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Chapter 10 Anti-differentiation and integration — 10A Estimating areas and the
trapezium rule

Theory

The area under the graph of a function y=f ( x) between x =a and x =b (and above the x-axis) can be estimated
by dividing [ a, b ] into n strips of equal width and adding the areas of simple shapes that approximate each strip.

a . .
, and the strip boundaries are at

Strip width. With n strips the width is h= b
X,=a,x,=a+h,x,=a+2h,...,x,=b.
Left-endpoint rectangles. Each strip is approximated by a rectangle whose height is the value of f at the left edge:
L=h[f (xo)+f(x,)+ -+ f(x,.,)].
Right-endpoint rectangles. Use the value of f at the right edge of each strip:
R=hF(x,)+f(x,)+ -+ f(x,)].

For a function that is increasing on [ a, b |, the left rectangles sit below the curve so L under-estimates the area, while
the right rectangles rise above it so R over-estimates it. For a decreasing function the roles are reversed.

The trapezium rule. Joining the tops of adjacent boundary points by straight lines makes each strip a trapezium.
Adding their areas gives

T B L1y (=2 () () 43, )

that is, half the width times (first + last + twice each of the middle ordinates). The trapezium estimate is the average

. : L+ .
of the left and right estimates: T = , S0 it is usually much more accurate.

The area as a limiting sum. As the number of strips increases, the estimate approaches the exact area:

Area=lim z f(x;)8x.

n-o j=1

This exact value is found using integration (Sections 10B onwards).

To estimate an area: (1) find h= a and the ordinates f ( XO) yeeosf ( X, ); (2) apply the required rule (left, right or

trapezium); (3) state whether it is an over- or under-estimate by comparing with the shape of the curve.

Worked examples
Example 1 — scaffolded

Estimate the area under y = x* from x=0 to x =4 using four left-endpoint rectangles.

Working Comment
h:%zl;boundariesX:0,1,2,3,4. Width:b%.

Left heights: f(0)=0,f(1)=1,f(2)=4,f(3)=9. Left rectangles use the value at the left of each strip.
L=1x(0+1+4+9)=14, L=h[f(x,)+-+f(x,)].
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Working

Comment

The exact area is % ~21.33, so L=14 is an under-

estimate.

Y

— N Wk U 9

T T
1 2 3 4

Example 2 — scaffolded

y= x is increasing, so left rectangles sit below the
curve.

Estimate the area under y = x* from x =0 to x =4 using the trapezium rule with four strips.

Working

Comment

h=1; ordinates

f(0)=0.f(1)=1,f(2)=4,f(3)=9.f(4)=16.
T=%[0+16+2(1+4+9)]

(16+28)==(44)=22.

N |~
N |-

64
.. the estimate is 22 (exact EY ~21.33, a slight over-

estimate).

Y

— N Wk U 9

T T T
1 2 3 4

Example 3 — unscaffolded

Same strips as Example 1, but now use every ordinate.

first + last + twice the middle ordinates.

_L+R_14+30_
2 2

T 22,

Estimate the area under y = x>+1 from x=0 to x =3 using three right-endpoint rectangles.

@B
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h=?=1;boundaries x=0,1,2,3.

Right heights: f(1)=2,f(2)=5,f(3)=10.
R=1x(2+5+10)=17.

.. the estimate is 17. The exact area is 12, so this over-estimates (the curve is increasing, so right rectangles rise
above it).

—_— N W s N 9 0 O

1 2 3
Example 4 — unscaffolded

Use the trapezium rule with four strips to estimate the area under y = Vx from x=0 to x=4, giving an exact
answer.

h=1; ordinates V0=0,v1=1,2,3,V/4=2.

T=%{0+2+2(1+¢§+¢§ﬂ:%(2+2+2J§+2J§L

< T=2++2++/3~5.15 (exact area % ~5.33).
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Practice questions
Scaffolded

Q1. For the area under y = x” from x=0 to x =3 using three left-endpoint rectangles: (a) find the strip width h; (b)
write the three left heights; (c) find the estimate L; (d) state whether it over- or under-estimates the exact area 9.

Q2. For the area under y = x* from x=1 to x =4 using three right-endpoint rectangles: (a) find h and the
boundaries; (b) find the estimate R; (c) the exact area is 21 — is R an over- or under-estimate?

Q3. Use the trapezium rule with four strips to estimate the area under y = x> from x=0 to x=2: (a) state h and the
five ordinates; (b) apply the rule; (c) compare with the exact area 4.

. 1
Q4. Use the trapezium rule with four strips to estimate the area under y = ~ from x=1 to x=23: (a) state h and the

ordinates; (b) find T'; (c) the exact area is 10,3 — how good is the estimate?

Q5. For y = x” from x=0 to x =2 with four strips: (a) find the left estimate L; (b) find the right estimate R; (c) the

. 8 . o
exact area is 3 verify that it lies between L and R.

Q6. Use two right-endpoint rectangles to estimate the area under y = Vx from x=0to x=4: (a) find h and the
heights; (b) find R as an exact value; (c) sketch the rectangles.

Unscaffolded

Estimate the area under each curve as specified, giving exact values.
Q7. y= xz, x=0 to x =5, five left-endpoint rectangles.
Q8. y= x>+2, x=0 to x=4, four right-endpoint rectangles.

Q9. y= x>, x=0 to x=3, three left-endpoint rectangles.
_1 . .
Q10. y= " x=1to x=>5, trapezium rule, four strips.

Q11. y= J}, x=1to x=4, trapezium rule, three strips.

Q12. y=4- x%, x=0 to x=2, four left-endpoint rectangles. State whether it over- or under-estimates and explain
using the shape of the curve.

Q13. y= x%, Xx=—2to x=2, trapezium rule, four strips.

Q14. y=¢", x=0 to x =2, trapezium rule, four strips (leave your answer in exact form and give a decimal to two
places).

Q15. y= x>+1, x=0 to x=2, four right-endpoint rectangles.
Q16. y= x>+ x, x=0 to x=4, four left-endpoint rectangles.
Q17. y= x°, x=0 to x=6, three right-endpoint rectangles.
Q18. y=2% x=0 to x=4, trapezium rule, four strips.

Q19. y=x ( 4-x ), x=0 to x=4, four left-endpoint rectangles. Comment on why the left and right estimates are
equal here.

Q20. y= Vx+ 1, x=0 to x=4, trapezium rule, four strips.
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Q21. y= x%, x=0to x=1, four strips: find both the left estimate L and the right estimate R, and show the exact area

% lies between them.
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Answers

Q1.(a) h=1;(b)0,1,4; (c) L=5; (d) under-estimate. Q2. (a) h=1, boundaries 1,2,3,4; (b) R=29; (¢) over-

estimate. Q3. (a) h= %, ordinates O, ; ,1, 27 ,8; (b)) T= H; (c) slight over-estimate (exact 4). Q4. (a) h= %,

8’
ordinates 1, ; ,% % % by T —; (c) 2—(7)% 1.117 vs log,3~1.099 — close over-estimate. Q5. (a) L =%; (b)

Z— ()Z §<1745 v Q6. (a) h=2, heights \/5,2; (b)R=4+2\/§; (c) see graph. Q7. L=30. Q8. R=38. Q9.

L=9. Q10. T—& Q11. T——+\/§+\/7 3.Q12. L—% over-estimate (y =4 — x” is decreasing on [ 0,2], so left

rectangles rise above the curve). Q13. T =6. Q14. T:%(1+261/2+26+263/2+ )N6 52.Q15. R—ﬁ Q1e6.

4
L=20.Q17. R=112. Q18. T=75. Q19. L=10; L=R because f (0)=f(4)=0 and the ordinates are symmetric

7 15 7 _1_15
=2. . = . -L:_ R EERNETN -y
about x=2.Q20. T=6++2+V3.Q21. L=o7, R=5s o5 <o <.

Fully-worked solutions

Q1. h=%:1; boundaries 0,1,2,3. Left heights f (0)=0,f(1)=1,f(2)=4. L=1(0+1+4)=5. Since y=x’

increases, the rectangles lie below the curve, so 5 under-estimates the exact area 9.

Y

s =

— N W R L N 0 O

Q2. hz%zl;boundaries 1,2,3,4. Right heights f (2)=4,f(3)=9,f(4)=16. R=1(4+9+16)=29. The

curve increases, so right rectangles rise above it: 29 over-estimates the exact area 21.

_2-0_1 3\_27
Q3. h==—=5; ; ordinates f ( f( =1 f( )=1 f(z) 3 f(2)
T= —1;210+8+2(—+1+—8 )] l8+2 —+1)] 411[8+9]=—147.Exactarea 4, so a slight over-estimate.

1 2121
h==; 1,—,=,=,=.T=~
Q4. 5 ordinates 13°5°5°3

1 2 1 2 67
1+=4+2|2+=+5|[=2L~1.117. log,3~1.099,
(3 5 5)] 50 The exact area log, SO

the trapezium rule slightly over-estimates.

Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 7



Q5. h=: ordinates f(0)=0,f (3)=1.[(1)=1,1(5)=3.1(2)=4 L=2(0+ 1+ 1+ )=
R:%(%+1+%+4) 14—5%:1 75<%%2.67<%=375 v
Q6. h—4TO—2 boundaries 0,2, 4. Right heights f (2)=v2,f(4)=2. R=2(V/2+2)=4+22~6.83.
Y
:
!
v
1 2 3 4

Q7. h=1; left heights f (0),...,f(4)=0,1,4,9,16. L=1(0+1+4+9+16)=30.
Q8. h=1; right heights f (1),...,f(4)=3,6,11,18. R=1(3+6+11+18)=38.

Q9. h=1; left heights f(0),f(1),f(2)=0,1,8.L=1(0+1+8)=9.

1111 1 1 1 1.1 101
. h=1; ordi 1,-,z,—, = T=Z|1+=+2| -+—-+— | |=——~1.683.
Q10. h=1; ordinates 5°3°2°5 > c (2 3 4)] 50
Q11. h=1; ordinates v1,v2,v3,v4=1,V2,¥3,2. T== [1+2+2(\/2+\/ ] +v3~4.65.

Q12. h= —1(4+£+3+Z) 1.0_2

1 1 =—. Since

l;leftheightsf(0)=4,f(%):%,f() f( ):Z 5 3=

2 4

. . . . 1
y=4- x” is decreasing on [ 0,2 ], the left rectangles rise above the curve, so this over-estimates the exact area —.

3

Y

1 2

Q13. h=1; ordinates f (=2),f(—1),f(0),f(1),f(2)=4,1,0,1,4. T=%[4+4+2(1+O+1)]=%(8+4)=6.
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1/2

Q14. h=%; ordinates e’ ,e''* ', e?, e’ T=%[e°+e2+2(e +e+em)]=%(1+2e1/2+2e+2e3/2+e2

(Exact area e” — 1~6.39.)
35

f(1)=2,1(5)=2

1,_ 132_33
2)* 8 4

Q15. hZ%; right heights f ( >

o |

:f(2):9R:l 2+2+£+9 _l . 132_33
218 8 )

Q16. h=1; left heights f(0),f(1),f(2),f(3)=0,2,6,12. L=1(0+2+6+12)=20.
Q17. h=2; right heights f (2),f(4),f(6)=4,16,36. R=2(4+16+36)=112.

1

E(17+28):£.

Q18. h=1; ordinates 2° 2" 2% 2° 2*=1,2 4.8,16. T:%[1+16+2(2+4+8)]:

Q19. h=1; heights f (

f(1)
f(0)

0),f(1),f(2),f(3)=0,3,4,3. L=1(0+3+4+3)=10. The right estimate uses
,f(2),f(3),f(4)=3,4,3,0, giving the same sum 10: the ordinates are symmetric about x =2 and
=f(4)=0,s0 L=

Y

1 2 3 4

Q20. h=1; ordinates f (0)=1,f(1)=2,f(2)=v2+1,f(3)=v3+1,f(4)=3
T:%[1+3+2(2+ﬁ+1+J§+1)]:%(4+2(4+ﬁ+@)):6+ﬁ+@w9.15.

