry the median is also m=0 (each half carries area 1/2).
The mode is where f is greatest: f(x ) =3/4 ( 1- xz) is largest when x” is smallest, i.e. at x=0.

. y=m=mode =0 — a symmetric distribution.

y
#
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Practice questions
Scaffolded

Q1. X has pdf f ( X ) =—,0<x<2. (a) find the mean; (b) find the median; (c) state the mode.

N | >

, 1<x <5 (a uniform distribution). (a) find the mean; (b) find the median; (c¢) explain why

NG

Q2. X has pdf f (x)=

there is no single mode.

2
Q3. X has pdf f ( X ) = ?X, 0<x<3. (a) find the mean; (b) find the median; (c¢) find the lower quartile (the 25th

percentile).

_ 2
Q4. X has pdf f ( X ) = %, 1<x<3. (a) find the mean; (b) find the median; (c) state the mode.

3(4—x2)
32

confirm the mean is 0 by integration; (c) state the mode.

QS. X has pdf f ( X ) = , —2<x<2. (a) explain, using symmetry, why the mean and median are both 0; (b)

2

Q6. X has pdf f ( X ) = ?%—Z, 0<x<4. (a) find the mean; (b) find the median; (c) state the mode.

Unscaffolded

For each of the following, find the mean, the median and the mode (and any percentile requested). Give exact values.

Q7. f ( X ) = %, 0<x<6; also find the upper quartile (the 75th percentile).

1 & :
Q8. f(X ) = 1 e /4, x>0; also find the 90th percentile.

3(2—x)2

,0<x<2.
8

Q9. f(x)=

QlO.f(x)Z@,OSXSB».

Q11.f(x)=e ", x>0. Show that the median is log, 2.

Q12.f(x)=4x" 0<x<1.

, 2<x<4 (uniform): find the mean and median, and explain the mode.

Q13.f(x)=

N |~

Q4. f(x)=3x%0<x<1.

Q16.f(x)= 6X( 1-x),0<x<1. Show that the mean equals the median.

3x(10-x)

0<x<10.
500 o

Q17.f(x)=
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QI8. f(x):%eX/?’,sz.

Q19. f(x)zgsin(nx), 0<x<l1.

Q20. f(x)=2e **, x>0. Find the mean, mode, and show the median is %logeZ.

3(1-(x-1))
4

,0<x<2.

Q21.f(x):
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Answers
4 . . . . .
Q1. mean 3’ median \/E, mode 2. Q2. mean 3, median 3, no single mode (uniform). Q3. mean 2, median 0

5
%; mode 3. Q4. mean 5 median 1+ 4, mode 3. Q5. mean 0, median 0, mode 0. Q6. mean 3, median

234, mode 4. Q7. mean 4, median 3+/2, upper quartile 3 V3, mode 6. Q8. mean 4, median 4 log, 2, 90th percentile

lower quartile

41og,10, mode 0. Q9. mean %, median 2 — V4, mode 0. Q10. mean 1, median 3 — 37\/5, mode 0. Q11. mean 1,
. 4 V8 . . .
median 10g,2, mode 0. Q12. mean = median - mode 1. Q13. mean 3, median 3, no single mode (uniform). Q14.
3 . 4 7 1 1 1
mean Z’ median 7, mode 1. Q15. mean g, median 1 +\/§, mode 3. Q16. mean E’ median E’ mode 5 Q17. mean

5, median 5, mode 5. Q18. mean 3, median 3108,2, mode 0. Q19. mean %, median %, mode % Q20. mean %,

median %logEZ, mode 0. Q21. mean 1, median 1, mode 1.

Fully-worked solutions

2 2 372 m 2
X X X 8_4 . X m _1
1 —, 0<x<2. M =| Zdx=|Z| =2=2.Median: | Zdx=—-==>m’=2=>m=12.
Q1. f(x)=35. e”“{z XlJ063 ewn{z 42 !
increases, so mode =2.
)
I
1 m
1
11
11
11
11
11
11
11
[}
11
11
11
i i :
1 2
1 0 2T’ 25-1
Q2. Uniform f(x)zz, 1<x<5. Mean :f %dle%] ZTZS (the midpoint). Median:
1 1
1, m-1_1_ _ : _ . , .
fzd x= 7 —Esm—B.Every value of x in [ 1,5 has the same density 1/4, so no single value is most likely
1

— there is no unique mode.

2 t X ’ 2
Q3.f(X)=?X,0Sx£3.Mean:{szdx lzz);] =2. Median: f—dx—?—%3m2=%:>m % Lower
2
. . q 1 2_9 _3 -
tile qg: —=— == =—. Mode =3.
quartile g 3 4:q 4:>q 5 ode
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3(x-1)

3(x-1)
) 8

3
Q4. f(x :T,1£x£3.Mean=fx : dx=g.Median:
1

m _1\2 _13 " _1)3
f%dx:[(x 81) ] :(m81) :%:(m—1)3:4=>m:1+3/2.fincreaseson[l,S],somode=3.
1 1

3(4—x2)

3 —2<x<2.(a) f depends only on x°, so it is symmetric about x =0; the two halves carry equal

Q5.f(x)=

3(4-x°)
32

2
area, so m=0, and the balance point is p=0. (b) y= f X - d x=0 (odd integrand over a symmetric
-2

interval). (c) f is greatest where x” is least, i.e. mode =0.

