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Chapter 11 Discrete probability distributions — 11A Sample spaces and probability

Theory

An experiment has a sample space  — the set of all possible outcomes. An event is a subset of the sample space.
When all outcomes are equally likely,

_number of outcomes in A

Pr(A .
(4) number of outcomes in

Every probability satisfies 0< Pr( A )<1, with Pr(&)=1and Pr( )=0.
Complement. The complement A is “A does not occur”, and
Pr(A)=1-Pr(A).
Addition rule. For any two events A and B,
Pr(AUB)=Pr(A)+Pr(B)-Pr(AnB).
Here A U B is “A or B (or both)” and An B is “A and B”.

Mutually exclusive events cannot occur together,so AnNB= , Pr ( AnB ) =0, and the addition rule reduces to
Pr(AUB)=Pr(A)+Pr(B).

Probabilities are often organised in a Venn diagram or a two-way table. In a Venn diagram the four regions are “A
only”, “A and B”, “B only” and “neither”, and they add to 1.

Worked examples
Example 1 — scaffolded

A fair six-sided die is rolled. Let A be “an even number” and B be “a number greater than 3”. Find Pr( A ), Pr(B),
Pr(AnB),Pr(AUB)and Pr(A’).

Working Comment
§=(1,2,3,4,5,6}; A={2,4,6}, B={4,5,6/. List the outcomes in each event.
Pr(A ) zézl, pr(B):Ezl. Equally likely outcomes.

6 2 6 2
AnB={4,6],so Pr(AmB)=%:%, Even and greater than 3”.
priAuB)=t+1i-1-2 Addition rule.

2 2 3 3

Pr(A)=1- % = % Complement.

Example 2 — scaffolded

Forty students were surveyed about whether they play a musical instrument (M) and whether they play sport (S). The
results are shown.

Sport No sport Total
Music 12 8 20
No music 15 5 20
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Sport No sport Total

Total 27 13 40

A student is chosen at random. Find Pr(M ), Pr(M n'S), Pr(M U S) and the probability the student does neither.

Working Comment
Pr(M)zE:lj Pr(S):2—7, Read the row/column totals.
40 2 40

Pr(Mn 5):2:1' The “Music and Sport” cell.

40 10
Pr(M US)_1+2_1_Z. Addition rule.

2 40 10 8
Neither = % :% The “No music, No sport” cell (or 1 —7/8).

Example 3 — unscaffolded

For two events, Pr(A)Z%, Pr(B)Zéand Pr(AﬂB)Z%.Find Pr(A UB)andthe probability that neither event
occurs.
2 5 5 10
1 1_3 2 1_1
l == 1 ===
Aonly =5 "5 g By =5 7575
7 _3
Neither=1-Pr(AUB)=1—-—=—.
either ( ) 010
3
10 A B

~Pr(A UB)=1—70 and Pr(neither)Zf—O.

Example 4 — unscaffolded

and Pr ( green ) = % A counter is

Ul

3
A bag contains only red, blue and green counters. Pr(red )= 0 Pr(blue)=

drawn at random. Find the probability it is red or blue, the probability it is not green, and the probability it is red or
green.

3,1, 1
The three colours are mutually exclusive and their probabilities sum to 10 + < + 5 =1, as required.
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Pr(red or blue )= 3,11 (mutually exclusive).

10 5 2
1_1
Pr(not green )=1-=-=—.
(not green)=1-—-=2
Pr(red or green)=i+l=i
10 2 5
.. the required probabilities are %, % and %

Practice questions
Scaffolded

Q1. One card is drawn from a standard pack of 52. Let A be “a heart” and B be “a face card (Jack, Queen or King)”.
(a) Find Pr(A) and Pr(B). (b) Find Pr(A n B). (c) Hence find Pr(A U B).

Q2. A fair die is rolled. Let A be “less than 3” and B be “an odd number”. (a) List the outcomes in A and in B. (b)
Find Pr(A), Pr(B)and Pr(AnB).(c) Find Pr(A UB) and Pr(A).

Q3. For two events, Pr( A)=0.6, Pr(B)=0.5 and Pr( A n B)=0.3. (a) Find Pr( A U B). (b) Find the probability
that neither occurs. (¢) Find the probability that only A occurs. (d) [llustrate the information on a Venn diagram.

Q4. A spinner is equally likely to land on any number from 1 to 8. Let A be “a multiple of 3” and B be “greater than
5”. (a) List the outcomes in each event. (b) Find Pr(A), Pr(B) and Pr(AnB). (c) Find Pr(A UB).

Q5. Two events A and B are mutually exclusive with Pr(A)=0.35 and Pr(B)=0.4. (a) Find Pr( A n B). (b) Find
Pr ( AUB ) (c) Find the probability that neither occurs.

Q6. Of 100 households, 45 own a dog, 30 own a cat, and 12 own both. (a) Find the probability a randomly chosen
household owns a dog or a cat. (b) Find the probability it owns neither.

Unscaffolded

Q7. Two fair dice are rolled. Find the probability that the sum of the two numbers is 7.

Q8. For two events, Pr( A)=0.7, Pr(B)=0.45 and Pr(A U B)=0.85. Find Pr(A n B).

Q9. For two events, Pr(A)=0.5 and Pr( A n B)=0.15. Find the probability that A occurs but B does not.
Q10. One card is drawn from a standard pack. Find the probability it is red or a King.

Q11. Two mutually exclusive events have Pr( A U B)=0.6. Find the probability that neither occurs.

Q12. A fair die is rolled. Find the probability the result is not greater than 4.

Q13. Of 200 students, 80 study French, 60 study Music and 25 study both. Find the probability that a randomly
chosen student studies French or Music.
Pr(B)=

Q14. For two events, Pr(A)= and Pr(AnB)=%. Find Pr(A UB).

N

b

W |+

Q15. A spinner is equally likely to show any integer from 1 to 10. Find the probability it shows a prime number.

Q16. For two events, Pr( A)=0.55, Pr(B)=0.5 and Pr( A" n B')=0.2. Show that Pr( A n B)=0.25.
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Q17. A bag contains 3 red, 4 blue and 5 green counters. Find the probability that a counter drawn at random is not
blue.

Q18. Two fair dice are rolled. Find the probability of getting at least one 6.

Q19. For three events, the probability that none of them occurs is 0.1. Find the probability that at least one of them
occurs.

Q20. Two events are mutually exclusive with Pr( A )=x and Pr(B)=2x. Given Pr(A U B)=0.9, find the value
of x.