Q21. h:%; ordinates f(())ZO,f(l)zi,f(l)zl,f(é)zi f(1)=1. Lzl(0+i+l+i)=l~

ITRAP IV AVERETS 4\" 1672 16) 32
R=L[ L1y 2 9= 7 0219<Lr0333< 20460, v
4\16 4 16 ) 3232 3 32

)
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Chapter 10 Anti-differentiation and integration — 10B Anti-differentiation

Theory

Antidifferentiation is the reverse of differentiation. If F (x)=f(x), then F is called an antiderivative of f, and we
write

Jf(x)dx=F(x)+c,

called the indefinite integral of f. Because the derivative of a constant is 0, every function of the form F ( X ) +cisan
antiderivative of f — so the constant of integration ¢ must always be included.

The power rule for integration. For any rational n# —1,

n+1

[x"dx= X e,

n+1
1
(The excluded case n=—1, that is [ < d x=log,|x|+c, is treated later.)

Linearity. For a constant k,

[kF(x)dx=k [ f(x)dx, [(f(x)£g(x)ldx=[F(x)dx+[g(x)dx,
so a sum is integrated term by term.

Rewrite before you integrate. The power rule needs each term as a single power of x:

1 1
e write surds as fractional powers: Vx=x2 ¥x=x%

1 -2
e write reciprocals as negative powers: —5 =X ;
X

e expand any products or powers of brackets, and split a single fraction over a common denominator into
separate terms.

Boundary condition. An antiderivative is only known up to + c. If one value of the function is given (a boundary
condition such as f ( a ) =b), substitute it to find ¢ and so determine the function uniquely.

To find an indefinite integral: (1) rewrite each term as a power of x; (2) integrate term by term with the power rule;
(3) add +c; (4) if a boundary condition is given, substitute it to find c.

Worked examples
Example 1 — scaffolded

Find [(3x*~4x+5)d x.

Working Comment

3 n+1

f3x2dx=3 'X—=x3 Powerruleoneachterm:fx"dx=X .
3 n+l

2 The constant multiple stays out the front.
j(—4x)dx=—4-%=—2x2 ple sy

[5dx=5x 5=5x" 50 [5dx=5x.

o (3 xX’—4x+ 5) dx=x>-2x*+5x+c Combine and add the constant of integration.
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Example 2 — scaffolded
. 3_ 1

Fmdf(zx ——2+\/;)dx,
X

Working Comment

1 1 Every term must be a power of x before integrating.
Rewrite: 5 =X  and Vx=x%
X

f2x3dx=x—4 2'x_4:x_4
2 4 2
-2 _ X71_1 _ _ __1. . . . l
[—x dx———l—— n=-2,son+1= 1,thetwom1nuss1gnsg1ve+x.
-1 x
L 2 3 n=1/2, so n+1=3/2; dividing by 3/2 multiplies by
2
4 3 Combine and add +c.
.'.X—+l+zx2+c
2 x 3

Example 3 — unscaffolded

A function f has f (x)=6x>—2x and f(1)=4. Find f (x).

The general antiderivative is f (x )= [(6x*—2x)d x=2x" - x"+c.

Substitute the boundary condition f (1)=4:2(1)’-(1)’+c=4=>2-1+c=4=c=3.
~f(x)=2x"-x*+3.

Example 4 — unscaffolded

Find [(x=2)(x+3)dx.

The power rule cannot be applied to a product, so expand first: (x -2 ) ( x+3 ) =x"+x—6.
3 2

j(x2+x—6)dx:%+x?—6x+c.

3 2

.'.j(x—2)(x+3)dx=%+%—6x+c.

Practice questions
Scaffolded

Q1. For | (4 X’ +3x° - 2) d x: (a) integrate each term using the power rule; (b) write the indefinite integral, including
the constant of integration.

4 4
Q2. For f(3 X+ —3) d X: (a) write —5 in index form; (b) integrate each term; (c) state the indefinite integral.
X X
1
Q3. For f(\/; + T) d X: (a) write each term as a power of x; (b) integrate each term; (c) state the indefinite integral.
X
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Q4. For | (2x-1 )2 d x: (a) expand (2x -1 )2; (b) hence find the indefinite integral.

2

QS. For f d X: (a) split the fraction into two terms and simplify; (b) hence find the indefinite integral.

Q6. A function f has f (x)=3x’+2x and f(1)=5. (a) Find the general antiderivative of f ( x ). (b) Use the
condition f(1)=5 to find the constant. (c) State f ( x ).

Unscaffolded

Find each of the following indefinite integrals (Q7-Q18) and functions (Q19-Q21).
Q7. f[6x*~10x+3)d x

QS-I(X4—3x2+2x)dx

Q9. [(5-2x)dx

Q10. [(x*-x)d x

Q1. [(8x°-6x+1)dx

Q12. [(x°~x*)d x

Q13. [xédx

Q4. [(x+1)(x-3)dx

Q15. [(3x-2)°d
o

fl4Vx-3)dx
Q18. [(2x*~5x)d x

Q19. Findf(x)giventhat f’(X)=4x—1andf(2):

Q20. Find f(x ) given that f (x)=6+/x and f(4)=10

Q21. Find f ( x) given that f(X):% and f(1)=
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Answers

N w

2
QL x*+x*—2x+c Q2. x3—;+c Q3. %x +2/x+c Q4. §x3—2x2+x+c Qs. x—§+c Q6. f(x)=x"+x"+3

5 4 2
Q7.2x3—5x2+3x+cQ8.%—x3+x2+cQ9.5x—x2+cQIO.XX—XE+CQ11.2x4—3x2+x+cQ12.
x* X 3% X 3 2 1 1 8%
X X e Q13.2x3 40 014. X — X —3x+c Q15.3x° =6 X2 +4x+c Q16. ——+—+Cc Q17. S x2 -3 x +
6 a Q 5x cQ 3 X x+cQI15.3x"-6x"+4x+cQ X 22 Q 3x 3x+c

x' 5x° l

QI8. =~ =—+c Q1. f(x)=2x"-x-3Q20. f(x)=4 X3_22Q21 f(x)=3 -

Fully-worked solutions

4 3

QL [(4x°+3x*-2)dx=4 'XZ+3 ~X§—2x+c:x4+x3—2x+c,

3 -2
Q2.i3:4x_3,sof(3x2+4x *)dx=3 - X g X _veo=x*-2x"+c=x —%‘FC.
X 3 -2 X
! ( . X% X% 5 32
. 1 _ " x*+x 2)dx:— T te=Zx2+2Vx+c
Q3 \/> 2 a ﬁ—x ,SO.[ E l 3 .
2 2

Q4. (2x-1)=4x>-4x+1, sof(4x2—4x+1)dx=§x3—2x2+x+c.

241 ) i .
Q5. X —=1+x %50 [(1+x 2)dx=x+x—1+c=x—l+c.
X - X

Q6. (a) f(x)=[(3x°+2x)dx=x’+x*+c. () f(1)=1+1+c=5=c=3.(c) f(x)=x"+x"+3.

Q7.j(6x2—10x+3)dx=2x3—5x2+3x+c.
5
Q8.j(x4—3x2+2x)dx=x€—x3+x2+c.
Q9. [(5-2x)dx=5x—-x"+c.
4 2

Q1o0. f(x3—x)dx=%—x?+c.

Q11. [(8x’-6x+1)dx=2x"-3x"+x+c.

6 4

12, [(xX*-x*)dx=2-X4q,
Q12. [(x*—x*)d x 52 c
2 2 5
3 2
Q13. /%’ dX—Xg c=%x3+C,
3

3
Q14.(x+1)(x-3)=x"-2x-3, soj(x2—2x—3)dx=%—x2—3x+c.
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Q15.(3x-2)=9x"—12x+4,s0 [(9x*—12x+4)dx=3x>-6x"+4 x+cC.

R 1.1
16. —x )dx="—-S—+c=—=—+—+c.
Q16. [(x “—x")dx="7 -5+ x 5.2t

w

3
L (4 5—3)d S S SV
Q17.4\/;:4X2,SOJ- X X 3 XTC 3X X C.
2

4 2
Q18. f(2x3—5x)dx=%—57X+c.

Q19.f(x)=[(4x-1)dx=2x"-x+c.f(2)=8-2+c=3=c=-3. .. f(x)=2x"-x-3.

3
1 ) 3

= 2 = X_ = 2 3
Q2. f(x)=[6xdx=6 3 TN p(4)=a(4) +o=4(B) =32+ 0= 10 m =~ 22
2
3
S f(x)=4x*-22
-1 1 l

Q21.f(x):jx’zdx:)i—1+c:—;+c.f(1)=—1+c=2:>c:3. .‘.f(x):3—x

)
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Chapter 10 Anti-differentiation and integration — 10C Antiderivatives of powers of
linear functions

Theory

n+

Antidifferentiation reverses differentiation. To differentiate (ax+b)""' we use the chain rule and obtain

a(n+1)(ax+b)". Reversing this gives the key rule of this section.

The rule. ForaZz0 and n#—1,

(ax+b)n+l

f(ax+b)"dx=m

+cC.

In words: raise the power by one, divide by the new power and by the coefficient a of x. The extra division by a is
what “undoes” the chain rule. This holds whether n is a positive integer, a negative integer, or a rational number.

The special case n=— 1. The rule above fails when n=—1 (it would divide by 0). Instead,

=1
fax+bdx—aloge|ax+b|+c.

This is the antiderivative of a reciprocal of a linear expression; the modulus signs keep the logarithm defined on both

. . b
sides of the vertical asymptote X = — pe

Rewrite first. Before integrating, rewrite roots and reciprocals as powers:

\/ax+b=(ax+b)”2,;=(ax+b)7k.

(ax+b)

Constant multiples and sums. [k fdx=k [ f d x, and a sum is integrated term by term.

q
Definite integrals. By the fundamental theorem of calculus, f f(x)dx=[F(x)"=F(q)-F(p), where F is any

p
p
antiderivative. The constant ¢ cancels, so it is omitted in a definite integral.

Boundary conditions. If a rate f ( x) and one value f(XO): Y, are known, antidifferentiate to get ( X ) =F ( X ) +c,
then substitute the known point to find c.

To antidifferentiate a power of a linear expression:
1. Rewrite any root or reciprocal as a power (ax+b)".
2. Ifn#—1: add one to the power, then divide by the new power and by a.
1
3. Ifn=—1:theanswerisaloge|ax+b|+c.

4. Add +c for an indefinite integral; evaluate the bracket for a definite integral.

Worked examples
Example 1 — scaffolded

Find [(2x+3)*d x.
Working Comment
Here a=2,b=3,n=4. Identify the linear expression and the power.

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 15



Working

Comment

5
N (2x+3) te

44 _
[(2x+3)'dx= TXE
:(2x+3f+c
10
5
.'.f(2x+3)4dx=%+c.

Example 2 — scaffolded

1
Find [ ———=dx,

Add one to the power (to 5), then divide by the new
power 5 and by a=2.

Simplify 2 x 5=10.

(3x-1)
Working Comment
1 =(3x— 1) 2 Rewrite the reciprocal as a power before integrating.
(3x-1)
o, (3x-1)" Add one to the power (=2 — — 1), divide by the new
I(BX_l) dx= 3><(—1) e power — 1 and by a=3.
1 - 1
__3(3x—1)+c (3x—1) 1=3X_1;thesigncomesfromdividingby
-1
1 1
Sf——dx=—-——F"—+c.
J(3x—1)2 3(3x-1)

Example 3 — unscaffolded

Find (V4 x+1dx.

1
Rewrite the surd as a power: v 4 x + 1=(4x+ 1)1/2, ) n=§ and a=4.

f(4x+1)1/2dx=

3/2
.'.j\/4x+1dx=(4X+T1)+c.

Example 4 — unscaffolded

Findfﬁdx.

The power is — 1, so this is the logarithm case with a=3:

3

I3x+2

S 3X+2dx=10ge|3x+2|+c.

(4x+1)3/2+ (4x+1)"

c= tc.