2 4 3 474 3
Q6-f(X):?;—Z,OSXS4. Mean = 3x dx=l3x ] —768=3. Median:r6n—4=%:>m3:32=>m=%/§=2%.

| 64 256 |, 256
Mode =4.
X "X | m _1 2
Q7.f(X)=E,0£x$6.Mean:fde= 1 0=4.Median:£25=}m =18 >m=3V2. Upper quartile q:
2
%=%:>q2:27:>q=3\/§.Mode=6.
I _w X —xi4 g _ . _oma_ 1 ~msa_1 _
Q8.f(x)—ze ,XZO.Mean—fZe dx=4.Median: 1 e —E:e —E:m—4log82. 90th
0

percentile Xqp: 1 — e =09 =e = % = Xxg9,=410g,10. Mode =0.

Y 2 Y
Q9-f(X)=M,OSXS2- Mean=fx '%dx=%. Median:
0

m R Y L3 M _ _ 3
dedx:[—(2 8X) :| _8 (28 m) :%:(2—m)3:4:m:2—3/z.fisgreatestatx=0:mode=0.
0 0

"

I 2 o °
3
QlO.f(x)=¥,O£x£3. Mean=fx '2(3—)()dx=1. Median:
0
m _ 2
_[2(3 X>dx=6m m =l:>m2—6m+g:0:>m=3—3—\/§(therootin[O,B]).Mode=0.
) 9 9 2 2 2

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 19



Q1. f(x)=e", x>0. Mean=f xe “dx=1. Median: fe_xdx=1—e_m=%:>e_m=%:>m=loge2. Mode =0
0 0

(density greatest at x =0).

Y

M

m

I
I
I
I
I
I
1
1

2 3 4 5 =

1 57! m 1/4 4
Q12.f(x)=4x 0<x<1. Mean=f 4x*dx= A% =2 Median: f4x3dx=m4=l=»>m= 1 2@. Mode

0 5|, 5 0 2 2 2
=1.

. _1 D ..o.m=2_1 _ _

Q13. Uniform f(x)—a, 2<x<4. Mean =3 (midpoint); median: 5 3 =m=3. As the density is constant, no
single value is most likely — no unique mode.

1 3

1 1 4

Ql4. f(x)=3x% 0<x<1. Mean:{ 3x3dx:% Median: m3=§:m=%=%. Mode =1

x—1
2

x—1

3
,1<x<3. Mean=fx .
1

Q1s. f(x)= dx=§. Median:

N

| X_ldx:w:l:(m—1)2=2:>m:1+\/§. Mode =3.
72 4 2

Q1eé. f(x ) =6x ( 1-x ), 0< x<1. This is symmetric about x=1/2 (replacing x by 1 — x leaves f unchanged), so the

1 m
mean equals the median. MeanZJl 6x2(1—x)dx=6(%—%)=%. Median: Jl6x(1—x)dx=3m2—2m3=%, and
0 0

m=% satisfies this (3 -1/4-2 -1/8=3/4-1/4=1/2). .. mean=median:%. Mode: f'(X)=6—12x=0:>x=%.

I

m

5
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3x(10-x)

Q17.f(x)= 00 0<x<10. Symmetric about x =5, so mean = median =5. (Mean
10
3x(10- , 3(10-2
:J‘X -MdXZS.) Mode: f (X)=u=0 = x=5.
0 500 500
Y

1%

<

[ M

m/3

1 . _
Q18. f(x)=§e /S,XZO. Mean =3. Median: 1 —e Z%:mZBIOgeZ. Mode =0.

Q19. f(x)=%sin(nx), 0<x<1. Symmetric about x=1/2, so mean = median :%. (Mean

1
:f X 'ESiH(TEX)dX:l.) Mode: sin (7 x ) is greatestatle.
) 2 2 2

I

m

1

Q20. f(x)=2e **, x>0. Mean =f 2xe2xdx=%. Mode =0. Median:
0

f26_2de:1_e-zm:%:e—zm:%:-zmzlogel/zzm%logel

0

_ _ 2
Q21.f(x) :M, 0< x<2. Symmetric about x =1, so mean = median =1. (Mean
2 P
:J' X - dez 1.) Mode: f is greatest where (x — 1) is least, i.e. x=1.
0 4

5
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Chapter 13 Continuous probability distributions — 13C Measures of spread

Theory

For a continuous random variable X with probability density function f on [ a,b |, the mean (expected value) is

u=E(X)=}xf(x)dx.

The variance measures how spread out the distribution is about the mean:

b

Var(X)=E((X—y)2)=E(X2)—pz,whereE(Xz):fxzf(x)dx.

The second form Var (X )=E(X*) -y’ is almost always the easier one to use.

e The variance is measured in the square of the units of X. The standard deviation returns to the original
units:

sd(X)=o=+Var(X).
e Because it involves (X U )2, the variance is unchanged by a translation of the distribution and is always >0.
e Take care: the question may ask for the variance or the standard deviation — they are not the same.

Always take the square root for the standard deviation.

The interquartile range. The quartiles Q, and Q; and the median m are the values that divide the area under the pdf
into quarters:

Q, . o
[ f(x)dx=1/4,[ f(x)dx=1/2, [ f(x)dx=3/4.

The interquartile range is IQR =Q; — Q;; it is the width of the middle 50 % of the distribution and, unlike the
standard deviation, is not affected by the tails.

To find the spread: (1) ﬁndeE(X); (2) find E(XZ); 3) Var(X)=E(X2)—y2; 4) GZ\/Var(X). For the IQR,

solve the two area equations for Q, and Q.

Worked examples
Example 1 — scaffolded

The continuous random variable X has pdf f ( X ) =2x for 0<x<1 (and 0 elsewhere). Find the variance and the
standard deviation of X.

Working Comment
( f 3] Mean = [ xf d x.
u—E<x>=fx<zx)dx=fzx2dx:[2_x] .2
0 0 3 0 3
2 ( 2 1 3 x4 ! 1 Now integrate XZf,
E(X*)=[x’(2x)dx=[2x’dx=| > | ==
0 0 2 0 2
Var(X):E(Xz)_ 221_ g Z:l_izi UseVar:E(Xz)—yz.
H 2 3 2 9 18
V2 Standard deviation =+/ Var. Keep it exact.