Q21. A fair die is rolled. Let A be “an even number” and B be “a multiple of 3”. Find Pr ( AUB )
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Answers

1 3 3 11 111 2 2 4 1 3 1 31 1
Q1 (@) 7275 (0) 5 ) 3 Q2. () 3,52 (03,5 Q3. 2 () 5 (0) 7 Q4 (0) 35 (93 Q5. (@) 0 )
3 1 63 37 1 3 7 7 2 2 23 1 2 1
2 (c) n Q6. (a) 100 (b) 100 Q7. 5 Qs. 10 Q0. 20 Q1o0. 13 Q11. c Q12. 3 Q13. 0 Q14. 5 Q15. c Q16. n
2 11 9 _3 2
Q17. 3 Q18. 36 Q19. 10 Q20. x= 10 Q21. 3

Fully-worked solutions

13_1 12 _ 3
Pr ( B ) = 3] = 13 (b) The three cards that are both hearts and face cards give

52 4 13 52 52 52 26

Q2. (a) A={1,2}, B={1, ,5}.(b)Pr(A)=%=%,Pr(B):%:%,AnBZ[l}soPr(AnB)=%.(c)
Pr(AuB)=l+1—1:3;Pr(A')zl—lzg.
3 2 6 3 3 3
_ 4 41 _ .3
Q3.(a)Pr(AUB)—O.6+0.5—0.3—0.8—§.(b)Nelther—l—g—g.(c)OnlyA—0.6—0.3—0.3—E.
0.2 A B
¢
~ ~ ] 2.1 _3 _ 1
Q4.(a)A—{3,6},B—[6,7,81.(b)Pr(A)—g—Z,Pr(B)—g,AnB—16}soPr(AnB)—g.(c)
4 8 8 2
. _ _ Cne 3 . 3.1
Q5. (a) Mutually exclusive = Pr(AnB)=0. (b) Pr(A UB)—0.35+0.4—0.75—Z. (c) Neither =1 - 17
45 30 12 _ 63 63 _ 37
o P d U t: + - = . 1 :1—_:_'
Q6. (2) Pr(dog U cat) =5+ 350 =755 = Tgg- () Neither =1 300 =755

Q7. The pairs summing to 7 are (1,6),(2,5),(3,4),(4,3),(5,2),(6,1): 6 of the 36 equally likely outcomes, so

Pr=£:l,
36 6

3

Q8. From Pr(A UB)=Pr(A)+Pr(B)-Pr(AnB):0.85=0.7+0.45-Pr(AnB), so
Pr(AnB)=1.15-0.85=0.3= 0
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QY. A but not B :Pr(A)—Pr(AnB)=O.5—O.15=0.35=%,

26 _1 4 1 2_1
. Pr(red)====, Pr(Ki —=— = .
Q10. Pr(red)= == r(King )= =5 = 13- both (red Kings) ===

1,1 _1_13+2-1_14_7
2 13 26 26 26 13

Q11. For mutually exclusive events Pr(A U B)=Pr(A)+Pr(B)=0.6, so the probability neither occurs is

2
1-0.6=04==,
5
_ 2 2
Q12.“Notgreaterthan4”={1,2,3,4},soPr—l—Pr({S,G})—l—g—E.
80 , 60 25 _115_23
. Pr= +
Q13- =500 7200 200 200 40°
1 1 1 4+3-1_6 1
.Pr(AUB)==+—-—= =2 ==
Q4. Pr ) 3 4 12 12 12 2
~ - ( 4 2
QlS.Prlmesm{l,...,lO}ar612,3,5,7},soPr—E 3

Q16. Pr(A'nB)=Pr((AUB))=1-Pr(AUB),s0 Pr(A UB)=1-0.2=0.8. Then
Pr(AnB)=Pr(A)+Pr(B)-Pr(AUB)=0.55+0.5-0.8=0.25. . Pr(AnB)==

0.2 A B

£
4 8 _2
.P tblue)=1-—=—==.
Q17. Pr(not blue) TRETRE
Q18. Pr(no6one1therd1e) % %Z%,soPr(atleastoneG):l—%:%,
_ _ _9
Q19.Atleastone—l—Pr(none)—l—O.l—l—O.
Q20. Mutually exclusive: Pr(A UB)=x+2x=3x=0.9, s0 x= 03—13—0
3,2 1 _4_2
A= = =(6): Pr(AUB)=2+2-2=2=2
Q21. A={2,4,6},B=(3,6}, AnB={6}: Pr( )= cTE 5 6 3
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Chapter 11 Discrete probability distributions — 11B Conditional probability and
independence

Theory
Conditional probability. The probability of event A given that event B has occurred is

Pr(AnB)

Pr(A/B)= Pr(B)

,Pr(B)>0.

Conditioning on B restricts attention to the outcomes in B; among those, we ask what fraction also lie in A.
The multiplication rule. Rearranging gives
Pr(AnB)=Pr(A/B)Pr(B)=Pr(B/A)Pr(A).

Tree diagrams. For a two-stage experiment, draw a branch for each first-stage outcome (label it with its probability),
then a branch for each second-stage outcome (label it with the conditional probability given the first stage). Multiply
along a path to get the probability of that combined outcome; add the path probabilities of the outcomes that make up
an event.

The law of total probability. If B and B’ partition the sample space,
pr(A)=pPr(A/B)Pr(B)+Pr(A/B)Pr(B).
Reversing the conditioning. Combining the two forms of the multiplication rule,

Pr<B/A):Pr(AP/r](32\1;r(B)

Independence. Events A and B are independent if the occurrence of one does not affect the probability of the other:
A,Bindependent = Pr(AnB)=Pr(A)Pr(B) - Pr(A/B)=Pr(A).

To test independence, compute Pr( A ) Pr(B) and compare it with Pr( A n B): equal = independent; unequal =
not independent. (Do not assume independence from context — check it.)

Worked examples
Example 1 — scaffolded

In a class, Pr(S)=% play sport, PF(M)=% play a musical instrument, and Pr(Sn M)=% Find Pr(S /M) and

determine whether S and M are independent.

Working Comment
pr ( S / M ) _ Pr ( SNnM ) _ 3/10 Apply the conditional-probability formula.
pr(M) 1/2
_3 y 2_3 Divide by multiplying by the reciprocal.
10 1 5
Pr(S)Pr(M)zéxlzizPr(SmM) Test independence.
5 2 10
. S and M are independent (equivalently The condition Pr ( AnB ) =Pr ( A ) Pr ( B) holds.

Pr(S/M):%:Pr(S)).
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Example 2 — scaffolded
. 3 .. . 2 . o .
A factory uses machine A for c of its output and machine B for o Machine A produces a defective item with

1 2
probability %; machine B with probability 55" Find the probability that a randomly chosen item is defective, and the

probability it came from A given that it is defective.

Working Comment
Draw the tree (machine, then defective D or not). See the diagram below.
pr ( AnD ) _3 » 1_3 : Multiply along each defective path.
5 20 100
Pr(Bn D):g «2-4
5 25 125
pr ( D ) _ 3 N 4 _15 N 16 _ 31 Add the defective paths (total probability).
100 125 500 500 500

Pr(AnD)_ 3/100 3 “ 500 15 Reverse the conditioning.
Pr(D) 31/500 100 31 31

Pr(A/D)=

Machine (4 or B), then defective (D) or not

Example 3 — unscaffolded

A bag contains 3 red and 2 blue counters. Two are drawn without replacement. Find (a) Pr(both red ), (b)
Pr(second red /first red ), and (c) Pr(second red ).