4x3/2 6

dx=3><%loge|3x+2|+c=loge|3x+2|+c.
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Practice questions
Scaffolded

Q1. For | ( X+5 )3 d x: (a) state a, b and n; (b) add one to the power and divide by the new power and a; (c) write the
antiderivative, including +c.

Q2. Find I(Z x—1 )5 d x, showing the division by the new power and by a.
Q3. For | ( 5-2x )4d x: (a) identify a (note a= — 2); (b) hence find the antiderivative.

1
Q4. For fm dx: (a) rewrite the integrand as a power of ( 2x+1 ); (b) hence find the antiderivative.

QS. For [v3x —2d x: (a) write v 3 x — 2 as a power; (b) hence find the antiderivative.

4
4x-3

d x: (a) explain why this is the logarithm case; (b) hence find the antiderivative.

Q6. For |

Unscaffolded

Find each of the following (include + ¢ for indefinite integrals; give exact values for definite integrals).
Q7. f(3x+1)6dx

Q8. j(1—4x)3dx

Q9. [(2x+7)"dx

Q10. [V6x-5dx

1

—d
Qll'j(3x+4)2 x

5
Q12. Imdx

Q13.f(2—x)5dx

2

d
(x+3)

Ql4.

1
Qi15. [ eil

1

Q16. [ (2x+1)°dx

0

dx

2

1
Q17. | ————dx
!(2x—1f
3
Q18. f d x, giving your answer in exact form.
X+

Q19. A function has f (x)=(2x—1)"and f(1)=3. Find f (x ).

_ 1
2x+1

Q20. A function has f (x) and f(0)=1. Find f(x).
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2
Q21. Find the exact value of f V2x+1dx.
0
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Answers

(x+5)° (2x-1)° (5-2x) _ 2(3x-2)""*
1. 2, — o 4, - STCQ5. —— .
Q +cQ +c Q3 0 +cQ 4(2x+1)2 Q5 +c Q6
3x+1) (1-4x)* (6x-5)*"2
1 4x-3|+ (7 S T - t¢ — .
og,|4x—-3|+c Q7 o1 +c Q8 T +c Q9 6(2x+7) Q10 5 +c Q11
—;+0Q12 log,|5x+1|+c Q13 _(2_X)6+CQ14 S— tCQ15.v2x+1+c Q16.10 Q17 1
3(3X+4) . e . 6 . (X+3)2 . . .3
p— 3 p—
Q18.10g82Q19.f(x):%+%Q20.f(x)=%loge|2x+1|+1Q21.5\/53 1
Fully-worked solutions
6, _(3x+1) (3x+1)
Q7. [(3x+1)°dx= 3 te=Tor e
_ 4 _ 4
Q8.j(1—4x)3dx=((1_4é)ljl+c=—(1 lzx) +c (here a=—4).
_ (2x+7)7° 1
9. [(2x+7) *dx=""—"~—+c=——+c.
Q- ) 2x(-3) 6(2x+7)
6X—5)3/2 (6x—5)3/2
10. = _ 1/2’ e \1/2 :( — .
Q10.V6x-5=(6x-5)"%s0 [(6x-5)"*dx ex32 ¢ 5 +c
Q11 ;Z(Bx+4)_2 sof(3x+4)_2dx:M+c=—#+c
"(3x+4) ’ 3x(-1) 3(3x+4)
Q12.Power—1,logarithmcasewitha=5:f5X5+1dx=5><%loge|5X+1|+C=10ge|5x+1|+c.
) _(2_X)6 __(Z_X)G _
Q13. [(2-x) dx—(_l)x6+c— 5 +c (here a=—1).
_ _ +3)7? 1
14, ———==2(x+3)" 2(x+3)7%d =2><(X +tc=——"——=+cC.
Q (X+3)3 ( ) ,SOI (X ) X 1)((—2) C (x+3)2 C
Q15. 1 =(2x+1)"" sof(2x+1)"1/2dx:M+c=(2x+1)1/2+c=\/2x+1+c
v2x+1 ’ 2x1/2 )
1 4 4 4 _
Q16. [ (2x+1)dx= (2x+1)F_ 3" 1'_81-1_80_,,
! 8 |, 8 8 8
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_1)3 _1)\3 3
(2x-1) 17
= + -
flx)= el
Q20.f(x)=] dlelog |I2x+1|+c USingf(O)Zl'llog l+c=1=>c=1 .-.f(x):llog |2x+1]+1.
2x+1 2 °¢ ' e ’ Do

: 32 3/2 3/2
Q. [ Vaxridx=| 25 17 5451
0 3 0 3 3 3

)
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Chapter 10 Anti-differentiation and integration — 10D Antiderivatives of exponential
functions

Theory

d | & k . . e . :
Because — (e X) =ke"", reversing the process gives the antiderivative of an exponential function.

d x

The basic rule.

jekxdx=%ekx+c,k¢0.

d ]_ k x 1 kx kx
L —_— = — -k = .
Check: dx(ke ) P e e

Linear index. More generally, for the linear index ax+b,

b 1 b
[e " dx==e"""+c,a#0.
a

Linearity. Antidifferentiation is linear, so a sum is done term by term and constants factor out:
j(pekx+q)dx=%ekx+qx+c.

Always include the constant of integration + ¢ for an indefinite integral.

Definite integrals. For a definite integral there is no + ¢; evaluate the antiderivative at the terminals:

b b
J" ekxdle%ekxl :%(ekb_eka).

d '
Finding a function from its rate of change. If &y =f (X) is known and one point (a boundary condition) is given,

dx
antidifferentiate to get the family y=F ( X ) + ¢, then substitute the point to find c.

Useful before integrating: expand brackets (e.g. ( e"+1 )2 =’ +2e"+ 1) so every term is a power of e or of x.

Worked examples
Example 1 — scaffolded

Find [e**d x.

Working Comment

The index is k x with k=3. Identify k.

je3xdx:%e3x+c ApplyfekdeZ%ekX"'C.
d (1 5, 3% Differentiate back to confirm.

Check: ax\3 e’ |=e

Example 2 — scaffolded
Find [(4¢*~3)d x.
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Working

Comment

Integrate term by term.
[4e*dx=4 -%eZXZZeZX
[(=3)dx=-3x
flae*-3)dx=2e"-3x+c
Example 3 — unscaffolded
Find [e*""d x.

The index is linear, ax+b witha=2, b=1, so

J’eZX‘FldX

2x+1 1 ox+1
sfe™ dx=§ex +c

Example 4 — unscaffolded

1

Evaluate f e**d x, giving the exact value.
0

Linearity: split the sum, keep the constant factor.

k=2, and the factor 4 stays.

The antiderivative of a constant.

Combine, with a single +c.

1 ox+1
= — + .
2e C
1 -, 1 o _1(2
=_ ——— == —1
2e 26 2(6 )

Practice questions
Scaffolded

Q1. Find each antiderivative: (a) [e**dx; (b) [e **dx; (c) [ *dx.

Q2. Find each antiderivative (linear index): (a) [e’*"'dx; (b) [’ *dx; (c) [e* *dx.

Q3. Find each antiderivative: (a) j(ezx+e3x)dx; (b) I(Zex - eix)d x; (c) f(ezx - S)dx.

1

Q4. For f e dx: (a) write an antiderivative of ¢>*; (b) hence evaluate the definite integral exactly.

0

Q5. For f (e" - 1)2d x: (a) expand (e" - 1)2; (b) hence find the antiderivative.

Q6. A function satisfies
dx

use the point to find ¢; (c) state the rule for y.

Unscaffolded

d X . e
€Y _? and passes through (0,2 ) (a) Write the general antiderivative y=F ( X ) +c; (b)

Find each antiderivative (Q7—Q15), giving your answer with +c.

Q7. (e *dx

EREE
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Q8. [e"*dx

Q9. [6e **dx

Q10. [¢° *dx

Q1. [(e**+e *)d x
Q12. [(3e*~2x)dx
Q13. [(e*+1) d x
Q14. [ *d x

Q15. [(e**—e*)d x

Evaluate each definite integral exactly (Q16—Q19).

2
Q16. _[ e “dx
0

1
Q17. [ e*dx
-1

1 2
Q18. Show that [ [e**+1)d x="2 ;1.
0
log,2
Q19. Evaluate f e"dx.
0
dy

=e” and the curve passes through (0 ,1 ) Find the rule for y.

Q20. The gradient of a curve is given by dx

Q21. A function has f (x)=e *+2 and f(0)=0. Find f (x).
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Answers

4x-3

QL. (a) le“+c (b) —le’“+c (©)3e*"%+c Q2. (a) le3x+1+c (b) —e? *+¢ (c) le

+c Q3. (a)
1 2x 1 3x — 2x
5€ +3€ tc(b)2e*+e” +c(c)—e 5x+c Q4. (a) e (b —-2e"+1 (b)
1 2x —2e"+ 1 ax _3 _1 2x -x x/2 -3x
2 e’ +x+c Q6. (a)y——e +c(b)c—§(c)y—§e +§Q7.—e +c Q8.2¢"“+c Q9.-2e +c

Q10.—e5’X+cQ11.%ezx—%e_2X+c le.%ezx—x2+c QlS.%eZX+26X+x+CQ14.%e3x_2+c Q15.

%e“ ;eZX+CQ16 1-e Q17.e—% Q18. shown Q19.1Q20.y:%e“+% Q21.f(x)=—e “+2x+1

Fully-worked solutions

1 _ax 1 1 1 s x/3
4+ — =——¢ "+ k== so—— =3 +
Ql() e c.(b) 4e 4e c.(c) 3S01/3€ e C.
_ 1 3x+1 _ 1 2-x_ _ 2-x _ 1 4x-3
Q2. (a)a—3:§e +c. (b)a——l:_—le =-e" "+c. (c)a—4:ze +c.

1 o, 1 X -x X -x 1 o«
Q3. ()—e2 +393 +c.(b)2e"—(—e *)=2¢e"+e “+c. (C)Ee2 -5x+c.
1 1 3
1 3x 3x 1 sx 1 3 1 e -1
4- ~ . b = — = — _—=
Q (a)3e ().!e dx lSe L 3e 3 3

Qs. (a)(ex—l)zzez"—ze"+1.(b)f(eZX—2ex+1)dx=%ezx—ZeX+x+c.

Q6. () y=3 e e (b) 2= 2 +e= 2 he so 0= o) y= e S

Q7.k=-1: _ile_x=—e_x+c.

Qs. k=1, L

:2 x/2+ )
2°1/2 ¢ e

Q9.6 - %e =—2e +c.

-X 5-x

Q10. Index 5-x,a=-1: Lle =—e "+c.

]- X X
Q13. Expand: (ex+1)2:e2"+ze"+1. Then_[=§e2 +2e"+x+c.

Q14.Index 3x -2, a=3: %63X2+C.
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Q15.%64X—%ezx+c.

2
Q16. feiXdXZ[—efx]oz—efz—(—e°)=1—e72.
0

1
Q17. f eXdXZ[eX]ilzel—e_lze—%.
-1

1 1 2
Q18. [ (e**+1)dx= Loxixl = le2+1)— Liol=lerlo€*t o gown.
) 2 ) (2 2 2° "2
log,2 0w 2
Q19. f exdx=[ex]0ge =% -e’=2-1=1.

0

2x 1 2x 1 1 1 2x 1
Ly= == +c. :1:_+ == y== + =,
Q20. y=[e"dx 2e c.At(0,1) > C,s0C 5 y 2e 5

Q21.f(x)=fle *+2)dx=—e *+2x+c. Atx=0:f(0)=-1+0+c=0,50 c=1. .. f(x)=—e “+2x+1.

5
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Chapter 10 Anti-differentiation and integration — 10E The definite integral

Theory

b
The definite integral. For a function [ defined on [a,b |, the definite integral f f (x)d x measures the signed area

a
between the graph of y=f ( x) and the x-axis from x =a to X =b: area above the axis counts as positive, area below
as negative.

The fundamental theorem of calculus (FTC). If F is any antiderivative of f (thatis, F (x )=f(x)), then

b

[ f(x)dx=F(b)-Fl(a).