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 23



+ b ————————

p—0o "

Example 2 — scaffolded

2

The pdf of X isf(x):‘%‘ for 0<x<2. Find Var (X ) and sd ( X ).

Working Comment
’ ; 3 4T Find the mean.
p:IX'S—XdX: S—dezl3_xl :E
( ’ 5T Integrate x’f.
E(X*)=[ % BX gx=|3X | 2612 f
0 8 40 0 40 5
2 2
Var(X):E— 31'.12.9_48-45_3 Subtract 1.
2 5 4 20 20
-3 _V15 V3720=13/2/5=115/10.
20 10
f(z)

Example 3 — unscaffolded

1
The waiting time X minutes is uniformly distributed with pdf f ( X ) = 1 for 1<x<5. Find the standard deviation and
the interquartile range of X.

5 2 5 _
u:fx.l/4dx:l£‘| :M:B'
1 8|, 8

5 3 5 _
E(XZ):J‘X2']_/4dX: X_ :M:ﬂ.
1 2], 12 3
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1
=3/4=>Q,=

=1/4=>Q,=2,and

Ql_l Q3_
4

o= % minutes and IQR=Q; — Q, =2 minutes.

f(z)

Example 4 — unscaffolded

3
The pdf of X is f ( X ) = " X ( 2- X) for 0 < x<2. Find the variance and standard deviation.

2

4
fx 3/4x(2-x)dx= 3/4f 2x*=x")dx= 3/4[2; );]:3/4.%:

0

r 4 57
E(X*)= fxz 3/4x(2-x)dx= 3/4]” (2x°—x*)dx= 3/4[2 123/4 '%Z%
0

var(x)=8- 1216 \ff

4+ e

n—o 7

—

)
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Practice questions
Scaffolded

Q1. Forf(x)=3x2, 0<x<1:(a) find E(X); (b) find E(Xz); (¢) hence find Var(X); (d) find the standard
deviation.

1
Q2. The uniform pdff(x)=§, 0<x<2:(a)find E( X ); (b) find Var (X ) and sd ( X ); (c) find the quartiles Q, and

Q3; (d) hence state the interquartile range.

Q3. For f(x)=%,0<x<4: (a) find E( X ); (b) find E( X?); (c) find Var (X ); (d) find sd ( X ).

oo | >

2

| >

Q4. For f(x)="-,0<x<3: (a) find E( X ); (b) find E( X*); (c) find Var (X ) and sd ( X ).

NlWw

Q5. For f(x)=2(1-x*),0<x<1: (a) find E( X ); (b) find E( X*); (c) hence find Var (X ) and sd (X ).

,2<x<5: (a) find E(X ) and Var (X ); (b) find sd ( X ); (c) find the quartiles and the

W |+~

Q6. The uniform pdf f(x)=
interquartile range.
Unscaffolded

For Q7-Q13 and Q15-Q17, Q19-Q21, find the variance and the standard deviation of X. For Q14 and Q18, find
the quartiles and the interquartile range.

Q7.f(x)=4x%0<x<1.

,0<x<2.

Q8. f(x)=

N |

2

3x
9. =—— 0<x<4.

Q10.f(x)=§—;,03x35.
Q11.f(x)=6x(1-x),0<x<1.

1
Q12. f(x)Zg, —1<x<5. Also find Q,, Q; and the IQR.
X3
Q13.f(x):Z,0£x£2.

2
Ql4.f ( X ) = ?X, 0<x<3. Find the exact quartiles and interquartile range.
Q15.f(x)=12x*(1-x),0<x<1.

Q16. f(x)Z%, 0<x<6.

Q17. f(X)Z%\/;, 0<x<l1. ShowthatE(Xz)Z%, and hence find Var(X).
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Answers

Q1. (a) 3/4 (b) 3/5 (c) 3/80 (d) @. Q2. (a) 1 (b) Var=1/3, a:E (c) Q,=1/2,Q,=3/2 (d) IQR=1. Q3. (a)
8/3 (b) 8 (c) 8/9(c1)i Q4. (a) 9/4 (b) 27/5 (c) Var=27180, o—£ Q5. (a) 3/8 (b) 1/5 (c) Var=19/320,
a:£. Q6.(a) E(X)=712, Var=3/4(b)0=£(c) Q,=11/4,Q,=17/4,1QR=3/2. Q7. Var=2/75,0=1—\/§.
Q8. Var=2/9, G_g Q9. Var=3/5, G—£ Q10. Var=25/18, G—i Q11. Var=1/20, G‘£ Q12.
Var=3,0=+3;Q,=1/2,Q,=7/2,IQR =3. Q13. Var=8/75,a—i Q14.Q,= 3/2,median—i Q,= N—
,IQR:3€_3.Q15. Var=1/25,0=1/5.Q16. Var=2, ¢=+2. Q17. Var=12/175, a—% Q18.Q,=5/4,
median =5/2, Q;=15/4, IQR =5/2. Q19. Var=19/80, G=%. Q20. Var=5/252, G=%. Q21. Var=4/5,
5

Fully-worked solutions

1 1 51
48 - 4
Ql. u= fx (3x%) dx—l3x l :%;E(XZ):IX2(3X2>dX:l3—X] :é; Varzg——9 ~H-45_3,
0

4 0 5 |, 5 16 80 80’
\/_
80 20
2 2 2
Q2.u=f5dx=1;E(X2)=fX—dx=£;Var=£—1=l,G=E.Quartlles
) 2 3 3 3 3