3.2_6_3
Pr(RR)=2x2=2=2
@ Pr(RR)= S =200
(b) After ared is removed, 2 of the remaining 4 counters are red, so Pr(second red / first red )= % = %
3,2.3_3,3_3
ility, P dred)=Pr(RR)+Pr(BR)=—+=x==—+—==,
(c) By the law of total probability, r(secon re) r( ) r( ) 0 52 107107

. : .3
.. the counter drawn second is red with probability c the same as for the first draw (by symmetry).
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Two draws without replacement (3R, 2B)

3
R 15
3
B 10
3
R 10
B 1
10

Example 4 — unscaffolded

Two fair dice are rolled. Let A be the event “the first die is even” and B the event “the sum is 7”. Show that A and B
are independent.

Pr(A)=%=%(theﬁrstdieis2,4or6).
_6 _1 .
Pr(B)=5c= (thepairs (1,6),(2,5),(3,4),(4,3),(5,2),(6,1)).
AﬂBrequirestheﬁrstdieevenandthesum7:(2,5),(4,3),(6,1),soPr(AﬂB)Z??—Gzl—lz
11 1.
Pr(A)Pr(B)—2><6 - Pr(AnB).

. A and B are independent.

Practice questions
Scaffolded

Q1. For events with Pr(C)=%, Pr(T)=§ and Pr(CnT)=%: (a) find Pr(C /T); (b) find Pr(T /C): (c)

determine whether C and T are independent.
. 1 . . .. . ... 19 . .
Q2. A disease affects =0 of a population. A test is positive with probability 20 for someone with the disease, and

1 - .
with probability 10 for someone without it. (a) Draw a tree diagram. (b) Find Pr ( positive ) (c) Find
Pr(disease / positive ).

Q3. A bag has 4 white and 3 black counters. Two are drawn without replacement. (a) Find Pr ( both white ). (b) Find
Pr(both the same colour ). (c) Find Pr (second black / first white ).

Q4. A fair die is rolled. Let A be “the result is at most 3” and B be “the result is odd”. (a) Find Pr(A ), Pr(B) and
Pr(AnB). (b)Find Pr(A/B). (c) Are A and B independent? Justify your answer.
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7 3
QS. A shop buys 10 of its stock from supplier X and 10 from supplier Y. Supplier X’s items are defective with

probability 2—15; supplier Y’s with probability % (a) Draw a tree diagram. (b) Find Pr (defective). (¢) Find
Pr(Y / defective ).

o . .3 . . . .. 3
Q6. An email is spam with probability 10 A spam email contains the word “free” with probability —; a non-spam

email with probability 1—10. (a) Find Pr( free ). (b) Find Pr(spam / free ).

Unscaffolded

Q7. A fair die is rolled. A = “even”, B = “at least 4”. Find Pr( A / B) and state, with reasons, whether A and B are
independent.

Q8. One card is drawn from a standard pack. H = “a heart”, F' = “a picture card (J, Q, K)”. Find Pr ( H/F ) and
determine whether H and F are independent.

Q9. A box has 5 red and 3 blue pens. Two are taken without replacement. Find Pr (both red ) and
Pr(second blue / first red ).

Q10. Bag 1 holds 2 red and 3 white balls; Bag 2 holds 4 red and 1 white. A bag is chosen at random and one ball
drawn. Find Pr(red ) and Pr(Bag 1 /red).

: ... 3 o : o1 .. . |
Q11. On a rainy day (probability E) a train is late with probability E; on a dry day it is late with probability 10
Find Pr(late) and Pr(rain /late).

Q12. Three fair coins are tossed. A = “the first is a head”, B = “exactly two heads”. Find Pr ( A/ B) and determine
whether A and B are independent.

Q13. In a group of 200 people, 100 own a car (A), 80 own a bike (B), and 40 own both. Find Pr ( A /B) and
determine whether owning a car and owning a bike are independent.

Q14. A box contains 2 red, 3 green and 4 blue counters. Two are drawn without replacement. Find
Pr(both the same colour ).

Q15. Two fair dice are rolled. A = “at least one 6”, B = “the sum is 8”. Find Pr ( B/ A) and state whether A and B
are independent.

Q16. A family has three children, each equally likely to be a boy or a girl. Find Pr (all girls / at least one girl ).

Q17. A drawer has 6 working and 2 faulty batteries. Two are chosen without replacement. Find
Pr(at least one faulty ).

Q18. Two cards are drawn without replacement from a standard pack. Find Pr ( both kings ).

Q19. A and B are independent events with Pr(A)=% and Pr(B)=%. Find Pr(A U B).

4
Q20. A student must pass two stages of a test. They pass stage 1 with probability T and — given they passed stage 1

7
— pass stage 2 with probability 10 Find Pr ( pass both stages ).
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1 9
Q21. A screening test for a condition present in 20 of a population is positive with probability 10 for an affected

1 . .
person and 20 for an unaffected person. Find Pr ( condition / positive ).

5
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Answers

1 117

1 2
(@) = (b) =; (0) i Pr(C)Pr(T)===P T — (o) —= ———.
Q1. (2) 5 (b) 7 (¢) independent (Pr(C) Pr(T) 5 r(CnT)). Q2 (b) 7o ()117 Q3. () 53 (b) = (©)
1 1 1 1. 1_1

=— =— = —=—# _ i
Q4. (a) Pr(A) 2,Pr(B) 2,Pr(AmB) 3,(b) : (¢) not independent (X 5= 3) Q5. (b)SOO ()
Q6. (a )— (b)— Q7.Pr(A/B)= EY notmdependent(1 X% 411?&;) Q8.Pr(H/F)= i;independent(
Pr(H)Pr(F):%X%—%—Pr(HnF)) Q9. Pr(both red )= 1“1 Pr(secondblue/firstred)=— Q10.
Pr(red):% r(Bag 1/red)—— Ql11. Pr(late)—% Pr(ram/late)—— QI12. Pr(A/B)=§;not
1ndependent(— E i?'f —). Q13. Pr(A/B) 1 1ndependent(— Z 1=Pr(AnB)) Q14.i Q1s.

2 8 16 4 2’ 2 5 5 ’ 18"
pPr(B/ A)Z% not independent. Q16 =.Q17. E . Q18. 21 . Q19. l . Q20. E . Q21. ;—3

Fully-worked solutions

Pr(CnT)_1/5_ 1 1/5_2 1.2_1
.(aPr(C/T)= Pr(T/C)=—===.(c)Pr(C)Pr(T)==x====Pr(CnT
,80 C and T are independent.
1 19 49 1 19 49 19 98 117
P _= + = + = i
Q2. (b) r( ) 50 20 50 10 1000 500 1000 1000 1000 ©
Pr(D/+):Pr(Dn+) 19/1000 _ 19
Pr(+)  117/1000 117
Disease (D), then test result
4 3 _12_2 2,3.2_2,1_3
P —X—==——=— p P +Pr(BB)=—+—-X—=—+—=—
Q3.(a) Pr(Ww)= N R r(same)=Pr(W W )+Pr(BB)= X ETot o= (o) Aftera
white is removed, 3 of the 6 remaining are black, so Pr(second black / first white )= %Z %
1 1 2 1
Q4.(a)A={1,2,3}soPr(A)—E;B [1,3,5]) so Pr(B)= E,AnB=[1,3} soPr(AnB)= =3 ®
1/3_2 1.1 .
Pr(A/B)= 12 3 .(c) Pr(A )Pr(B)—Z¢§—Pr(AﬂB),soAandBarenotlndependent.
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1 3 1 7 3 14 15 29
P fl=—x —+ J—— + = + = .
Q5. (b) Pr{def )= 10 25710 “10 250 100 500 500 500 ©
Pr(Yndef) 3/100 3 500 _15

Pr(def) 29/500 100 29 29"

Pr(Y /def)=

Supplier (X or Y), then defective

7
def 50

def e

27
ok 100

3 . 3,7 _1_9 7 18 7 9/50_ 9 18
. P = X—F—X—=—+ = + P = =—X4=—
Q6. (a) Pr{ free )= 45> 541575750 " T00 100 " 100~ 4 - (b) Pr{spam / free )==FRr =25 x4=50
Q7.A:{2,4,6},B:{4,5,6},AnB:{4,6};Pr(A):l,Pr(B):l, Pr(AnB):l.P (A/B)—ﬁ—g
2 2 3 1/2 3
1. 1_1_1
—X=—=—#= i
Since R RNEY , they are not independent.