The constant of integration is not needed, because it cancels: (F ( b ) + C) - (F ( a ) + C) =F ( b) -F ( a )

We write the evaluation using square brackets:

b

Jf(x)dx=[F(x)L=F(b)-Fl(a).

a

Properties of the definite integral. For functions f , g and constant k:

kf(x)dx=kf f(x)dxand f (f(x)ig(x))dx:f f(x)dxif g(x)d x (linearity);

f(x)dx=0;

b
f(x)dx=- f f (x)d x (reversing the limits changes the sign);

a

Q 0 O Cm—mn O S0 O S—

b c
f(x)dx=f f(x)dx+f f(x)d x (splitting the interval).
a b

To evaluate a definite integral: find an antiderivative F, then compute F ( b) -F ( a ) Give an exact value
(fractions, surds, or in terms of e and 10g,) unless a decimal is asked for.

Worked examples
Example 1 — scaffolded

3
Evaluate f(2x+1)dx.
1

Working Comment

An antiderivative of 2 x+1 is x* + x. Reverse the power rule term by term; no + ¢ is needed
for a definite integral.

3 5 5 Write the antiderivative in square brackets with the

J(2x+1)dx=[x*+x]; limits.

1

=(3*+3)-(1°+1) Substitute the upper limit, then the lower limit:
F(3)-F(1).
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Working Comment

=12-2=10 The definite integral is a number.
The region is the area under y=2x+1 from x=1 to x=3:

8 Y

A
|7 |

-1

Example 2 — scaffolded

2

Evaluate f(3x2—4x+1)dx.

0

Working Comment

Antiderivative: x> —2 x*+ x. Integrate each term.

=[x*-2x"+x ](2) Insert the limits 0 and 2.
=(8-8+2)-(0) F(2)-F(0); the lower limit gives 0.
=2

Example 3 — unscaffolded
1
Evaluate f e’*dx.
0
An antiderivative of e** is 1/2 e**.
1
[e*dx=[1/2e"])=1/2e* - 1/2e"=1/2(e*~1).
0

2

1
f e?dx=% 2_ 1 (the shaded area below).
0
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Example 4 — unscaffolded

It is given that f f(x)dx=8and fg(x)dXZB.Find (a) f(Zf(x)—g(x))dx and (b) ff(x)dx.
(a) By linearity, [ (2f(x)-g(x))dx=2[ f(x)dx- [ g(x)dx=2(8)-3=13.

2

2
(b) Reversing the limits changes the sign: f f(x)dx=- f f(x)dx=-8.
5

.". the answers are 13 and — 8.

Practice questions
Scaffolded

2

Q1. Evaluate J‘ 6x°d x: (a) write an antiderivative of 6 x*; (b) evaluate it at x=2 and x=1; (c) hence state the value
1

of the integral.

3

Q2. Evaluate f (x2 -2x ) d x: (a) find an antiderivative; (b) substitute the limits; (c) state the value, and explain what
0

a value of 0 tells you about the signed area.

1

Q3. Evaluate I e*dx, giving your answer in exact form.
0

4
1
Q4. Evaluate f L d x: (a) write —= as a power of x; (b) hence find the integral.
L x Vx
3

Q5. Evaluate f %d X, giving your answer in the form alog,b.
1

Q6. Given f f(x)dx=10 and f f(x)dx=6, find f f(x)dx.

Unscaffolded

Evaluate each definite integral, giving an exact value.
Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 28



2

Q7. f (3x*+2x)dx

-1
1

Qs. f(xS—x)dx
0

2
Q. f(2x—1)3dx
1

Q10. [ e *dx

0

5
Qi [ —_dx
2

9
Q12. [ Vxdx
1

2

Q13. f x’d X, and explain your answer using the symmetry of y = x>
-2

1
Q14. [ [e*+e)dx
0

Q15. | (x-2)dx

H;;.;;

1

Q16. | 2xd x (note the order of the limits).
3

c b c 2 3 3
Q17. Using the property f f=f f+ f f, show that f x*dx +f x*dx= f x’d x, and evaluate.
0 2 0

a a b

1

Q18. [ (4-x")dx

-1
k
Q19. Find the value of k>0 for which [ 2xd x=9.
0
Q20. Find the value of a>1 for which f 1 dx=log,>5.
X
1

Q21. (3e2x—4x)dx

O Sy
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Answers

e’—1

Q1. 14 Q2.0 (equal positive and negative signed areas) Q3. Q4.2 Q5.2l0g,3 Q6.4

Q7.12 Q8.—% Q9.10 Q10.1-¢ %> QI11.3log,4=6log,2 le.% Q13.0 Q14.e—% Q15.3 QI6.

3e’—7
2

-8 Q17.9 le.% Q19. k=3 Q20.a=5 Q2l.

Fully-worked solutions

2
QL. [ 6x’dx=[2x"}=2(8)-2(1)=16-2=14.
1

3
Q2. f(x2—2x)dx=[x3/3—x2]3=(9—9)—0=0. The value 0 means the region above the axis (on [2,3]) has the
0

same area as the region below the axis (on [0,2]), so the signed areas cancel.

1 3 _
Q3. [ e™dx=[1/3¢*]\=1/3¢*~1/3=5 L

0

4

1 - _
Q4. T:X 2 so Ix Vrdx=[2x"11=2V4-21=4-2=2.
X 1

3

Qs. f%dx=[210gex]f=210g23—2logel=210ge3.
4 4 2

Q6. [f=[f-[f=10-6=4.
2 0 0

Q7. [ (3x*+2x)dx=[x’+x"],=(8+4)-(-1+1)=12-0=12.

-1

1

Q8. J‘ (x*-x)dx=[x*/4-x*12],=(1/4—-1/2)-0=—1/4. The result is negative because the region lies below
0

the x-axis on (0,1):
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2 4 4
3 1 _81-1_80
9. | (2x-1)0dx=[(2x-1)"/8];==-—="——="-=10.
Q{(x)x[(x>]188880

2
Q10. fefxdx:[—eix]f):—efz—(—l):l—efz.
0

5
Qi | ?jldxz[sloge(x—1)]§=3loge4—3log81=310ge4=610g62.
2

X

9
Q2. | &dx=[2/3x3’2];’=2/3(27)—2/3(1)=18—2/3=53—2.
1
2
Q13. f x’dx=[x"/14],=16/4-16/4=0. Since y=x"1is an odd function, the (negative) signed area on [ —2,0]
-2
exactly cancels the (positive) signed area on [0,2]:

Y

9
8
7
6
5
4
3
2
1
® ® t
-1
-2 —2 2
=3
—4
=5
-6
=1
-8
-9
—3 —2 -1 1 2 3

Q14.f(ex+eX)dx=[ex—ex](1)=(e—e1)—(1—1)=e—%.
h oo 2 (217 8 1
Q15. [ (x-2)dx=[(x 2P 13)=5 =5+ 5=3

1

1 3
Q1e. f2xdx=—f2xdx=—[x2]?=—(9—1)=—8.
3 1
2 3
Q17. [ xX*dx=[x*/3;=8/3 and [ x’dx=[x*/3]=9-8/3=19/3, so their sum is
0 X 2
8/3+19/3=27/3=9=f xd x, confirming the splitting property. The value is 9.
0

1
Q18. [ (4—x2)dx=[4x—x3/3]11=(4—1/3)—(—4+1/3)=11/3+11/3=%.

-1
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k
Q19. f 2xdx=[x" ]g =k’ Setting k?=9 gives k=3 (taking k> 0).
0

Q20. f %d x=[log,x]{=log,a—log,1=log,a. Setting log,a=1log,5 gives a=5.
1

1

2_
Q21.f(3e2x—4x)dx=[3/2e2x—2x2](1)=(3/2e2—2)—(3/2):362 7
0

)
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Chapter 10 Anti-differentiation and integration — 10F Areas under curves

Theory

b

The definite integral f f ( X ) d x gives the signed area between the curve y=f ( x) and the x-axis from x=a to x=b:
a

area above the axis counts as positive, area below as negative.

Region above the axis. If f (x)>0 on[a,b], the area is

Region below the axis. If f ( X ) <0 on[a,b], the integral is negative, so the area is

b

A=—ff(x)dx=

a

b

[ f(x)dx]|.

a

Region that crosses the axis. If y=f ( x) crosses the x-axis inside [ a, b ], the signed areas partly cancel. To find the
total area you must:

1. find the x-intercepts in [a,b] (solve f(x ) =0);
2. integrate over each piece separately;
3. take the absolute value of each piece, then add.

b
So the total area is generally not the same as the single integral f f ( X ) d x — that single integral is the signed value,

a

in which below-axis parts subtract.

To find an area: sketch the region (shade it), find any x-intercepts between a and b, split the region there, evaluate
each definite integral, and add the areas as positive quantities.

Worked examples
Example 1 — scaffolded

Find the area of the region bounded by y = x°, the x-axis, and the lines x=0 and x=3.

Working Comment
On [0,3], x*>0, so the region is above the axis. Decide the sign of f before integrating.
3 5 Area of an above-axis region is the integral itself.
A= f x“dx
0
3P Antidifferentiate, then substitute the terminals.
X 27
= | === - 0 = 9
3 3
.. the area is 9 square units. State the answer with units.
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Example 2 — scaffolded

Find the area of the region bounded by y = x* — 4, the x-axis, and the lines x=0 and x=2.

Working Comment

On[0,2], x*—4<0, so the region is below the axis. Check the sign: x*< 4 here.

2 3 2 The integral is negative because the region is below the
f(x2—4)dx= X _ax =§—8=—E axis

) 3 0o 3 3 ’

A _‘ 16 ‘ 16 Area is the absolute value.

3] 3

. 16 :
.. the area is 3 Square units.

-1 1 2 3
Example 3 — unscaffolded
Find the total area of the region bounded by y = x> — 1, the x-axis, and the lines x=0 and x=2.

The curve crosses the x-axis where x> —1=0, i.e. x=1 (in [0,2]), so split the region there.

1 rg
2

On [0,1] the curve is below the axis: f(xz—l)dxz X _x Zl—lz——,area—.
0 | 3 L 3 3 3

2 [ 3 12
On [1,2] the curve is above the axis: f(xz—l)dx: XE—X =(§—2)—(1—1)=i
1 L d1
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2 4
. total area = 3 + 3 =2 square units.

Example 4 — unscaffolded
Find the area of the region bounded by y=4 - x* and the x-axis.

4-x*=0atx=+2,and 4 - x*>0on[—2,2], so the whole region is above the axis.

A:j (4—x2)dx=[4x—%3]22:(8—§)—(—8+§):%.

-2

.3 .
.. the area is 5 Square units.

~
N/[\)

Practice questions
Scaffolded

Q1. For the region under y = x> from x=0 to x=2: (a) state whether the region is above or below the x-axis; (b) write
the area as a definite integral; (c) evaluate it.

Q2. Find the area bounded by y =2 x, the x-axis, and the lines x=1 and x=4.
Q3. Find the area bounded by y = x>+1, the x-axis, x=0 and x=3.

Q4. For y=6 —2x between x =0 and x =3: (a) show that the region is above the axis on this interval; (b) find the
area.
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Q5. Find the area bounded by y=1 - x” and the x-axis between x=—1 and x=1.
Q6. For y= x” =2 x between x=0 and x=3: (a) find the x-intercepts in this interval; (b) find the total area of the

3

region; (c) evaluate x* =2 x)d x and explain why it differs from the total area.
2 p y
0

Unscaffolded

Find the exact area of the region bounded by the curve, the x-axis and the given lines (sketch and shade the region
first; split at any x-intercepts).

Q7. y=x’, from x=—2to x=0.
Qs. y:3x2, from x=0 to x=2.

Q9. y=x"-9, from x=0 to x=3.
Q10. y:2x—x2, from x=0to x=2.
Q11. y=e¢", from x=0to x=2.

Q12. y=¢ %, from x=0to x=1.

Q13. y=cos x, from x=0 to XZ%.

Q14. y=sinx, from x=0 to x=1.

Q15. y=x>—4x, from x=0 to x=2.
Yy

2

Q16. y=x>—4x, from x=—2 to x=2. Find the total area, and explain why it is not equal to x*—4x)dx.
y
-2

1
Q17.y=—, from x=1to x=2.
X

Q18. y:\/;, from x=0 to x=4.