Q

f1/2dx 1/4 = 21—1/4:>Q1=1/2; similarly Q,=3/2, IQR =1.

f(=)

Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 28



3 3 4P 3 4 5P
X X 81_9 2 X X 243 27 _27 81 _432-405_27
4_ = —_— =| — =" = _— =| —— = —_— e e —— R
Q4. i { dx [ ] ;E(X?) .glgdx [ L ac S,Var T 30 mE

X _

1
E(X2)=3/2I(x2—x4)dx:3/2[3 9 _64-45_19 V95
0

64 320 320° 40

1 x| 1.3
5.u=| x-3/2(1-x*)dx=3/2| 2 -2-| =3/2 - ===2;
Q“Jc:x (1) dx [2 4L 478
3 2.1

5

ur| >,
=
I
w
~~
N

ol

6 6 2 9 4

-2 -2
Quartiles: Q13 =1/4=0Q,=11/4; Q33

5 2P 5 2 37
- - 49 3
2 2 2 2

=3/4=Q,=17/4; IQR=3/2.

f(z)

5 Q13 m 4Q3 :
1 1
s, 4 2 s, 2 2 16 _50-48_ 2 V6
LU= = = == Var=———=———=—-:9g=——,
Q7. u _!:4x dx 5,E(X) _([4x dx 3 ar 3 o5 7 75,6 15
2 2 2 3
X 4 2 _ [ X 16_2 2
8.u=| —dx=—;E(X°)=| —dx=2;Var=2-—=—;0=—.
Q8. 4 {2 x=5 ELX) {2 X 9 97773

4 3 474 4 4
3x 3x 3x 48 48 3 15
Q9.y={—dx=l—] ZS;E(X2)={ dx=?~ Var———9—§;a:?,

f 2x°
Q10. = | ==dx=
) 25

375 5 3 _
lzxl:10;E(X2):f2_xdx_§;‘,ar:§_100:225 200_25 52
0 0

75 25 4X7 5 2 9 18 18879 6

1 3 PRl
2 X X 1 2 3.4 1_3 ~3 1_1 V5
. = — = _ = = — = e = = = =
Ql1. p {GX (1-x)dx 6[ 3 4] 2,E(X) 6{()( x')dx=6 20 1O,Var 0 4 20,0 10

f(x)

.- ————————~

e
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27 5 2 37
X 25-1 2 X X 125+1
12. dx =——=%ZE(X)=| =dx=|—| = =7, Var=7-4=3,0=+3.
Q “f llZ] 12 ( )_fls X [18]_1 18 V3
+1 +1
Quartiles: Ql =1/4=Q,= ;Q3 =3/4=>Q,=7/2; IQR=3.
f@)
| | a
Q1 m Q3
-1 1 2 3 4 B
° X T 32 8 25 X1 64 8 8 64 200-192 8
1B.u=| =dx=|=| =22=2,E(x)=| dx=|= | =—=2; Var=c ——=—"—"=—:¢9=
Q“{4Xl20Lzos<){4Xl24Lz43 3 25 75 75
©2x Q Q m’ 3 342
Q14.Solve£—dx— 50:? Then —1=1/4 >Q]=9/4=>Q,== medlan ?—1/2:m=5=7;
3@—3
(;3 3/4 Q3_i IQR Q3 le 2 .
f(@)
. e
1 Q1 zm Q3 X
( 3 x x° ' 3 2 ( 4 s 1 2 2 9 1
1 « U= - = —_— | =—: = — = ._:_-V = — =
QI5. {12x(1 x)dx 12[4 5L 5,E(X) 12_!:()( X°)dx=12 G Vs s
1
o==.
5
x36 " x x46
16. ——d == —dx=|—|=18; Var=18-16=2; g=+2.
N "’f . l54L {8 l72L V2
( ( 2 3 ( 2 3
QU7 =[x -3/2x"dx=3/2 [ x"*dx=3/2 - T=2: E(X*)=3/2 ] x"*dx=3/2 - 2= (as required).
0 0 0

3.9_75-63_12 _[12 2421

Var = ;0= = .
7 25 175 175 175 35
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Q18. For the uniform pdf, $ = $ (the required fraction). Q,=5/4, median =5/2, Q;=15/4; IQR=15/4-5/4=5/2

f(z)
i : ! i
Q1 m Qs
1 2 3 4 5
2 3x* 3x] 3 3 3
19. p= | x(3/4-3x°/16)dx=| = -="—| =2 - ===,
Q“{X( X)Xls 64]0244
2 3 5712
2 o4 x> 3x 6 4 _49644519@
= — = — — ———— = —_:_’Var———— o=——.
{(3/4){ 3x*/16)d x [4 0 L 2- = V= e T T T 9= 50
1
5 2 6 5 5 25_180-175_ 5 V35
= — = :—~V . = .
Q20. p= f5x dx=5: E(X) {SX dx= = e = e 252° 9T 4
4 “ 51 256 24
Q21. With p=2: E(X*)=[ & '3/32x(4—x)dx:3/32_[(4x3—x4)dx=3/32lx4—xg] =3/32 - ===
0 0 0
Var=%—4=%; o= \/g —iNO 894. The interval py+ o captures the central spread about the mean:
f(z)
i i E i
p—o 1% p+o
1 2 3 4

)
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Chapter 13 Continuous probability distributions — 13D Mean and variance under
linear change

Theory

Once the mean p1=E( X ) and variance Var (X ) of a random variable X are known, the mean and variance of any
linear transformation a X + b can be found without re-integrating.

Linearity of expectation. For constants a and b,
E(aX+b)=aE(X)+b.
Expectation is a “balance point”, so scaling X by a scales the mean by a, and shifting by b shifts the mean by b.
Variance under a linear transformation.
Var(aX+b)=a’Var(X).