13_1 12_ 3 3/52_1
.Pr(H)=—=—,Pr(F)=—=—,P HnF—— Pr(H /F i
Q8. Pr(H) SR r(F) =13’ r( ) (the J, Q, K of hearts). Pr(H / F )= 373 g Sinee

1.3_3
Pr(H)Pr(F)=—X—=—=Pr(HnF i .
r( ) r( ) 213 5 r( )theyare independent
Q9. Pr(both red)ZEX%ZE—O—% After a red is removed, 3 of the 7 remaining are blue, so
Pr(second blue /first red ) ==
1.2 1 _4_1,2_3 1/5_1
p d)==—x=+=x—==+===_Pr(Bag1/red
Q10. Pr(red )= x Sooxo=gro=g. Pr(Bagl /red =570 =2,

Choose a bag, then draw a ball

SN

=l
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1,7 1_3 7 15 7 22 11

Ql11. Pr(late )= S L7 13, = + = =—_ Pr(rain /late )=

10 2 10 10 20 100 100 100 100 50°

Rain or not, then late or on time

late -

Rai

on time =

late T

on time -

1

3 5
20

50 _ 15

11 227

Q12. The 8 equally likely outcomes give A (first head): 4 outcomes, Pr ( A) —; B (exactly two heads: HHT, HTH,

l\.)

THH): Pr ( B ) = E; A n B (first head and exactly two heads: HHT, HTH): Pr ( AnB ) =

8

1/4_2 1.3_ 3
A/B
Pr(A/B)= 3/8 3 Since = 5 8 16 6 T , not independent.

)

;88 L pr(B)=2%-2 pr(anB)=22-1L pr(a/B)-

Q3. Pr(A)= 200 5’ 200 5
Pr(A)Pr(B)=

>

1
X == c =Pr ( AnB ), the two events are independent.

N |+~
Ul N N|

Q14. Pr(same)=Pr(RR)+Pr(GG)+Pr(BB)=

+
©lw
X

4.3
98

u3||\J
Ool»—\
[o<2 N \S)

72

Qi5. Pr(A)=% (the 11 pairs with at least one 6); B (sum 8): (2,6),(3,5),(4,4),(5,3),(6,2), Pr(B):i

_ _2_1 1/18 _ 2
AnB={(2,6),(6,2)},Pr(AnB) 3 18.Pr(B/A) 11736 11" Since

11 5 _ 55
—_— X —

1
Pr(A)Pr(B)=g6*6=To06* 18"

not independent.

Q16. With 8 equally likely outcomes, “at least one girl” excludes only BBB, so Pr(at least one girl )=

girls” is GGG with probab111ty . Hence Pr(all girls / at least one girl )= % —%
Q17. Pr(no falllt}’):g x %:%:% so Pr(at least one faulty ) =1 —%z%,
4 3 12 1
Pr(both k = =
Q18. Pr(both kings )= =5 x =500 = 5o1
. ~ 2 1.1
Q19. Independence gives Pr(A n B)— Pr(A)Pr(B) 3 X PRE Then
4,5 2 _7

Pr(AUB)=Pr(A)+Pr(B)- Pr(AnB)-% 4.5 2 T

@D Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 -

8 4

1/5
2/5 2

2 1

—. Since
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Page 15

8

36°

Z, and “all



X—====—

P h)=P 1)P 2 )= '
Q20. Pr (pass both )= Pr(pass 1) Pr(pass 2 / pass 1) 10 50 25

19,19 1_9 .19 _ 18 19 _37

Pri+)=—x—+—x—= + = + = .
Q21 Prl+)= 55X 15%20 " 59 200 " 400 400 ' 400 400
_9/200 _ 9 400_18

" 37/400 200 37 37

Pr( condition /+)

)
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Chapter 11 Discrete probability distributions — 11C Discrete random variables

Theory

A random variable assigns a number to each outcome of a random procedure. A random variable is discrete when it

can take only a countable list of separate values (often 0,1,2,...).

Probability distribution. The distribution of a discrete random variable X lists each value x together with its
probability Pr( X =x). It may be given as a table or as a probability mass function (a rule for Pr(X=x)).

For any discrete probability distribution:

e every probability satisfies 0< Pr (X=x ) <1; and
1

e the probabilities sum to one: z Pr(X=x)

The second condition is used to find an unknown value in a distribution: set the sum equal to 1 and solve.

Computing probabilities. From the distribution:

e Pr ( X= x) is read directly;

e Pr(X=>a),Pr(X<a)and Pr(a<X<b) are found by adding the relevant probabilities;

e a conditional probability uses Pr(A /B)=

_Pr(AnB)
Pr(B)

Pr(Xx=2)

; for example PF(XZZ/XSZ)Zm.

A distribution can be shown graphically as a probability distribution graph — a vertical bar (or spike) of height

Pr( X =x) at each value x.

Worked examples
Example 1 — scaffolded

The random variable X has the distribution below. Find k, then Pr( X >2) and Pr(X<1).

X 0 1 2
Pr(X=x) 1 1 3

8 4 8
Working Comment
1 + 1 N 3 k=1 The probabilities must sum to 1.
8 4
l+ g+§ tk=1= 6 tk=1 Use a common denominator.
8 8 8
k:g:l Solve for k.

8 4
Pr(X22)=Pr(X:2)+Pr(X=3)=§ 1_5 Add the probabilities for x =2, 3.
8 4 8
Pr(X<1)=l+l=§ Add the probabilities for x=0, 1.
8 4 8
GRS

Classbasics Pty Ltd, vwx.au -
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0.4 4

?0.3—

)
O: 0.2 A
) -l
0.0 -
0 1 2 3
T

Example 2 — scaffolded

A discrete random variable X takes the values 1,2,3,4 with Pr( X =x)=c x. Find c, and hence Pr(X <2) and
Pr(x=3).

Working Comment
Pr(X=x)=cxforx=1,2,3,4,s0 The probabilities must sum to 1.
c(1+2+3+4)=1
10C:1:>C:i Solve for c.
10
1 1 3 2 X
.. . e TR Pr{ X= =—
Distribution 10°5°10°5 r( x) =
Pr(x<2)=t+l=-3 Add x=1,2.
10 5 10
Pr(X23)=-+2="L Add x=3,4.
10 5 10
0.5 4
0.4
/EIT\OS-
=
& 02
0.1 A
M
1 2 3 4

x

Example 3 — unscaffolded

The distribution of X is given below. Find Pr( X >3) and Pr(X=2/X<2).