Q19. y=4 - x, from x=0 to x=6. Find the total area of the region(s).
1
Q20. y—;, from x=1to x=e.

Q21. Find the exact area of the shaded region bounded by y = ( x—1 ) ( X— 3) and the x-axis between x =0 and x=4.
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Answers

2 3
Q1. above; f x’dx=4. Q2.15.Q3.12. Q4. 9. Q5. —. Q6. intercepts x=0, 2; total arca %; _f =0 (below- and
0 0

Wl Wik

above-axis parts cancel). Q7. 4. Q8. 8. Q9. 18. Q10. —. Q11. ¢* - 1. Q12. 1 — ¢~ '. Q13. 1. Q14. 2. Q15. 4. Q16.

1 1
total area 8 (the integral is 0). Q17. 5 Q18. ?6 Q19.10. Q20.1. Q21. 4.

Fully-worked solutions

2 T2
Ql. y=x’>00n[0,2] (above). A:fx3dle%] :%:4 square units.
0

0

10 Yy

9

8

7

6

5

4

3

2

1

T

i P 2
2, 1 2 3

4
Q2. y=2x>00n[1,4]. A:f 2xdx=[x2]j=16—1=15 square units.
1

Y

—_
(=]

—_ N W R WL A 0 O

-1 1 4

1 2 3 4 5
3

3 3
Q3. AZf (x2+1)dx=lxg+x] =9+3=12 square units.
0

0
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Q4.(a) 6-2x=0at x=3,and 6 —2 x>0 for x<3, so the region is above the axis on [0,3]. (b)

3
A=f (6—2x)dx=[6x—x2]z=18—9=9 square units.
0

Y

-1 1 2 3 4
0 a 1 1\ 4
Q5.1—x2200n[—1,1].A=J‘(1—x2)dx=lx—x—] =(1——)—(—1+§):§squareunits.

5 Y

-2 — 1 2

USAINN

3
2_ X2 =(g-9)-[8_4]=4 4,4_8
(x ZX)dX—lB XL—(Q 9)( 4)—3.T0talarea3 3.(c)
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0 0
the total area.

3 3 3
f (X2 -2Xx ) dx= l% - le =9 —9=0: the equal below- and above-axis parts cancel, so the signed integral is 0, not

-1 1 2 3 4
0 470
Q7.y=x3£0 on[—2,0] (below). f x3dx=l%] =0-4=-4, so area =4 square units.
-2 -2
P Yy

1 | /

x

-3 -2 -1 1

15 Yy

Q9.y:x2—930 on[0,3].

© Sy W

3 3
(X2—9)dx=[%—9x] =9 -27=-18, area = 18 square units.
0
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T
- 3
-2
-3
-4
=5
-6
-7
-8
79\
-10
et 1 2 3 4
0 T 8_4
Q10.2x - x*=x(2-x)>0 0n[0,2].A=f(2x—x2)dx= xz—% =4—§:§ square units.
0 0
5 )
1
X
2
L 1 2 3
2 : )
Q11. A=f eXdXZ[eX]OZe — 1 square units.
0
10 Y
9
8
ok
6
5
4
3
2
l—/ i
. 2
L 1 2 3

1
-X *xl -1 -1 .
Q12.A=fe dX:[—e ]Oz—e +1=1-e "~ square units.
0
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T . s .
Q13. cos x>0 on lO,E]. A= f cosxdx=[smx]0/2:1 —0=1 square unit.

0

5 Y

1/—

X

:

-1

=1 1 2 3

5 Y

3

2 4 2

Q15. x’—4x=x(x*-4); on[0,2] it is below the axis. f(x3—4x)dx=lx?—2x2] =4 —8=-4, area =4 square
0

units.
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Q16. x>—4x=0atx=-2,0,2.0n[—2,0] the curve is above the axis and on [ 0,2 ] below, and by symmetry each
2

part has area 4, so the total area is 8. The single integral f (X3 —4x ) d x=0 because x> — 4 x is an odd function —
-2
the above- and below-axis parts cancel — so it is not the total area.

5 Y

-3 -2 =1 1 2 3

2

2 2
Q17. A:f ideZJ‘ xdeZl—l] =—l+1=l square unit.
1 X 1 X 2 2

1

2y

1 2 3

4 4 4

2 3| _2 16 .
18. A= | Vxdx=] x'?dx=|= =2(8)== ts.
Q J(: xdx {X X=| 7 X 0 3( ) 3 Square units
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0

4 214
Q19.4-x=0atx=4. On[0,4]theregionisabovetheaxis: f(4—x)dx:[4x—%] =16—8=8.0n[4,6]it
0

» 76
4x—XEl =(24—18)—(16—8)=—2, area 2. Total area =8 +2 =10 square units.

4

6
is below: f(4—x)dx=
4

6 Y
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3

Q21. (x—l)(x—3)=0 atx=1,3.0n[0,1]above, [1,3] below, [ 3,4 ] above. With F(X)Z%—2X2+3x:

O Sy

4 4 4 4 4 4 4
=F(1)-F(0)==(area=); [ =F(3)-F(1)=0-2=-Z(area=); [ =F(4)-F(3)==-0=2. Total

4 4 4
area = 3 + 3 + 3 =4 square units.

)
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Chapter 10 Anti-differentiation and integration — 10G Integrals of circular functions

Theory

Because differentiation and antidifferentiation are reverse processes, each derivative of a circular function gives an
d . d .
antiderivative. Since ax (Sln (kx )) =kcos(kx) and dx (COS (kx )) =—ksin(k x ), dividing by k gives the standard

antiderivatives:
[cos(kx)dx=1/ksin(kx)+cand [sin(kx)dx=-1/kcos(kx)+c.

Watch the sign and the factor. Integrating cos gives + sin; integrating sin gives — c0s. In each case divide by the
coefficient k of x. More generally, for a linear inside function,

jasin(n(x—s))dx=—%cos(n(x—s))+c.

b
Definite integrals. As for any function, f f(x)dx=[F(x) ]Z =F(b)-F/(a), where F is an antiderivative. Use

a 73

. . : . T
exact values of the circular functions at the endpoints (for example sin 3 = 7).

Area. The area between the curve y=f ( X) and the x-axis from x=a to x=b, where f ( X ) >0on[a,b], equals

b

f f ( X ) d x. Where a circular-function graph dips below the axis the definite integral counts that part as negative, so a
signed integral may differ from the total area — split the interval at the x-intercepts and integrate each piece.

Finding a function from a boundary condition. Antidifferentiate to get the family F ( X ) +c, then substitute the
given point to find c.

Worked examples
Example 1 — scaffolded

Find [(2sin(2x)—3cosx)d x.

Working

Comment

[2sin(2x)dx=2 -(-1/2cos(2x))=—cos(2x)
[3cosxdx=3sinx

f(2sin(2x)-3cosx)dx=—cos(2x)-3sinx+c

Check: %(—COS(ZX)—3SiDX):ZSil‘1(2X)—3COSX

v

Example 2 — scaffolded

n/3

Evaluate f cos x d x, giving the exact value.
0

Working

[sin(kx)dx=-1/kcos(kx); here k=2.
[cosxd x=sin x.

Combine and add the constant of integration.

Differentiate back to confirm.

Comment

n/3

f cosxdx=[sinx];"

0

Classbasics Pty Ltd, vwx.au -

An antiderivative of cos x is sin x.
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Working Comment

Substitute the terminals; use exact values.

—sin ™ ~sin0="3
3 2
_ V3 The exact value of the integral.
2
Y
I_—

\ z
2T

™
B —

3

m s
6 3

Example 3 — unscaffolded
Find the exact area bounded by y =sin x, the x-axis, and the lines x=0 and x=r.

On [0, ], sin x>0, so the area equals the definite integral.
Area=f sinxdx=[—cosx|;=—cosm—(—-cos0)=-(-1)+1=2,
0

.. the area is 2 square units.

Y

i 3 N
Example 4 — unscaffolded

Given f (x)=4cos(2x)and f(0)=3, find f (x).
f(x)=[4cos(2x)dx=4 -1/2sin(2x)+c=2sin(2x)+c.
Using f(0)=3:2sin0+c=3 =c=3.

~f(x)=2sin(2x)+3.
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Practice questions
Scaffolded

Q1. Find [sin(3x)d x.
Q2. Findfcos(%)dx.

Q3. Find [(sinx+cosx)d x.

/2

Q4. Evaluate f sinxd x.
0

n/4

Q5. Evaluate f cos(2x)d x.
0

Q6. Find the exact area bounded by y =cos x, the x-axis, x=0 and x= %

=]

Unscaffolded

Find each of the following (add the constant of integration for indefinite integrals; give exact values for definite
integrals).

Q7. [3cos(3x)dx
Q8. [—2sin(4x)dx

Q9. [(cos(2x)—sin(3x)|dx
Q10.j2sin(2x+%)dx
QI11. [4cos(2x)dx

Q12. Evaluate the definite integral f sin ( 2x ) d x, and explain what its value tells you about the signed area.
0
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! 1 3m ™
1 2 T
/2
Q13. f cosxdx
n/6
n/3

Q14. [ sinxdx
0

n/4

Qis. f (sinx+cosx)dx
0

Q16. Find the exact area bounded by y=sin (2 x ), the x-axis, x=0 and x = %

]
=1
|

Q17. Find the exact area bounded by y =2 cos x, the x-axis, x=0 and X = %

"

T
3

T
6

Q18. Given f (x)=6cos(3x)and f(0)=2, find f (x).

Q19. Given f (x)=—-sinx and f(0)=1, find f (x).
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Q20. Show that f sin x d x =2, and hence write down the area between y =sin x and the x-axis over one full period
0

[0,2m].

Q21. Find the exact area bounded by y =cos x, the x-axis, x=0 and x = %

=]
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Answers
Ql. —%cos(Bch Q2.251n(§)+c Q3. —cosx+sinx+c Q4.1 QS.%Q& 1 Q7.sin(3x)+c Q8.
%cos(4x)+c Q9.%sin(2x)+%cos(3x)+c Q10. —cos(2x+%)+c Q11. 2sin(2x)+c Q12. 0 (the area below
the axis on [ 71/2, 1] cancels the equal area above it on [0, 71/2]) Q13. % Q14. % Q15.1 Q16. % Q17.1 Q18.

V3

f(x)=2sin(3x)+2 Q19. f(x)=cosx Q20. 2; area over [ 0,27 ] is 4 Q21. >

Fully-worked solutions

Ql. fsin(3x)dx=—%cos(3x)+c. Check: di(—%COSSX)=sin3x. v
X

X X

1 . [ x
— = — |+Cc= — |+
Qz.jcos(z)dx 1/2sm(2) c 25111(2) c.

Q3. [(sinx+cosx)dx=—-cosx+sinx+c.

m/2
Q4. f sinxdx=[—cosx]g/2=—cos%+coso=0+1=1.
0

n/4 n/4

Qs. { cos(2x)dx=[%sin(2x)]o :%sin%—O:%.

/2

. . . T . .
Qe. f Cosxdx=[51nx]g/2:5m%—0:1. Since cos x>0 on [O,E], the area is 1 square unit.
0

Q7. [3cos(3x)dx=3 -%sin(Sx)+c=sin(3x)+C.
. _ 1 1
Q8. [—2sin(4x)dx=-2 -(—Zcos(4x))+c—§cos(4x)+c.

. _ 1. 1 _1 . 1
Q9.j(cos(2x)—sm(3x))dx—§sm(2x)—(—gcos(3x))+c—551n(2x)+§cos(3x)+c.
Q10.f251n(2x+%)dx:2 ‘(—%)cos(2x+%)+c=—cos(2x+%)+c.

Ql11. [4cos(2x)dx=4 '%sin(Zx)+C:251n(2x)+C.