Adding a constant b slides the whole distribution along without changing its spread, so b has no effect on the
variance. Scaling by a stretches the spread, and because variance is measured in squared units the factor is g°. Taking
the square root,

sd(aX+b)=|a|sd(X).

The computing formula for variance. Rearranging Var (X )=E (X 2) -[E(X) ]2 gives the frequently-needed
identity

E(X?)=Var(X)+p’.
This lets you evaluate E ( X 2) (and hence E of any quadratic in X)) directly from p and Var ( X )
Cautions.

o Var(aX+b)=a2 Var ( X ) — do not write aVar (X ), and the +b disappears.

e Keep variance and standard deviation distinct: sd =+/Var, and sd(a X +b)=|a|sd( X ) uses |a| (a
standard deviation is never negative).

e E(X*)#[E(X)] in general — the difference is exactly Var (X ).

Worked examples
Example 1 — scaffolded

A random variable X has E( X )=5 and Var( X )=4.Find E(3X+2), Var(3X+2) and sd(3X+2).

Working Comment

E(3X+2)=3E(X)+2=3(5)+2=17 Use E(aX+b)=aE(X)+b witha=3,b=2.
Var(3X+2)=3Var(X)=9x4=36 Use Var(a X +b)=a"Var( X ); the +2 has no effect.
sd(3X+2)=v36=6 sd=+/Var (equivalently [a|sd( X )=3 x 2).

Example 2 — scaffolded

A random variable X has mean 10 and standard deviation 3. Find E(2X —1), Var(2X -1),sd(2X —1) and
E(X?).
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Working Comment

E(2X-1)=2(10)-1=19 a=2,b=-1.

Var ( X ) =3%=9 Variance is the square of the standard deviation.

Var(2X -1)=2°x9=36, so sd(2X-1)=6 a’ Var ( X ); then square-root.
E(X*)=Var(X)+p’=9+10°=109 Use E(X?)=Var(X )+’

Example 3 — unscaffolded

The continuous random variable X has probability density function f ( X ) =§ for 0<x <2 (and 0 elsewhere). Find

Var (X ), and hence E(4 X +1) and Var(4 X +1).

4\’ 16 _2

X)=E(X*)-[E(X)P=2-(=| =2-—==.

Var (X)=E(X*)~[E(X)F=2-( 4] =2~ 10-2
E(4x+1)=d4x241=12
3 3
2_32
Var(4X+1)=4>x£="%
ar )45

19

.'.E(4X+1)=? Var(4X+1)=—(andsd(4X+1) 4(

Example 4 — unscaffolded

A random variable X has E(X )=2 and E( X*)=7. Find sd ( X ), and hence E(2X —3) and sd(2 X - 3).
Var(X)=E(X*)-[E(X)]’=7-2%=3,s0sd (X )=+3.

E(2X-3)=2(2)-3=1.

Var(2X -3)=2"x3=12,s0sd(2X -3)=+/12=2+/3.

~E(2X-3)=1andsd(2X-3)=23.

Practice questions
Scaffolded

Q1. X has E( X )=8 and Var (X )=5. (a) Find E(2 X +3); (b) find Var(2X+3); (c) find sd (2 X +3).
Q2. X has mean 4 and standard deviation 2. (a) Find E(5 X ); (b) find sd (5 X ); (c) find Var (5 X ); (d) find E(X?).

Q3. X has E(X )=6 and Var (X )=9. (a) Find E(10 — X ); (b) find Var(10— X ); (c) find sd (10 — X ); (d) explain
why the variance is unchanged by the reflection.

Q4. X has E( X )=3 and Var( X )=2. (a) Find E( X*); (b) find E(3X —1); (c) find Var(3 X —1).
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2

Q5. The continuous random variable X has pdff(x)zs?x for 0<x<2. (a) Find E( X ); (b) find E( X?); (c) hence
find Var (X ); (d) find E(2 X ) and Var (2 X ).

Q6. A random variable X satisfies E(3 X +1)=16 and Var (3 X +1)=45. (a) Find E( X ); (b) find Var(X ).
Unscaffolded

Q7. X has E( X )=12 and Var( X )=16. Find E( X*).

Q8. X has mean 7 and standard deviation 2. Find Var(3 X ) and sd (3 X ).

Q9. X has E(X )=5and Var(X )=8.Find E(2X -4), Var(2X -4 ) andsd(2X — 4).

Q10. X has E(X)=-3 and Var(X)=5.Find E(1-2X ), Var(1-2X ) andsd(1-2X ).

Q11. X has E(X )=10 and E( X*)=125. Find Var( X ) and sd (X ).

Q12. A random variable X satisfies E(4 X —2)=10 and sd(4 X —2)=8. Find E( X ) and Var (X ).

Q13. The continuous random variable X is uniform with pdf f (X )== for 0<x<2. Find Var (X ), and hence E (6 X )

N |+~

and Var(6X ).

Q14. A temperature X (in °C) has mean 20 and standard deviation 4. The temperature in °F is Y = % X +32. Find
E(Y)andsd(Y).

Q15. The cost of a job is C=5 X + 20 dollars, where the number of hours X has E( X )=8 and Var( X )=3. Find
E(C), Var(C) and sd(C).

Q16. X has E( X )=2 and Var(X )=6. Find E(( X +1)*).

Q17. A random variable X satisfies E(2 X +1)=9 and Var(2 X +1)=16. Find E( X?).

Q18. The continuous random variable X has pdf f (x )= 2?)( for 0< x<3. Find Var( X ), and hence E(3 X —2) and
Var(3X-2).
Q19. A random variable X has Var(3 X —1)=45. Find Var(X ).