X 1 y 3 4
Pr(X=x) 1 2 3 1
5 5 10 10
3 1 2
Pr(X=3)=>-4+ L =2
r(X23)=35+75=3

©ADO Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 18
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Example 4 — unscaffolded

The random variable X takes the values 1,2,3 with Pr( X =x)=cx". Find c and Pr( X <3).
c(12+22+32)=1:>14021:>02ﬁ.

e 2 9
The distribution is 4°7°1a

Pr(X<3):Pr(X:1)+Pr(X:2):ﬁ+%:ﬁ+%:%_

1 5)
o= — <3 )=
c 1 andPr(X 3) 7

0.8 4

Practice questions
Scaffolded

Q1. X has the distribution below.

S0OE) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 19



X 1 2 3 4
Pr(X=x) 1 3 a 1
10 10 5
(a) Find a. (b) Find Pr(X<2). (c) Find Pr(X>3). (d) Find Pr(X=3/X>3).
Q2. X has the distribution below.
X 1 2 4
Pr(X=x) 3 1 2
20 4 5
(a) Find k. (b) Find Pr(X<2). (c) Find Pr(2<X<3).
Q3. X has the distribution below.
X 0 1 2 3
Pr(X=x) 1 1 1 1
6 3 3 6

(a) Verify that this is a valid probability distribution. (b) Find Pr(1<X<2).
(b) Find Pr(X>1 ) (d) Comment on the symmetry of the distribution.

Q4. X takes the values 1,2,3,4,5 with Pr ( X=x ) =c X. (a) Find c. (b) Write the distribution as a table. (c) Find
Pr(Xiseven).

Q5. X has the distribution below.

X 1 2 3 4
Pr(X=x) 3 1 2 1
10 5 5 10

(a) Find Pr(X>2). (b) Hence find Pr(X=3/X>2).

Q6. X takes the values 1,2,3,4 with Pr(X=x)=c(2x—1). (a) Find c. (b) State the distribution. (c) Find
Pr(X=3).

Unscaffolded

1

3
’ 10°

Q7. Find k, then Pr( X <2), for the distribution with x=0,1,2,3, 4 and probabilities —

’k’l’
20 5

NG

3 1

. 1
Q8. For x=0,1,2,3 with probabilities 116716

,find Pr(X>1)and Pr(X<1).

N |

Q9. X takes the values 1,2,3 with Pr(X=x)=C2X. Find ¢ and Pr(XzZ).

Q10. A spinner scores 2,4 ,6,8 with probabilities

b 3

,%. Find Pr(X<4)and Pr(X=8/X>6).

N | =
NG
|-

Q11. X takes the values 0, 1,2 with probabilities . Verify the distribution is valid and find Pr(X>1).

b b

oY N
[(=2 1 &)

W+

3

Q12. For x=1,2,3, 4 with probabilities 0’

[Sa N S]

,find Pr(X<2)and Pr(X>3/X>2).

S|=

b

Ul

b

—_

Q13. For x=0,1,2,3 with probabilities

co|w

11 .
,4,8,ﬁndPr(Xls odd ).

b

NG
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Q14. Two fair dice are rolled and X is the sum of the two numbers shown. Find Pr(X=7) and Pr(X>10).

Q15. X takes the values 1,2,3,4,5 with Pr(X=x)=c(6—x). Find c and Pr( X<2).

Q16. X takes the values 0,1,2,3 with probabilities 2&7’%’5’%' Find Pr(XZl) and Pr(X=1/X21).

Q17. X takes the values 1,2,3,4 with Pr( X=x) in the ratio 2:3:4:1; that is, Pr( X=x)=2k,3k, 4k, k. Find k

and Pr( X is even ), and state the mode.

Q18. Find k for the distribution with x=0,1,2,3,4 and probabilities 11 Jk, % , % then find Pr(X>2).

10°5
Q19. For x=0,1,2,3 with probabiliti 12135 dPr(1<X<2)
.Fo ,1,2, proa111es5,5,4,20, in <X<L2).
. ... 1 1 3 11
Q20. X takes the values 1,2,3,4,5 with probabilities 10°5°10°5°5" State the mode and find Pr(XZB).

Q21. X takes the values 1,2,3 with Pr(X=x)=k(x+1). Showthatk=%, and hence find Pr( X <2).

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 21



Answers

Ql. (a) a:% (b) % ©) % (d) % Q2.(a) k :% (b) % ©) 2 Q3.(a)sum =1, allin[0,1] (b) % (©) % (d) symmetric

5
-t,1 2141 2 AP _1 .13 5 7
about x=1.5 Q4.(a)c—15 (b) 15,15,5,15,3(c)5 Q5. (a) 10 (b)7 Q6. (a) C 16 (b) 16°16°16° 16
3
©3
3 7 1 3 1 6
k=—; Pr(X<2)=— Pr(X=1)==;Pr(X<1)== c=— Pr(X=2)== .
Q7. k=-5: Pr(X<2)=20 Q8.Pr(X=1)=o: Pr(X<1)=7 Q9.c=17: Pr(X=2)== Q10
Pr(Xs4)=%;Pr(X=8/X26)=% Qll.valid;Pr(X21)=§ Q12.Pr(XsZ)Z%;Pr(X23/X22)=%
Q13.% Q14.Pr(X=7)=%;Pr(X210)=% Q15.C=1—15;Pr(X£2)=§ Q16.Pr(X21):£;

1 1 2 3 7 13
Pr(X=1/X>1)=—= k=—;Pr(X == = k=—; Pr(X=2)=— . —
r( / ) 9 Q17 o r(Xeven) 5,modex 3 Q18 0 r( ) 0 Q19 20
on.modexza;Pr(Xzs)zl Qzl.kzl;Pr(st)zE

10 9 9
Fully-worked solutions
1 3 1 6 2 1, 3_2 2. 1_3
. =1:—+—+a+=-=1=>—+a=1 == (b)Pr(X<2)=—+—==(c) Pr(X=3)==+===
QL Sum=1: 95+ rat o=l =ogprasl=a=c o) Pr(X<2)=qor o= @ PriX=3)=gro=;
2
Pr(X=3) 5 2
Pr(X=3/X=3)= =—=—
@ Pr(X=3/X>3) Pr(Xx=3) 3 3
5
3 .1 2 3 .5 8 16 4 1
—t+=+k+==1 Wi i t—t+—+k+—=1=>—+k=1=2k=—==,
Q2 20 2 c With denominator 20 20 20 20 :920 = 205 (b)
Pr(Xs2)=i+l=i+i=£=g.(c)Pr(2sX£3):l+l=i+i=i.
20 4 20 20 20 5 4 5 20 20 20
Q3.(a)é+%+%+é=landeachprobabilityliesin[0,1],soitisvalid.(b)Pr(lSXS2)=%+%=%.(c)
Pr ( X=>1 ) = % + % + é = s (d) The probabilities read the same forwards and backwards, so the distribution is

symmetric about x=1.5.