Q12. {Sin(Zx)dx=l—%Cos(2x)] =—%COSZH+%COSO=—%+%=O. On [0,%] the graph is above the axis

0

T .. : . .
and on lE 7T l it is below by an equal amount, so the signed area is O (the actual total area is 1).

mw/2
) ) ) 1 1
13. [ cosxdx=[sinx]"?=sint—sint=1-===
QJG XX[IX]H/Glz 16 >=5
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m/3
Q14. f SiHXdXZ[—COSX]g/3=—cos%+cosoz—%+1:
0

Q15. f (sinx+cosx)dx=[-cosx+sinx]; *=
0

n m_(_@ V2

/4 /4
Q16. f sin(2x)dx= —lcos(Zx) = LeosTiteoso=0+1=L Ag sin(2x)>0 onlO,E],theareais
0 2 0 2 2 2 2 2 4

— square unit.

2

/6
Q17. f 2cosxdx=[251nx]g/6=251n%—0=2 -%Zl. The area is 1 square unit.
0

Q18.f(x)=[6cos(3x)dx=6 -%sin(Bx)+c=251n(3x)+c. Then f(0)=2sin0+c=c=2, so
f(x)=2sin(3x)+2.

Q19. f(x)=[—-sinxdx=cosx+c. Then f(0)=cosO0+c=1+c=1,s0c=0and f(x)=cosx.

Q20. f sinxdx=[-cosx];=—cosm+cos0=1+1=2, as required. Over [ 0,2 7 | the graph encloses one region
0

above the axis on [ 0,7 | (area 2) and one equal region below on [ 71,27 | (area 2), so the total area is 2 +2 =4 square
units.

n/3 Vﬁg

Q21. f cos xdx=[sinx]g/3=sin% -0 = The area is 73 square units.
0
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Chapter 10 Anti-differentiation and integration — 10H Further integration techniques

Theory

This section brings together every antidifferentiation rule met so far. The key skill is recognising which rule applies
to a given integrand — and, where the integrand is a product or a quotient, simplifying first.

The standard antiderivatives (each includes an arbitrary constant +¢):

Integrand Antiderivative
x" (with n#—1) X"
n+1
(ax+b)" (withn#—-1) (ax+b)””+c
a(n+1)
1 1
P Eloge|ax+b|+c
kx
e %ek“c
sin(kx) —%cos(kx)+c
cos(kx)

%sin(kx)+c

Antidifferentiation is linear: f(af(x)+bg(x))dx=aff(x)dx+bfg(x)dx.

Simplify before integrating. There is no product or quotient rule for integration. If the integrand is a product, expand
it; if it is a quotient over a single power, split it into separate terms:

4
X —2x_

2
X

xz—%,(x—l)(x+3)=x2+2x—3.

b
Definite integrals. If F is an antiderivative of f, then f f(x)dx=[F(x) ]Z= F(b)-F(a). The constant c cancels,

a

so it is omitted in a definite integral.

A decision guide. (1) Is it a sum? Integrate term by term. (2) A power of x? Add one to the index and divide. (3) A

power of a linear expression (a X+b )”? Same, then divide by a as well. (4) ? A logarithm. (5) ¢**, sin ( k x)

ax+b
, COS ( k x )‘? Divide by k. (6) A product or quotient? Expand or split first. Always include + ¢ for an indefinite
integral.

Worked examples
Example 1 — scaffolded

Find [(x*~4x+5)d x.

Working Comment
I(X3 —Ax+ 5) dx A sum of powers of x — integrate term by term.

x4 x> Add one to each index and divide by the new index;
=—-4 - -—+bx+c

4 2 [5dx=5x.
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Working Comment

4 Simplify. Don’t forget + c.
=%—2x2+5x+c i 8

Example 2 — scaffolded

Find [(3x-2)"d x.

Working Comment
Integrand is (a x+b )” witha=3,b=-2,n=4. Recognise a power of a linear expression.
3x=2) Add one to the index, then divide by the index and by
f(3x—2)4dx=¥+c a=3
3x5 :

(3x-2) Simplify.

= +C
15

Example 3 — unscaffolded

Find [(2e *+3cos(3x)|dx.
x g 1 -x P .
[2e *dx=2 e =-2e ,and [3cos(3x)dx=3 -gsm(Bx)—sm(Bx)_

. f(2e*+3cos(3x))dx=-2e *+sin(3x)+c.

Example 4 — unscaffolded

4
1

Evaluat Vx+—|dx.

vauae_{( \/;)

1 3/2 1/2
X

o _-1/2 e X 2 32 1/2
Write in index form: Vx=x'"2, ——==X . An antiderivative 1s + +2x°.
X

==X
3/2 1/2 3

4 4
1 2 32 2 2 28 8
Vxt—=ldx=|2x"2+2Vx| =| 2 -8+2 -2|-|2+2|=22 -8,
{(X x)xl3x 11(3 )(3)33

Tx

Vx

'_‘;:"‘

(\/;+ 1 )dx=@.

Practice questions
Scaffolded

3
QL. Find (a) [(4x* - 6x*+2)d x; (b)f(xz—;)dx-

Q2. Find [(5x—1)°d x.
Q3. Find (a) [e**d x; (b) [3e **dx.
Q4. Find [(2sin(2x)-cosx)d x.

1

dx.
3x+2 X

Q5. Find [
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Q6. A function has f (x)=4x -3 and f(2)=5. Find f ( x).
Unscaffolded

Find each of the following. For Q16—Q18, evaluate the definite integral exactly.
Q7. f(6x2+4x—3)dx

4
X —2x

Q8. | dx

2
X

Q9. [(2x+3)°dx
Q10. (Vv4x-3dx

1
——d
Qll'j(2x+5)2 :

Q12. [(e™ —e | d x

Q13. [(3cos(2x)+4sinx)d x
5
Q14. fﬂdx

Q15. [(x—1)(x+3)dx

2

Q16. f(3x2—2x)dx

0
Q17. f%dx
1

/2

Q18. f 2cosxdx
0

Q19. [(e*+1)*dx

Q20. A function has f (x)=6x"—4x+1and f(1)=3. Find f (x).

dv .
Q21. The volume V litres of water in a tank changes at the rate ——=3 ) (litres per minute), and V =5 when t =0

dt
.Find V in terms of t.
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Answers

x° .3 (5x-1)
20

1 X —2ZX
QL. (a) x*-2x*+2x+c; (b)§+;+c. Q2. +c.Q3.(a)Ze4 +c; (b)—%e 4. Q4.

—cos(2x)—sinx+c. QS.%loge|3x+2|+C. Q6. f(x)=2x"-3x+3.Q7.2x*+2x*-3x+c. Q8.

3 6 3/2

X (2x+3) (4x-3) 1 ox, -x

Z - +0.Q9. =L 40 Q10.- 2L 4 QI ——=———+C.Q12. =" “+e “+c.QI3.

3 210X+ 0. Q. ST e QU0 I Q1L T e Q12 @
3

% n(2x)- 4cosx+C.Q14.—510ge|2—X|+C.Q15.%+x2—3x+c.Q16.4.Q17.1.Q18.2.Q19.

%ez"+2e +X+C.Q20. f(x)=2x"—2x*+x+2.Q21. V=¢>— 2t +5.

Fully-worked solutions

4 3

3 _
Ql. (a)j(4x3—6x2+2)dx=4 2 Z . -6- ?+2x+c x'-2x*+2x+c. (b) =3x"" 5o

—1 3

3
23y dx=X-3.X 4o=X 3,
j(x 3x )d 3 3 - 3 C 3t c.
Y . Cp,o(5x-1)"  (5x-1)
Q2.(5x-1)*is(ax+b)" witha=5,n=3: [(5x—1) dX_W”‘T”‘
_ 2x _ 1 -2x _ 3 -2x
Q3. (a)je *dx= e "+c.(b) [3e dx—3-_—2e +c——§e +c.

Q4. [(2sin(2x)—-cosx|dx=2 -Lcos(Zx)—sinx+c:—cos(2x)—sinx+c.

rule with a=3).

Qs. | =%loge|3x+2|+c(the axl

3x +2 +b

Q6. f(x)=[(4x-3)dx=2x"-3x+c. Using {(2)=5:2(4)-3(2)+c=8-6+c=2+c=5,s0 c=3.
~f(x)=2x"-3x+3.

3 2

Q7. [(6x’+4x-3)dx=6 .%+4 -%—3x+c=2x3+2x2—3x+c.

. x4—2x_ 2 2 x’
Q8. Split first: =X Y x— dx—§—210g8|x|+c.

X
2x+3)° (2x+3)°
9. +3) ! +c= +c.
Q9. [(2x+3)dx T B c
w2, _(4x=3)"7  (4x-3)"
Q10.V4x-3=(4x-3)"". flax=3)"dx 3 et e
2
1 i . (2x+5)"" 1
11. =(2x+5) 7 [(2x+5) *dx= +c=- +c.
QU o (XS] f(2x05) dx= S e — g e
Q12.f(ezx—ex)dx=%ezx—_ileX+c=%ezx+e"+c.
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Q13.f(3cos(2x)+4sinx)dx=3 '%sin(Zx)+4 -(—cosx)+c=%sin(2x)—4cosx+c.

Ql4.f%dX.Here ax+b=2-xhasa=-1: f%dXZS -_Llloge|2—x|+c=—510ge|2—x|+c.

3
Q15. Expand first: (x —1)(x+3)=x>+2x-3. f(x2+2x—3)dx=%+x2—3x+c.

2

Q16. [ (3x’-2x)dx=[x’-x"];=(8-4)-(0)=4.

0

e 1 _ e ~ B
Q17. f;dx—[loge|x|]l—logee—loge1—1—0—1.

1

/2

Q1s. f 2cosxdx=[251nx]g/2=2sin%—251n0=2—0=2.
0

Q19. Expand first: (e*+1)*=e**+2e*+1. I(ezx+2e"+1)dx=%e“+2e"+x+c.

Q20. f(x)=j(6x2—4x+1)dx=2x3—2x2+x+c. Using f(1)=3:2-2+1+c=1+c=3,s0c=2.

f(x)=2x"—2x%+ x+2.

Q21. V=j(3t2—2)dt=t3—2t+c. Using V=5 when t=0: 0—0+c=5,s0 c=5. .. V=¢>-2¢+5.
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Chapter 10 Anti-differentiation and integration — 10l Areas between curves

Theory

If f ( X ) >g ( x) for all x in [ a,b |, then the area of the region between the curves y = ( x) (the upper curve) and
y=g(x) (the lower curve) from x=a to x=b is

A=

Q

(f(x)—g(x))dXZI (upper — lower )d x.

Finding the limits. When a region is enclosed by two curves, the limits @ and b are the x-coordinates of the points of
intersection, found by solving f ( X ) =g ( X )

Deciding which curve is on top. Between two adjacent intersection points, test a value (or read the graph) to see
which curve is larger — that one is the upper curve.

When the curves swap over. If the upper and lower curves change at an interior intersection, split the region there
and integrate each piece separately, taking the area of each as a positive quantity:

b

A =f (upper, — lower, )d x + f (upper, —lower, )d x.

c

(Equivalently, add the absolute values of the signed integrals on each piece.)

Method. (1) Find the intersection points by solving f ( X ) =g ( X ) (2) On each interval decide the upper curve. (3)
Integrate (upper — lower ) over each interval. (4) Add the pieces; give an exact value.

Worked examples
Example 1 — scaffolded

Find the area of the region enclosed by the line y =x +2 and the parabola y = x°.

Working Comment
x2=x+2:xz—x—2=0=>(x—2)(x+1)=0, SO Intersections give the limits.
x=—1lorx=2.
On [ —1,2] the line is above the parabola, so upper Test x=0: line =2, parabola =0.
=x+2, lower = x°.

2 2 3 Set up (upper — lower).
A=f ((x+2)—x2)dx=[x—+2x—x—]

b 2 3|,
(o448} (L 5, L) 10 (7)_9 - arca=2,

3 2 3) 3 6/ 2 2
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Example 2 — scaffolded

Find the area enclosed between y=4 — x> and y= x> -2x.

Working Comment

4-x=x*-2x=22x*-2x-4=0=>x’-x-2=0,s0 Solve for the limits.
x=—1orx=2.

On[—1,2],y:4—x2istheuppercurve. Test x=0:4>0.