X —
Q20. A random variable X has mean p and standard deviation 0. The standardised variable is Z = Ty Show that
E(Z)=0and Var(Z)=1.

Q21. X has E( X )=5 and Var (X )=9. Find constants a>0 and b so that Y =a X +b has E(Y )=0 and Var(Y )=1.
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Answers
Q1. (a) 19 (b) 20 (c) 2+/5 Q2. (a) 20 (b) 10 (c) 100 (d) 20 Q3. (a) 4 (b) 9 (c) 3 (d) adding/reﬂecting shifts the
distribution without changing its spread Q4. (a) 11 (b) 8 (c) 18 Q5. (a) (b) (c) — (d) E ( 2X ) 3,

Var(2X)=% Q6. ()5 (b) 5 Q7. 160 Q8. Var(3 X )=36,sd(3X)=6 Q9. 6, 32, 42 Q10. 7, 20, 2+/5 Q11.

Var (X )=25,sd(X)=5Q12.E(X)=3, Var(X)=4 Q13. Var(X)=%; E(6X)=6, Var(6 X )=12 Q14.

E(Y)zss,sd(Y):%:zzQ15.E(c)=6o,Var(c):75,sd( C)=5+3 Q16. 15 Q17. 20 Q18. Var( X )= %

E(3X-2)=4, Var(SX—Z)Z% Q19.5 Q20. E(Z)=0, Var(Z)=1 (see solution) QZI.GZ%, bz—g

Fully-worked solutions
QL.E(2X+3)=2(8)+3=19; Var(2 X +3)=2%(5)=20;sd (2 X +3)=1/20=2+/5.

Q2.E(5X)=5(4)=20; Var(X)=2?=4, so Var(5 X )=5*(4)=100 and sd (5 X ) =10;
E(X?)=Var(X)+p’=4+16=20.
Q3. Witha=-1,b=10: E(10- X )=-6+10=4; Var(10- X )=(-1)*(9)=9; sd (10 - X )=3. (d) The

transformation 10 — X reflects and shifts the distribution but does not stretch it, so the spread — and hence the
variance — is unchanged.

Q4. E(X’)=Var(X)+p*=2+9=11; E(3X -1)=3(3)-1=8; Var(3X -1)=3°(2)=18.

t o 3x 3x‘]" 48 3 2, 3x 3x°|_96_12.
QS.E(X):JIX'—XCIX:[—X] :—:—;E(X2)=J1x2~ X dx:[_x] 96
0 0 0

8 32 32 2 8 40 40 5°

12 (3V_12 9_3 3 2.3 _3
== == —-—=— E 2 :2)(—:3 2 22 X—=—

Var (X ) = (2) =~ 4~ 5g Then (2X) 5 and Var(2X) 0"

Q6.E(3X+1):3E(X)+1:16:E(X):13—5=5. Var(3X+1)=9 Var(X)=45= Var(X)=5.

Q7.E(X*)=Var(X)+p’=16+144=160.

Q8. Var(X)=2°=4,s0 Var(3X)=3%(4)=36 and sd(3 X )=6.
Q9.E(2X-4)=2(5)-4=6; Var(2X -4)=2%(8)=32;sd(2X —4)=1/32=4+2.
(=2)*(5)=20;sd(1-2X)=120=2+5.

Q11. Var( X )=E(X*)- 4*=125-100=25; sd ( X )=5

Q10.E(1-2X)=1-2(-3)=7; Var(1-2X)

Q12.E(4X—2):4E(X)—2:10:>E(X):%=3.sd(4X—2)=|4|sd(X)=8:>sd(X)=2,soVar(X)=4.
2 2 2 2 3 2
1 X 2 1 X 4 24 1
. = o — =| — : : —_— : = — X ———1——_ =
QI3.E(X) .([x de l4L _{x 2 [GL 3,Var( ) 3 3 Then E(6 X )=6 and

Var(6X)=6"x==12,
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x4=30-71
5

U‘I|LO

Q14.E(Y)==(20)+32=36+32=68;sd(Y )= ‘g

Q15. E(C)=5(8)+20=60; Var(C)=5°(3)=75; sd(C)=+75=5+3.

Q16. Expand: E(( X +1)*)=E(X*+2X +1)=E(X?)+2E(X)+1. Now E( X*)=Var(X )+ p*=6+4=10, so0
E((X+1)})=10+2(2)+1=15.

Q17.E(2X+1)=2p+1=9=>p=4; Var(2X+1)=4Var(X )=16 = Var( X )=4. Then
E(X?)=Var(X)+p’=4+16=20.

; 2x° ’ 3 2x x* ’ 9 9 o1
= _ = —— =): 2 = 2 P— = — =_- = - = —
QI8.E(X —{x Xdx l27] 2, E(Xx?) uofx 5 dx [18]0 2,Var(X) > —2'=2. Then
E(3X-2)=3(2)-2=4and Var(3X -2)=3 x%:%
a2 _ 45
Q19. Var(3X -1)=3 Var(X)—45:>Var(X)—?—5.

X - 1 1
Q20. Writing Z= 5 A -~ x- 5 (a linear transformation with a= pot b=- g): E(Z)=

(o}
Var(Z)=(%) Var(X):z—z=1. “E(Z)=0and Var(Z)=1.

é =a % (taking a>0). Then
% (soY= % the standardisation of X).

Q21.ForY=aX+b: Var(Y)=a’Var(X)=9da’=1=a’=

1

E(Y):aE(X)+b=§(5)+b=0:>b=—%. a=
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Chapter 13 Continuous probability distributions — 13E Cumulative distribution
functions
Note — optional section. The study design states that cumulative distribution functions may be used but

are not required. This section is optional: it supports the percentile work of 13B, and CDF-specific
techniques are not assessed in the graded topic tests or practice examinations.