0.30 4
/i? 0.25
> 020 4
&
0.15 -
0.10 4
0.05 -
0.00 -
0 1 2 3
X
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.c(1+2+3+4+5)=1=15c=1=>c=— ——,—,—,—.
Q4. J=1=15¢c=1=c=m.(b) = 7050503 ©
2 4 6 2
Pr(X =Pr(X=2)+Pr(X=4)==+—=—"=%
r( X even )=Pr( )+ Pr( ) ETET s
2
1,2, 1_2 4 1 Pr(X=3)_5 _4 _10_4
.(a) Pr(X=2)== 244, L7 gy pr(x=3/x32)=—270)_ 5 4 ,10_4
Q5. (a) Pr{X=2) =g st o=+ 9045 =1g: (0) PriX=3/X=2) Pr(Xx=2) 7 10 7 7
10
1 1 3 5 5 7 12 3
.c(1+3+5+7)=1>16c=1=c=—. Pr(X=3)=—+-—-="2==
Q6. ¢! J=1=16c=1=c=10. () 1557675 16() r(X23)=16+ 16716 "4
1 1.1 3.5 4,2 14 6 3
—+—t+k+t=+—=1 —t—tkt—+—=1=>—+k=1=k=—F=—
Q7. 20 4 TKTg g Tt Denominator 20: 5y S K S T o0 T 2 20 20 10°
prx<2)==+1y3.3,5,6_14_7
20 4 10 20 20 20 20 10°
4 16 16 16 16 16 16 2 2 A
1 2 4 8 124 2 4 6
.c(2'42242°)=1=>14c=1=c=— y— ==, =, = Pr(X22)=S+===
Q9 C( ) =>14c=1=c 7L theprobablhtlesarel4 414 7°7°7 r( ) Zto=5
1
1,13 1.1 1 8 1
Pr(X<4)==+=== Pr(X=26)==+—-==_s0Pr(X=8/X26)=-"-==
Q0. Pr{Xs4)=gry =7 Pr(X=6)=g+ 5=, 50 Pr(X=8/X>6)=7=7
4
1.4.2 3.4 2 4 2 6_2
. —+—+2=2+-"+2=1 valid. Pr(X>1)=—+=2=—=2,
QUL g+g+g=gtgtg=lvalid Pr(X21)=g+g=g=3
5 10 10 10 10 10510 10 10 10 10 5
3
Pr(X=3)= 1,13 soPr(X>3/X>2)—£:ix5=l.
5 10 10° 3 10 3 2
5
3.1 4 1
.Pr(Xodd)=Pr(X=1)+Pr(X=3)=2+=====,
Q13. Pr(Xodd)=Pr(X=1)+Pr(X=3)=2+2=2=2
. . B 6 1
Q14. There are 36 equally likely outcomes. A sum of 7 occurs in 6 ways, so Pr ( X= 7) % 5 Sums of
10,11,120ccurin3+2+1=6ways,soPr"(XZlO)Z%:é.

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 23



0.200
0.175
0.150
T[‘50.125
> 0.100
D-'0.075
0.050
0.025
0.000
2 3 4 5 6 7 8 9 10 11 12
xr
Q15.¢((6-1)+(6- )(6—3)+(6—4)+(6—5))=c(5+4+3+2+1):15c:1=>c=%.
Pr (X 2) i i i E
15 15 15 5
4
016, Pr(x>1)=4+2, 1212, 6 (119 oy gy gy PriX=1)_ 9 12,27 12
9 9 27 27 27 27 27 pr(x>=1) 19 2719 19
27
Q17.2k+3k+4k+k=10k= 1:»>k—— thedlstrlbutlonls1 3 Z,i
10° 510’5710
3 1 _4_2
Pr(X even) Pr(X 2)+Pr(X 4) ——=—. The largest probability is at x =3, so the mode is 3.
10 10 10 5°
0.5 1
0.4 4
E 03
I
!
& 02
0.0 -
1 2 3
Q18 i+1+k l l:l:i.p_ k= 1;>k—_ PT'(X 2)_1 l l:i+£+i:l_
10 5 55 10 10 10° 10 5 5 10 10 10 10
2.1_8 5 _13
Pr1<X<2)=—F—=t—=—.
Q9. Pr J*5+2720 720 20
3 3,1, 1_3 2, 2_7
= is3. Pr(X>3)=—+=+-="+"t+"="
Q20. The largest probability, — 0 is at x =3, so the mode is 3 r( ) 0 s s T 0 0 10" 10
- _qp— _1 oo .. 234
Q21.k(1+1)+k(2+1)+k(3+1)—k(2+3+4)—9k—1:»>k—§;thedlstrlbutlonlsg,g,g.
Pr (X<2)—g 3.2
9 9 9
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Pr(X=uz)

0.5 1

0.4 1

0.2

0.1

0.0 -
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Chapter 11 Discrete probability distributions — 11D Mean, variance and standard
deviation

Theory

For a discrete random variable X with probability distribution Pr ( X=X ), three numbers summarise the distribution:
its centre (the mean) and its spread (the variance and standard deviation).

Sigma notation. The symbol ¥ (capital sigma) means “add up”. Z XPr(X=x) instructs us to form the product

x Pr( X =x) for every value x that X can take, and add the results. When a starting and an ending value are attached,
written

n
Z a=a,ta,t---+a
k=1

n’

the counter k runs from the first value to the last.

Expected value (mean). The expected value is the long-run average value of X:
E(X)Zyzz xPr(X=x).

Expected value of a function of X. For any function g,

E(g(X))Zgg(X)Pr(XW)-

In particular E(X)= Z X" Pr(X=x) Note that in general E(g( X )% g[E (X)) — for example
E(X*)#(E(X)).
Variance. The variance measures the average squared distance from the mean:
Var (X)=E((X - u)|=E(X*)-(E(X)P=E(X*)- 4.
The second form E( X*)— pi* is almost always the quicker one to use.
Standard deviation. The standard deviation has the same units as X and is the square root of the variance:
sd(X)=o=+var(X).

Watch the distinction. The variance and the standard deviation are different numbers: o=~/ Var (X ). A
very common error is to compute the variance and then quote it as the standard deviation. Always take the
square root for 0 — and, conversely, square ¢ to get the variance.

Linear transformations. If @ and b are constants, then
E(aX+b)=aE(X)+b,Var(aX+b)=a’Var(X),sd(aX+b)=|alo.

Adding a constant b shifts the mean but leaves the spread unchanged; multiplying by a scales the mean by a and the
standard deviation by |a| (so the variance by a°).

Method (mean, variance, standard deviation from a table):
1. Compute E(X)=Y xPr(X=x).
2. Compute E(X*)=Y x*Pr(X=x).
3. Var(X)=E(X*)-(E(X))~
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4. sd ( X ) =+ Var ( X ) (leave it as an exact surd unless a decimal is asked).

Worked examples
Example 1 — scaffolded

The random variable X has the distribution below. Find E( X ), Var( X ) and sd ( X ).