2 2 Simplify the integrand.
A=f((4—x2)—(x2—2x))dx=f(4+2x—2x2)dx

-1 -1

3 . area =9,
= 4X+X2_2—X :&— —Z =9
3 |, 3 3

. y

6

5

4

3

2

1

>

-1

-2

3 r=-1 z=2

-4

-3 -2 -1 1 2 3 4

Example 3 — unscaffolded

Find the exact area of the region enclosed by y = Vx and y= x>
Intersections: Vx=x> = x=x" :>x(x3— 1)=0, sox=0orx=1.

On[0,1],Vx>x? (test x=1/4: 1/2>1/16), so upper =+ x.
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1 2 %32 3! 2 1
A:{(\/;_Xz)dle X _X— :E_ :g.

1
. th is .
e area is -

Example 4 — unscaffolded

Find the total area of the region enclosed by y = x>and y=x.
Intersections: x°>=x = x ( x*—1 ) =0,s0 x=-1,0,1. The curves swap at x =0, so split there.

On[-1,0], x*>x (test x=—1/2: —=1/8>-1/2);on[0,1], x> x".

0 1

A=_[ (x3—x)dx+_[(x—x3)dx=

-1 0

+

:l
2.

NG
NG

o1
.. the total area is E
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Practice questions
Scaffolded

Q1. For the region enclosed by y=2Xx and y = x*: (a) find the points of intersection; (b) state which curve is the upper
curve; (c) find the exact area.

Q2. For the region enclosed by y =8 — x” and y= x*: (a) find the intersections; (b) find the exact area; (c) sketch the
region.

Q3. For the region enclosed by y = Vx and y =x: (a) find the intersections; (b) find the exact area.
Q4. For the region enclosed by y=4x and y = x”: (a) find the intersections; (b) find the exact area.
Q5. For the region enclosed by y=1 - x* and y= x” - 1: (a) find the intersections; (b) find the exact area.

Q6. For the region enclosed by y=x+6 and y= x*: (a) find the intersections; (b) find the exact area.
Unscaffolded

Find the exact area of the region enclosed between each pair of curves.

2

Q7.y=xandy2x?

Q8. y=3+/xand y=x

Q9. y=x’and y=4x

Q10. y=16-x"and y=x"—16
QIl. y=9-x"and y=x>-9
Q12. y=x’and y=9x

Q13. y=3-xand y=x*-2x-1
Q4. y=x"and y=x’

Q15. y=2x+8and y=x"

Q16. y=5-x"and y=x’+1

Q17. y=12-x"and y=2x’

. . . T ST
Q18. y=sinx and y =cos x between their intersections at X = 2 and X = e

Q19. y=x"and y=x"
Q20. y=8-2x"and y=x"-1

Q21. y:x3—4x and y=Xx
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Answers

Q1.(0,0),(2,4); upperis y=2x; area% Q2. x=+2, area— Q3.(0,0),(1,1); area— Q4. x=0,4; area

332 Q5. x=+1,; area§ Q6. x=-2,3; area£ Q7 2 Q8.2— Q9.8 Q10.5—12 Q11.72 QIZ.% Q13.
17%/_ Q14 — Q15.36 Q1e. M Q17.32 Q18.2+/2 Q19 — Q20.12+3 Q21.— 25

Fully-worked solutions
‘ ' 8 4
QL2x=x"=>x"-2x=0=>x=0,2. Upper=2x.A=f(2x—x2)dx=lx2—%] =4—§:§.
0

6 Y

|
N}

|
Lt
N}
W
N

2 372
Q2.8—x2=x2=x2=4:>x=i2. Upper=8—x2.A=f (8—2x2)dx=l8x—2TX] =2—(—£):6—4.
-2

)

—_ =
S =

—_ N W A L A 0 ® O

1 3/2 21!
Q3.Vx=x=>x=x*=x=0,1. Upper =+/x. A= f x—x)dx= [2); —X?l: - ==
0 0

I

N |~
|+~

)
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4 374
Q4-4x=x2:>x:0,4.Upper=4x.A:J'(4x—x2)dx:l2x2—_] :32_6;_332
0 0

21 Y

20

19

18

17

16

15

14

13

12

11

10

9

8

7

6

5

4

3

2

1

€T

-1

-2

:i z$0 z=4

=5

-2 ! 1 2 3 4 5 6

-1 -1

1 31t
Q5-1—x2=x2—1:>x2:1:>x:il.Upperzl—xz.AZJ'(2—2x2)dx=l2x—2TXl zg—(—%):

Q6. x+6=x"=x"-x-6=0=x=-2,3. Upper =x+6.

A=f(x+6—x2)dx= X o ex-X | 227 _[_22)_125
J 2 3|, 2 3) 6
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)

—_ e e
o O = N W

—_ N W R LN

-1
—2
-3 x=-2 -3
—4

Q7 XIX—2:>2x=x2:>x=O 2. Upper =x A:j' x—x—2 dx= X—Z—X—3 2=2—£=2
| 2 o ' ) 2 2 6| 3 3
4 \y
3
2
1

x
-1

zF0 r=2
-2
] -1 1 2 3 4
; 2T 8127
Q8.3\/;=x:>9x=x2:>x:0,9.Upper=3\/;.AZJ‘(B\/;—X)dx:lem—X?] =54—7——
0 0

13 Y
12
11
10
9
8
7
6
5
4
3
2
1

x
-1
—2
-3 zF0 =9
-4

-4 -3 -2 -1 1 2 3 4 5 6 7 8 9 1011 12 13

0 2
Q9. x’=4x=x(x"-4)=0=x=-2,0,2 (swap at 0). AZ_f (x3—4x)dx+f (4x-x*)dx=4+4=8.
-2 0
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|

|

|
8]

|
—_
(S
w
n

4 3
Q10. 16—x2=x2—16:>x2=16:>x:i4.Upper:16—x2_A:J' (32_2x2)dle32X_2TXl :&_
-4 -4

HHHHIHHIHHHHIH

-8 -7 -6 5 —4-3-2-1 1 2 3 4 5 6 7 8

3 373
Q11.9—x2=x2—9=>x2=9:>x=13.Upper=9—x2.A=f(18—2x2)dx=[18x—2TX] =72.
-3

-3

Y

ot et b et

=W AN OS— WAL

6 -5 -4 -3 2 -1

3_ NN i p 5, 81 81 81
Q12. x —9x:>x(x —9)—O=x——3,0,3(swapatO).A—f(x —9x)dx+_f(9x—x )dx—7+7—7.
-3 0
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Q13.3-x=x"-2x-1=>x’-x-4=0=>x= . Upper =3 — x. Letting the roots be a <8 WithB—aZ\/ﬁ,

(4+x—x2)dx=17g/ﬁ.

1417
2

A=}((3—x)—(x2—2x—1))dx=

Q%'w

)

L RS B UV R NN e

Q4. x’=x’=x*(1-x)=0=x=0,1.0n[0,1], x*> x>, so upper = x°.
1 5 1

A=f(x2—x3)dx=[
0

)
2 A

4 3 4
Q15.2x+8=x"=>x*-2x-8=0 =>x=-2,4. Upper =2x+8. A:_f (2x+8—x2)dx=lx2+8x—%l =36.

et -2
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20
19
18
17
16
15
14
13
12
11
10
9
8
7
6
5
4
3
2
1
T
-1
-2
:i r=-2 FEX!
Bs o4 3 2 4 1 2 3 4 5 6 7
V2 747 V2
2 X
Q16.5 - x*=x’+1=2x’=4=>x=+/2. Upper =5 - x*. A= f (4-2x")dx=|4x—==
-2 3 |-»
. y
6
5
4
3
2
1
T
/J:—\/Z x:v@ \
12 -3 = -1 1 2 3 4

2
2
Q17.12-x’=2x* 23x*=12 > x=+2. Upper =12 - x*. A= [ (12-3x*)dx=[12x - x| ,=

-2

T ST . .
Q18. On l— —], sin x > COs X, so upper =sin X.

4’ 4
5n/4
A= f (sinx—cosx)dx=[—cosx—sinx [, =2 (-v2)=2+2.
n/4
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=2

c= I o — b1
z=1% =7
1

-3

-1 2 3 4 5 6

-1,0,1.0n[-1,1], x*>x", so upper = x*. By symmetry

Q19. x’=x'=x*(x*-1)=0=>x
5

—X_ :2 l—l :i
5 |, 3 5) 15

3 y
1
xr
3

5
Q20.8-2x°=x"-1=3x’=9 = x=+3. Upper=8-2x>. A= [ (9-3x*)dx=[9x~x’] 15=124/3.
i

—

w>,

A=2i(x2—x4)dx=2[

Y

—_
O O = N

— N W A LN

i 1

-2

3

4 r=—V3 v =3

X
—4 -3 -2 -1 1 3 4
Q1. x’—4x=x=>x"-5x=0=x(x"-5)=0=>x=-+5,0,5 (swap at 0).

0 V5
A= f ((x3—4x)—x)dx+f(x—(x3—4x))dX:2_5+2_5:2_5'
-5 0 4 4 2
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Chapter 10 Anti-differentiation and integration — 10J Applications of integration

Theory

Integration lets us recover a quantity from its rate of change and measure the average and total effect of a changing
quantity.

dy _
dx

A function from its rate of change. If f ( X) and one value of y is known (a boundary condition), then

y=[f(x)dx=F(x)+c,
and the boundary condition fixes the constant c. Always find ¢ — a missing constant is the most common error here.

Average value. The average value of a continuous function f over [a,b] is

1 b
f—b_a{f(x)dx.

Geometrically, f is the height of the rectangle on base [ a, b | whose area equals the area under y=f ( x) (shown as
the dashed line in the diagrams below).

Total change from a rate. If a quantity changes at rate r ( t ), the total change between t =a and t =b is

[r(t)de.

b
For example, if water flows into a tank at r (¢ ) litres/min, then f r(t)dt is the total volume added between times a

a

and b.

Kinematics. For motion in a straight line, velocity is the rate of change of position and acceleration is the rate of
change of velocity:

x(t)=fv(t)dt,v(t)=[a(t)dt.
b
e Displacement over [a,b] is f vdt (a signed quantity).

a

b
e Distance travelled is f |v|dt;if v changes sign, split the integral at the time when v =0 and add the

a

magnitudes.

Worked examples
Example 1 — scaffolded

d
Water flows into a tank at a rate d—‘t/ =3t*+2 litres per minute. Initially the tank holds 5 litres. Find V/ ( t ), and the

volume after 4 minutes.

Working Comment
V=[(32+2)dt=t>+2t+c Antidifferentiate the rate.

\% ( 0 ) =5:0+0+c=5,s0 c=5. Apply the boundary condition to find c.
V(t):t3+2t+5 The rule for the volume.
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Working Comment

V(4)=4>+2(4)+5=64+8+5=77 litres. Substitute £ =4.

v
A (4, 77)
80

60
40

20

1 2 3 4
Example 2 — scaffolded

Find the average value of f (x )= x° over the interval [0,3].

Working Comment
3 b

y 1 2 f 1

=——| x"dx Use f=—— fdx.
3531 5l

10 3 1 Evaluate the definite integral, then divide by the width.
=—|—|==-9=3

3[3f 3
.. the average value is 3. The dashed line y =3 cuts off the same area as the

curve.
Y

=1 1 2 3 4

Example 3 — unscaffolded

A particle moves in a straight line with velocity v (t)=6t — 4 (m/s). Its initial position is Xx(0)=2 m. Find x(t), its
position after 3 s, and its displacement over the first 3 seconds.

x(t)=f(6t—4)dt=3t"-4t+c.Since x(0)=2,c=2,50 x(t)=3t"—4t+2.
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x(3)=3(9)-4(3)+2=27-12+2=17 m.
Displacement over [0,3]is x(3)—x(0)=17-2=15m.
.. the particle is at 17 m after 3 s, having been displaced 15 m.

x
A (3, 17)

1 2 3
Example 4 — unscaffolded

Find the average value of f (x)=4 - x” over [0,2].

2 372
:LJ' 4 X 4x—x_ :l 8—§ :l.E:§.
2-0¢ 2 3 2 3/ 2 3 3

.. the average value is —.