Theory
For a continuous random variable X with probability density function f, the camulative distribution function (cdf)
is

X

F(x)=Pr(X<x)=[ f(t)dt.

Properties.

e F isnon-decreasing, with F(x) > 0 as x - —o0and F(x) - 1 as x — oo,

o Since F is an antiderivative of f, F' (x)=f(x) wherever f is continuous — so the pdf can be recovered from
the cdf by differentiating.

X

e Forapdfsupported on[a,b]: F(x)=0 forx<a,F(x)=ff(t)dtforanSb, and F(x)=1 for x>b.

a

Using the cdf.

e Probabilities: Pr(a<X<b)=F(b)-F(a),and Pr(X>a)=1-F(a).
e Median m: the solution of F(m)=1/2.
e Percentiles/quantiles: the p-quantile is the solution of F ( X ) = p (e.g. the lower quartile solves F ( X ) =1/4).

To construct F from f: integrate f from the left end of the support up to x, and state the three pieces (0, the integral,
1). To recover f from F: differentiate, f=F .

Worked examples
Example 1 — scaffolded

for 0<x <4 (and 0 elsewhere). Find the cdf F, hence

A continuous random variable X has pdf f ( X ) =%

Pr(1<X<3) and the median.

Working Comment
ot 2 x? Integrate the pdf from the left end O up to x.
ForOSxS4:F(x):f—dt: — | =L
) 8 16|, 16
0, x<0 State all three pieces. Check: F (4)22:1,
x° 16
( ): —, 0<x<4
16
1, x>4
pr(1<x<3)=F(3)-F(1)=2-L-8_1  UsePr(asX<b)=F(b)-F(a).
16 16 16 2

:%:%:m2:82m22\/§‘ Solve F (m)=1/2; take the value in [ 0,4 ].
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1 2 3 4 1 2 3 4

Example 2 — scaffolded

X has pdff(x)=gx2 for 0<x<2.Find F, hence Pr(XSl) and the median.

Working Comment
X 3 X 3 8
F(x)=f§t2dt: L1 oX foro<x<2. Integrate;F(Z)zgzl‘\/
o 8 8 8
Pr(X<1)=F(1)=¢. Pr(X<a)=F/(a).
| F(m)=1/2.
Median:ﬂzl:m3:4:m:f’/z' Solve F(m)=1/

Example 3 — unscaffolded

1 -X . .
X haspdff(x)=§e " for x>0. Find F, hence Pr(X>2) and the median.

e—t/zdt:[_e—z/z]le — e X2
0 .

N |+~

For x>0: F(X):J‘
0

Pr(X>2)=1-F(2)=1-(1-¢')=e".

-m/2

m/2 1
=-— e =
2

Median: 1 —e :—%=log81/2=m:2log22.

1
2
~F(x)=1-e**(x20), Pr(X>2)=e"', median 21o0g,2.

Y Fz)

(log (4, 0.5)

1 2 3 4 5 6 7 8 -1 1 2 3 4 5 6 7 8 9 10 11 12

5
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Example 4 — unscaffolded

A continuous random variable X has cdf F (x)=3x*-2x> for 0<x <1 (with F(x)=0 for x<0 and F(x)=1 for
x>1). Find the pdf f, and Pr(X<1/2).

Recover f by differentiating: f(x ) =F ( X ) =6x—-6x"=6x ( 1- X) for 0<x <1 (and O elsewhere).

Pr(X<1/2)=F(1/2)=3 -1/4-2 -1/8=3/4—1/4=%.

~f(x)=6x(1-x)on[0,1],and Pr(Xsl/Z)Z% (so 1/2 is the median).

Practice questions
Scaffolded

Q1. X has pdff(x)zg for 0<x<2. (a) Find the cdf F (x) for 0<x<2. (b) Find Pr( X <1). (c) Find the median.
(d) Find Pr(1/2< X <3/2).

Q2. X has pdf f(x)=3x" for 0<x<1. (a) Find F (x). (b) Find Pr(X <1/2). (c) Find the median.

Q3. X is uniform with pdf f ( X ) Z% for 0<x<5. (a) Find F (x). (b) State the median. (c) Find the 10th and 90th
percentiles.

x—-1

Q4. X has pdf f (x)= for 1<x<3. (a) Find F(x). (b) Find Pr(1< X <2). (c) Find the median.
Q5. X has pdf f (x)=e " for x>0. (a) Find F(x). (b) Find Pr( X >1). (c) Find the median.
Q6. X has cdf F (x)=sin x for OSXS%. (a) Find the pdf f (x ). (b) Find Pr(0< X <m/6). (c) State the median.

Unscaffolded

For each variable, find the cdf F (or the pdf f where the cdf is given), and the requested quantities.

2
Q7. f(x):%, 0<x<3.Find F and Pr(1<X<2).

Q8. f(XF%, 0<x<6.Find F, Pr(2< X <4) and the median.
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Q9.f(x)=4x>0<x<1.Find F and Pr(X<1/2).

Q10.f(x)==(3-x),0<x<3.Find F, Pr(X<1) and the median.

OIN

Q11. f(x)Z%e_X/S, x>0. Find F, Pr( X >3) and the median.
Q12. f(x)=5x",0<x<1.Find F and Pr(X<1/2).

Q13. X is uniform with f(x)=%, 2<x<5. Find F, the median and Pr(3<X<4).

Q14. X has cdf F(x)=1-e *'* for x>0. Find the pdf f, and show that the median is 4 log,2.

QI5. f(x)z%cos(%), 0<x<m.Find F, the median and Pr(0< X <n/2).