X 0 1 2 3
Pr(X=x) 1 3 4 2

10 10 10 10
Working Comment

E(X)ZO'L+1-1+2-i+3.£:£ E(X)=YxPr(X=x).
10 10 10 10 10

E(X2):OZ .i+12 .14_22 .i+32 l:ﬂ E(XZ):ZXZPT'(X:X).
10 10 10 10 10
2 _ 2y _ 2
Var(x):ﬂ— 17)°_370 _289 _ 81 Var(X)=E(X*)-u".
10 10 100 100 100
Take the square root of the variance.
wd(x)=BL_9. qu v
100 10
~E(X) 10,Var(X) 1Oo,sd(X) 10
0.5 4 '
I
,u:tﬁ
0.4 4 I
I
I
5 03 ]
I I
= |
& 024 I
I
I
0.1 4 I
I
I
o.o—J 1

0 1

()
w

Example 2 — scaffolded

A fair spinner is equally likely to show 1, 2, 3 or 4. Let X be the number shown. Find E ( X ) and sd ( X ), and hence
find E(2X+1)and Var(2X+1).

Working Comment

Uniform distribution: the values.
Each outcome has probability %, SO Ao GISTDULION: average the values

E(X):M:E
4 2
E(XZ)ZMZQ:E E(XZ)ZszPr(X:x).
4 4 2
15 (5 .30 25 _5 J5 Variance then square root.
X - =] - =— =—
var ()= (2) 055 o sd(x)=%
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Working Comment

E(2X+1)=2E(X)+1:2.%+1:6 E(aX+b)=aE(X)+b.

Var(aX+b)=a’Var(X ) — the +1 has no effect on

Var(2X+1)=2"Var(X)=4 -
spread.

=5

NI ROy

S~E(2X+1)=6and Var(2X+1)=5.
Example 3 — unscaffolded

The distribution of X is given below. Find the mean and standard deviation.

X 1

Pr(X=x) 0.4 0.3 0.2 0.1
E(X)=1(0.4)+2(0.3)+3(0.2)+4(0.1)=0.4+0.6+0.6+0.4=2.
E(X*)=1(0.4)+4(0.3)+9(0.2)+16(0.1)=0.4+1.2+1.8+1.6=5.
Var(X)=5-2"=1,s0sd(X)=+1=1.

.. the mean is 2 and the standard deviation is 1.

0.5 7

0.4 4

0.3 1

0.2 1

0.1 1

0.0 - l
2

x

|
pnE2

|

|

|

Pr(X=ux)

w
~

Example 4 — unscaffolded

A random variable X has E(X )=5and Var(X)=4.Find E(3X-2), Var(3X-2)andsd(3X -2).
E(3X-2)=3E(X)-2=3(5)-2=13.

Var(3X-2)=3"Var(X)=9(4)=36.

sd(3X -2)=+/36=6 (equivalently |3] - sd (X )=3 -2=6).

~E(3X-2)=13,Var(3X-2)=36,sd(3X -2)=6.

Practice questions
Scaffolded

Q1. X has Pr(X:1):%, Pr(Xx=2)=

W |+

, Pr(X=3)=é. (a) Find E( X ). (b) Find E( X*). (c) Hence find Var ( X )
and sd (X ).
Q2. For the distribution below:
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X 0 1 2

Pr(X=x) 0.1 0.2 0.4 0.3
(a) find E(X); (b) find E(X?); (c) find Var (X ) and sd ( X ).

Q3. For the symmetric distribution below:

X -1

Pr(X=x) 1

8
(a) find E(X); (b) find Var ( X ); (c) state sd (X ) as an exact value.

|~ N

1
3
8

olw|o

Q4. X takes the values 2, 4, 6 with Pr=%, % ,—. (a) Find E(X) and Var(X ) (b) Let Y =X — 4. Write down

NG

E(Y ) and Var (Y ), explaining the effect of subtracting 4.
Q5. For the distribution with Pr(X=1)=0.1, Pr(X=2)=0.2, Pr(X=3)=0.3, Pr(X=4)=0.4: (a) find E( X );
(b) find Var (X ) and sd ( X ).

Q6. X takes the values 0, 1, 2 with PI‘:%,%, .(a) Find E(X ) and Var (X ). (b) Hence find E(10 X +5) and

sd(10X+5).

1
4

Unscaffolded
For each distribution, find E( X ), Var (X ) and sd (X ) (exact values), unless otherwise directed.
Q7. X is uniform on {0,1,2,3,4}.

Q8.Pr(X=1)=05,Pr(X=2)=0.3,Pr(X=3)=0.2.

Q10. x=0,1,2,3 with Pr=0.4,0.3,0.2,0.1.

Q11. x=5,10,15,20 with Pr=0.4,0.3,0.2,0.1. (Compare your answer with Q10 — what is the effect of the
scaling X - 5X7?)

Q12. X is the number shown on a fair six-sided die.
Q13.x=0,1,2 with Pr=0.49,0.42,0.09.
Q14. Pr(X=1)=k,Pr(X=2)=2k,Pr(X=3)=3k. First find k, then E( X ), Var (X ) and sd ( X ).

Q15. x=-3,0, 3 each with probability %

«X= ith P PV RV RV TEPTY .
Q16.x=0,1,2,3,4 with Pr=—g, -2, 75,70, 7¢ Also find E(2 X ) and Var (2 X)
Q17.x=2,3,5,7 with Pr=0.3,0.3,0.3,0.1.

Q18. x=10,20,30 with Pr=0.2,0.5,0.3.

1331

. X= i P i S
Q19.x=0,1,2,3 with Pr 38’3’8
Q20.x=1,2,4,8 with Pr=0.4,0.3,0.2,0.1.
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Q21. X takes the values — 1 and 1, each with probability % Find E(X ) and Var (X ), and hence find E(4 X +3)
andsd(4X+3).
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Answers

ot E(X)=2: E(x*)= 2 var (x)=2. sa(x)="2. Q2. E(x) =19 B(x*)= s var (x)= 22
sd(X)zlgog.QS.E(X):%;Var(X)Zi;sd(X)=§.Q4.E(X):4,Var(X)ZZ;E(Y):O,Var(Y):2

(subtracting 4 shifts the mean by — 4 but leaves the spread unchanged). Q5. E(X )=3; Var(X )=1, sd( X )=1. Q.
E(X)=1, Var(X)=%; E(10X+5)=15,sd (10X +5)=5v2. Q7. E( X )=2, Var(X)=2, sd (X )=+2. Q8.