Q16.f(x)=2x,0<x<1.Find F, Pr(X <1/2) and the median.

Q17. X is uniform with f (x)==, 1<x<5. Find F, the median and Pr(2<X<3).

Q18. f(X)Z%eX/S, x>0.Find F, Pr(X>5) and the median.

Q19. X has cdf F(x)=x"(2-x") for 0<x<1. Show that f (x)=4x(1-x") on[0,1], and find Pr{X <1/2).

Q20. X has cdf F(x)=1-e > for x>0. Find the pdf f, Pr( X >1) and the median.

Q21. A continuous random variable has pdff(x)=%x(4 - X) for 0<x<4. Find the cdfF(X) for 0<x<4, and

hence find Pr(0< X <2). State the median (use the symmetry of f).
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Answers

2 3

X 1 1 5 1 . V4 X . 5 1 9
1.F=—;b)— () Vv2;(d)=. Q2. F=x"; —; —. Q3. F=—; —; 10th== h=—=.Q4.
QL. F 4,(b)4,(c) 2,(d)2 Q2. F=x>; 8,medlan Q3 5,med1an2,10t 2,90t > Q
(x-1) 1 . - 1 x3

, L median 1++/2. Q5. F=1-e % e '; median log,2. Q6. f=cos x; =% medlan— Q7.F= 57

X2
Pr Z— . Q8. F_36 % median 3+/2. Q9. F=x" ,_ Q10. F—% E d1an3—3f Qll.F=1-

9’
Q14. f:le_XM; median 4 log,2. Q15.

: e~ '; median 310g,2. Q12. F=x"; —. Q13. F=X"2 median 7. pr= 1

1
37 2’ 3

x—1
4

F=Sin(;) medlan— Pr—£ Ql6. F= l medlang Q17. F= ; median 3; Pr—— Q18.

3’ " 4°

F=1—eX/5;e1;median510ge2.Q19.f=4x(1—x2);Pr=%.Q20.f=2ezx;ez;median 8.2 . Q21.

2 —_—
F:M; Pr=l; median 2.

32 2

Fully-worked solutions

X 2
QL. F(x f% =—(O<x<4 checkF(2):1/).(b)F(1):%,(C)%:%:mzzzsm:\@(d)
0
F(3/2)-Fl1/2)=2 - L1
16 16 2
1 s 11 V4
Q2. F(x fatdt X0 F(1/2)=2. @ m’=—=m TR
(1o x m_1_ 5 x_ 1 _1x_9_ 9
Q3. F(x) {Edt_ﬁ‘(b)s_zjm_z'(c)s 10 25 10 2
Cre-1, (-1 (x-1) _ ~ 1 .1
Q4.F(x>—{7dt-[ 7 L- - FB)=1).®F(2)-F(1)=3-0=4.()

:%s(m—1)2:2=m:1+\/§.
-m 1 -m 1
Q5. F(x fe dt=1-¢ . () Pr(X>1)=1-F(1)=e () 1-e "= =e "=—=>m=log,2.

Q6. () f(x)=F (x)=cos x forOSxS%. (b)F(n/G)—F(O):sin%—0=%. (c) sinm=%:>m=%.
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1 (5 05)

ot X 8 1 7
Lae=% V). Pr(1<Xx<2 —=L
Q7F(){9dt 27(F<)1) r( )27 27 27
2 2
:X_ = \/ < < 16 i_g_l ﬂ_l — —
Q8. F(x) 36(F(6) 1v). Pr(2<X<4)= 36 36" 3¢ 3 Media an - 2=>m =18 >m=3+2.

Q9. F(x)=x" Pr(Xgllz):(Uz)“:i_

X 2 ) l_2 X X(6_X) 9 1-5 5
1 = = == —-—— | = F(3)==—=1Vv). Pr(X<l)=—=—M
Q10. F(x {9 tde 9[3t 2L 5 (3)2g=1). PriX<1)="g7=3, Median
(69 m):%:m _6m+%:0:m:3—3\/§(takingtherootin[0,3]).
y

QI1.F(x)=1-e "> Pr(X>3)=e '. Median em/3=%:>m=310g62.

Q12. F(x)=x". Pr(X<1/2)==

Q13.F(x)=f%dtzx_2 (F(5)=1 v'). Median 22—
2

w
N

Q14. f(X):F'(X):%e_XM. Median: 1 _e—m/4:% :e_mMZ% :’%:10&2 =m=41log,2, as required.

T m 1 m s
F(m)=sin—=1 v). Median sih —===>—=
)( (7)=sin5 =1v). Median siny =2 =% =

Q15.F(x):i%cos(%)dt:[sin(é)r:sm(

N | >
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IN)

Q16. F(x)=x" Pr(Xsl/Z)Z%. Median mZZ%:m=7.

m-1_1  m=3 Pr(2<x<3)=
4 2

x—1 1.1
= =1v 1 —_=—
Q17. F(x) n (F(5)=1v). Median Rt

NG\

m/5

QI18. F(x)=1-e °. Pr(X>5)=e . Median e =%:>m=510ge2.

Q19. f(x):F'(X):%(ZXZ_X4):4X_4X3:4X<1—Xz) on[0,1], as required.
Pr(X<1/2)=F(1/2)=1/4(2-1/4)=1/4 .7/4:1—76,

v _ _ log,2
Q20.f(x)=F (x)=2e * forx>0. Pr(X>1)=1-F(1)=e °. Median e 2"':%:>2m=10g82:m= O8<

3 a3 o3, P\ x(6-x) _16-2_
Q21.F(x)—f3—2t(4 t)dt——l2t —L—B—Z(ZX ?)_T(FM) = 1)

. Since f is symmetric about x=2 and Pr (X <2)=1/2, the median is 2.

)
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