E(X)—% Var (X )= 1%10 sd(X)Z%.Q9.E(X)=0,Var(X)=1,sd(X):l.QlO.E(X)=1,Var(X)=1,
sd(X)=1.Q11. E(X)=10, Var( X )=25, sd (X )=5 (the values are 5 X those of Q10, so the mean and sd scale by
sd(X)—% ots.k=Li £(x)=7 var(x)=2. sd<x>:§. Q15.E(X)=O, Var(X)=6, sd(X)=6. QI6.
E(X)=2,Var(X)=1,sd(X)=1; E(2X)=4, Var(2X)=4. Q17. E(X) Var (X )= igé d(X)=%.
~ ~ ~ _3 3 _J_ 13
Q18.E(X)—Zl,Var(X)—49,sd(X)—7.Q19.E(X)—E,Var(X) 75 d(X)—— Q20.E(X)= =
Var (X )= 12151 d(x)——ds1 Q21.E(X)=0,Var(X)=1; E(4X+3)=3,sd(4X+3)=4.
Fully-worked solutions
Ql E(X)_l l+2 l+3.l_l+g+lzé E(Xz)zl l+4 l+9.l_l+i+§:£
6 2 3 2 3 6 2 3 2 3
10 (5)_30 25_5 V5
X)=—"-(2]|=2-=== -,
var ()= 0-(3 30258 o sa(x)-%
Q2.E(X)=0(0.1)+1(0.2)+2(0.4)+3(0.3)= 13 E(X*)=0+0.2+1.6+2.7 45—%
2
Var(X):g_g _ 450 361 _ 89 d(X>:@-
2 \1 100 100 100°° 10
Q3.E(X)=-1-140.341 .34 1218342 1 pyy g 1 gyq 34, 119374
8 8 8 8 8 2 8 8 8 8
1.3 V3
X)=1--== =12
Var(X) 2 4,sd(X) 5

Q4.E(X)=2 %+4 %+6 %:4. E(X’)=4 -%+16 -%+36 %:1+8+9:18. Var(X)=18-16=2. (b)

Y=X-4:E(Y)=E(X)-4=0and Var (Y )=Var (X )=2 — subtracting a constant shifts the distribution left by 4
(so the mean drops by 4) but does not change how spread out it is.

Q5.E(X)=1(0.1)+2(0.2)+3(0.3)+4(0.4)=0.1+0.4+0.9+1.6=3. E(X*)=0.1+0.8+2.7+6.4=10.
Var(X)=10-9=1,sd(X )=

1, 1.1 1., 1.3 3 .1
Q6.E(X)=0-=+1-=+2-—=1E +=+4 === Var(X)= —1=—,
6 E(X)=0-+1-5%23 (X)=0s5wa - g=g Var(X)=3 ®)

E(10X+5)=10(1)+5=15; Var(10 X +5)=10° %—50 s0sd (10X +5)=+/50=5+2.
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0+1+4+9+16

Q7.Uniformon(),1,2,3,4:E(X)=O+1+2%=2;E(X2): - =6: Var (X )=6-4=2,
sd(X)=v2.
0.25 '
|
n¥2
0.20 A
= 0.15 1
I
S
& 0.10 A
0.05 A
0.00 -
2 3 4
17 ) 7
Q8. E(X)=1(0.5)+2(0.3)+3(0.2)= 1o’ (E(X ):o,5+1,z+1_8:3,5:§;
7 (17\_350 289_ 61 V61
X = | — =—
var (X)=5 (10) 100 100 100" (X)= o
1 4 4 1 4+4+4+4
. =0.E(X*)=4 - —+1 - —+0+1 -—+4 - —=""2""""-1 —1-0=
Q9. By symmetry E(X)=0. E(X*) G G 0 G G G Var(X)=1-0=1,
sd(X)=
|
|
0.4 4 p¥0
/_\\0.3-
i
b
;;':/02—
0.1 |
0.0— l
-2 -1 0 2

T

Q10. E(X)=0(0.4)+1(0.3)+2(0.2)+3(0.1)=1; E( X*)=0+0.3+0.8+0.9=2; Var (X )=2-1=1,sd( X )=1

Q11. The values are 5 % those in Q10 with the same probabilities, so X ;=5 X ;. Hence E(X):S( 1)=10,
Var(X)=5°(1)=25and sd (X )=5(1)=5. (Directly: E( X )=5(0.4)+10(0.3)+15(0.2)+20(0.1)=10,
E(X?)=25(0.4)+100(0.3)+225(0.2)+400(0.1)=125, Var =125 - 100=25.)

1+4+9+16+25+36 _ 91

1+2+3+4+5+6 21 7 2
.E ==L E(X%)= ==
QI2.E(X)= 5 c E(X’) 5 =
Var(x)=91_49_182 147 35 d(X):_\/'

6 4 12 12 12 6

)
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0.200

0.175 RFS

|
|
-
|
0.150 - I
|
& 0.125 4 1
I I
> 0.100 |
|
0.075 |
0.050 - :
0.025 - :
0.000 - L

T

Pr

Q13.E(X)=0(0.49)+1(0.42)+2(0.09):0_6:%;E(XZ)ZO+0_42+4(0.09):0_78:%;
39 9 39 18_21 F
var (X )= 50 25 50 50 50° sd(X)= 5 10

+4+
QLLPmmmmﬁ%smnw];k+2k+3k=6k:13k=é:E(X) 1- é+2 %+3 2 1 g J %§=§.

1 2 3_1+8+27 7\ 49 5 V5
E(X?)=1 -=+4 -2+49 .2=2"""%" —¢g —6-(L]|=6-22=2 =¥o
(Xx°) c ct9 e : 6. Var(X)=6 (3) 6-3 9,sd(X) 3
Q15. By symmetry E( X )=0. E(X*)=9 %+0+9 -%=6. Var(X)=6-0=6, sd(X)=16.

1 4 6 4 1 _4+12+12+4
E(X)=0-—+1 - —+2 - —+3 -—+4 . —=——-"=_"<% 7 -9

Q16. E(X)=0 16 16 16 6 16 16

4 6 4 1 _4+24+36+16
E(X*)=0+—+4 - —+9 - —+16 - —= =5 =5-4= =
(x?) G G 6 G G Var(X)=5-4=1,sd(X)=1. Then

E(2X)=2(2)=4and Var(2X)=2°(1)=4.

Q17. E(X)=2(0.3)+3(0.3)+5(0.3)+7(0.1)=0.6+0.9+1.5+0. 7—%

E(X?)=4(03)+9(0.3)+25(0.3)+49(0.1)=1.2+2.7+7.5+4.9=16.3= 11603

V261 _3+29
10 10

2
Var(X):@_(g) _ 1630 _ 1369 _ 261

0 \70) T 700 100 100 %4(X)=

Q18. E(X)=10(0.2)+20(0.5)+30(0.3)=2+10+9=21.
E(X?*)=100(0.2)+400(0.5)+900(0.3)=20+200+270=490. Var (X )=490 - 441=49, sd (X )=7

1 3 3 1_3+6+3_12_3

.E —-+1-—-4+2 - —4+3 - = =———=—"—=—F X2 =0+—+4 -—4+9 - —=——————=73
Q19()08 8 8733 8 82()08 s 3 8
9_3 V3
X = — = ==
Var(X)=3 BT d(X) >
Q20. E(X)=1(0.4)+2(0.3)+4(0.2)+8(0.1)= 04+06+O8+08—?
E(X*)=1(0.4)+4(0.3)+16(0.2)+64(0.1)=0.4+1.2+3.2+6.4=11.2= 6
56 (13)°_280 169 _111 V111
X)|l=—7/-—/—| = — = =-—
Var (X )= (5) 25 25 25 d(X)=TS
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Q2. E(X)=-1 -%+1 -%:o. E(X*)=1 -%+1 -%:1. Var(X)=1-0=1.Then E(4X+3)=4(0)+3=3;

Var(4X+3)=4%(1)=16,s0 sd (4 X +3)=116=4.

)
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