3

Practice questions
Scaffolded

2

Q1. For f ( x)= x>on[0,2]: (a) evaluate f x*dx; (b) hence find the average value of f over [0,2].

0

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 71



4
Q2. For f ( X ) =x on [0,4]: (a) evaluate f Vxdx; (b) hence find the average value of f.
0

2

Q3. For f(x)=e*on[0,2]: (a) evaluate f e"d x; (b) hence find the average value, in exact form.
0

Q4. For f(x)=sinx on [0, ]: (a) evaluate f sin x d x; (b) hence find the average value.
0

Q5. Water flows into a tank at a rate r ( t )=4t+3 litres/min. (a) Write an integral for the total volume added in the
first 5 minutes; (b) evaluate it.

Q6. A population grows at a rate r ( t ) =20e"" per year. (a) Write an integral for the total growth over the first 10
years; (b) evaluate it in exact form.

Unscaffolded

Q7. Find y given Z—i}=3x2—4x and y(1)=2.

Q8. Find P given (zl—lt:)=4et/2 and P(0)=10.

Q9. Find y given 2—126X2—2 and y(2)=20.

Q10. Find y given Z—X=COSX and y(0)=3.

: . dy 1 B _
Qll.Fmdyglvendx—72X+1(forx> 1/2)and y(0)=0.

1
Q12. Find the average value of f (X )= - over [1,e].

Q13. Find the average value of f (x)=3x’+1 over [1,3].

Q14. Find the average value, in exact form, of f(x )= e** over[0,2].

Q15. Find the average value of f (x)=2sin x over [0, ].

Q16. A particle has acceleration a(t )=10 — 2t (m/s?) and initial velocity v(0)=3 m/s. Find v(t) and v(2).

Q17. A particle has velocity v ( t ) =3¢* - 12 (m/s) and starts at the origin, X ( 0 ) =0. Find x ( t) and its position after 4
S.

Q18. A particle has velocity v ( t ) =2t -6 (m/s) fort €[0,5]. Find its displacement and the total distance travelled
over the first 5 seconds.

Q19. A colony of bacteria grows so that (zi—ltD =100e'"®, and P(0)=500. Find P(t).

6
Q20. Find the average value of f ( X ) =— over [2 ,3 ]
X

Q21. Water drains from a tank at a rate r ( t ) =60 — 61 litres/min for t €[ 0,10 ]. Find the total volume drained over
these 10 minutes.
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Answers

e’ —1
2

5
Q1. (a) 4; (b) 2. Q2. (a) 1—;’; (b) % Q3.(a) e’ —1; (b) . Q4. (a) 2; (b) % QS. (a) _[ (4t+3)dt; (b) 65 litres.
0

10

Q6. (a) fzoe””’dt; (b)200(e—1). Q7. y=x>-2x*+3. Q8. P=8¢'"?+2. Q9. y=2x> -2 x+8. Q10.
0

et -1

y=sinx+3. Q11. y=%loge(2x+1). Q12. ﬁ Q13. 14. Q14. . Q15. %. Q16. v(t)=—t>+10t+3;

v(2)=19 m/s. Q17. x(t)=t>-12¢; x(4)=16 m. Q18. Displacement — 5 m; distance 13 m. Q19. P=500¢""".
Q20. 1. Q21. 300 litres.

Fully-worked solutions

‘T 16 1
X3dX=lX—] =7:4; average =— -4=2.

1.
Q Tl ;

O Sy O

4 4
2 2 16 1 16_4
2. 1/2 _|£,32| <& 19, == . ===
Q .{x dx l3x ) 3(8) 3 > average =-; 1 7=

2 2
2
Q3. f e'dx= e"]oze2 —1; average =<
0

Q4. fSiHXdXZ[—COSX]gz—(—l)—(—1)22; averageZ%.
0

Y

=1

-1 1 2 3 4

5
Qs. [ (4t+3)dt=[262+31],=50+15=65 litres.
0

10
Q6. [ 20¢"°dr=[200€""°];'=200e ~200=200(e - 1).
0
Q7. y=[(3x"-4x)dx=x"-2x"+c. y(1)=2:1-2+c=2=c=3. . y=x"-2x*+3.
Q8.P=(4¢"’dt=8e"*+c. P(0)=10:8+c=10=>c=2. . P=8e¢'*+2.
Q9. y=[(6x"-2)dx=2x*-2x+c. y(2)=20:16 -4 +c=20=c=8. .. y=2x*-2x+8.

Q10. y=[cosxdx=sinx+c. y(0)=3:0+c=3=c=3. .. y=sinx+3.
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Q11 y=| 1 dx==log,(2x+1)+c. y(0)=0 llogel+c 0=c=0..y==log,(2x+1)
2x+1 2
1 1 1 e 1 1
12. — | =dx= ——— (1-0)=——
Q e—l‘{xdx e—l[l()gex]1 e—l(1 0) e—1
3
QlS.%f(3x2+1)dx=%[x3+x]i=%((27+3)—(1+1))=%(28) 14
1

2 2 4
Q14. %f eZXdXleleZX] Zl(e4—1)=e —1

QlS.%stmxdx— —2cos x|y = 1(2+2)
0

-1 1 2 3 4
Q16.v=[(10-2t)dt=10t—t’+c.v(0)=3=c=3,s0 v(t)=—t*+10t+3.v(2)=-4+20+3=19 m/s.
Q17. x=[(3t*-12)dt=t"-12t+c. x(0)=0=c=0,s0 x(t)=t>—12¢. x(4)=64 - 48=16 m.
Q18. v=2t - 6=0 at t =3 (velocity is negative on [0,3), positive on (3,5]). Displacement
5

5 3
= [(2t-6)dt=[*~6t];=25-30=-5m. Distance = [ ~(2¢~6)dt+ [ (2t -6)dt=|-9|+4=9+4=13 m,
0 0 3

)
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W

7

1 2 3 4 )

Q19. P=[100e'°dt=500e"°+c. P(0)=500:500+c=500 = c=0. . P=500e"".

r
4000

3200
2400
1600

goc(0; 500)

1 2 3 4 3 6 7 8 9 10 11

3 (3 3
Q20. f6x2dx=[——] =-2-(-3)=1.
2

X ]

e L

10

Q21. [ (60-6t)dt=[60t-3¢]

0

10
0

=600 —300=2300 litres.
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Chapter 10 Anti-differentiation and integration — 10K The fundamental theorem of
calculus

Theory

b
Section 10E used the fundamental theorem of calculus to evaluate a definite integral as f f(x)dx=F ( b) ~-F(a )

a
This section looks at the theorem from the other direction — how a definite integral with a variable upper limit
defines a function whose derivative is the original integrand.

The signed-area function. For a continuous function f and a fixed number a, define

A(x)=] f(t)dt.

a

For each value of x this is the signed area between the graph of f and the t-axis from t = a to t = x. Note that

= f f ( t ) dt=0. (A dummy variable t is used inside the integral so it is not confused with the limit x.)
The fundamental theorem of calculus (part 1). If f is continuous, then A is differentiable and

ff (t)de=f(x).

In words: differentiating the integral of f gives back f. This is because a small increase h in x adds a thin strip of area
lim A(x+h)-A(x)
<[ (x)hs0 g ()220

=f ( X ) The lower limit a only shifts A by a constant, so it does not

affect the derivative.

u

Variable upper limit — the chain rule. If the upper limit is itself a function g ( X ), then, writing A ( u ) =f f ( t ) dt

a

withu=g(x),

d(
2z | fl0de=flg(x)g (x).

Variable lower limit. Reversing the limits changes the sign, so
d b
— | flt)de==f(g(x))g (x).
(x

Connection with antiderivatives. Because A (x )=f (), the area function A is an antiderivative of f — the
particular one with A(a)=0. If F is any antiderivative of f then A(x)=F(x)— F(a), which is exactly the rule
used to evaluate definite integrals.

To differentiate an integral with a variable limit: (1) identify the integrand f and the variable limit; (2) substitute
the limit into f; (3) multiply by the derivative of that limit (and attach a minus sign if it is the lower limit).
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Worked examples
Example 1 — scaffolded

Let A(x)= f (3t*+2t)dt. Find A( x) by integrating, verify that A (x)=3x*+2x, and state A(1).
1
Working Comment
A(x)= [t3+ t2])1‘: ( e XZ) ~(1+1)= C+x2-2 Antidifferentiate, then substitute the limits.
A (x)=3 X2+2x Differentiate A; this is the integrand with t replaced by
X.
A(1)=1+1-2=0 a

As expected, A(G)ZI f=0.

a

The derivative of the integral returns the integrand.

ixf 3¢+2t)dt=3x*+2x=f(x)
1

22 Y i
21 |
20 1
19 |
18 :
17 i
16 1
15 |
14 |
13 |
12 |
11 1
10 |
9 ]
3 |
7 |
6 1
. A(z) ,
4 | |
| |
3 | |
2 | 1
1 | |
L 1 t
=1
1 2 2 4

Example 2 — scaffolded

2

Find dd—x{ costdt.

Working Comment

The upper limit is g(x)=x%s0 g (x)=2x. The limit is a function of X — use the chain-rule form.
d ]f e T Sgbstitute the limit into the integrand, then multiply by

Hocost t=cos(x’) -2x g (x).

=2xcos(x*) Tidy up.

Example 3 — unscaffolded

The area function A(x)= | (2t —3)dt. Find A(x), the value of A(5), and A'(x).

meﬂx

A(x)=[-3th=(x*-3x)-(4-6)=x-3x+2.
A(5)=25-15+2=12.

A (x)=2x -3, which is the integrand with t replaced by x.
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~A(5)=12and A'(x)=2x-3.

3 )

= / 2 T
-2

1 2 3 4 5 6

Example 4 — unscaffolded

g
Find -4 [ (£2+ .
mddxf(t 1)dt

X

Here x is the lower limit, so the derivative carries a minus sign:

4

d 2 _ 2
H“t +1)dt=—(x*+1).

X

4

d 2 2
So— +1 =-x"-1.
dx‘[(t )dt=-x

Practice questions
Scaffolded

Q1. For A(x )= t*+1)d¢t directly.
*+1)d

O Sy %

(t2+ 1)dt: (a) find A(X) by integrating; (b) hence find A'( x ); (c) state di
X

O Sy x

Q2. For A(x)=f e’ dt: (a) find A ( X ); (b) find A'( x); (c) verify that A'(x) equals the integrand with t = x.
1

Q3. For A(X):f sintdt: (a) ﬁndA(x); (b) hence find A'(x); (c) state A(O).
0

2

Q4. Find di‘[ 3tdt: (a) name the upper limit g ( x) and its derivative; (b) apply the chain-rule form; (c) simplify.
X%

Qs. ForA(x)zf 4t°dt: (a) find A(x); (b) find A(2); (c) find A'(x).
1

2
Q6. Find dij' (t+ 1 ) dt: (a) explain why the answer is negative; (b) write down the derivative.
X

X

Unscaffolded

Find the derivative with respect to x (Q7—Q12, Q14-Q17, Q19, Q21), or the stated value (Q13, Q18, Q20).
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(t°-4t)dt

N Sy

o
QS.%J}:costht
Q9. —fe dt
Q1o. —fztdt
Qll.j—xzj:sintdt
le.j—xiﬁdt
Q13. For A( x f6t dt, find A(x), A(2) and A'(x).
QU4 —— f (3t°-2t)d
1
le.j—xi"e“dt
Qla.j—xftdt
Q17.j—xjjt3dt

Q18. For A(x)=

ot—_,x

(?+2t)dt, find A(x), A(3) and A'(x).

2x

Q19. dij‘ tdt (both limits depend on x — differentiate A ( x) after integrating).
X X

X

Q20. Let A( x f (3t*—4)dt. Find A'(x) and A(2), and hence find the value of x>0 for which A'(x)=8.

2

Q21.ifx/t+1dt
dx
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Answers

3 2x
X e

Ql. (a) A(X)=§+X; (b) X’ +1; (¢) x*+1. Q2. (a) 5

Q4.(a) g(x)=x" g (x )—2x (b)3x° -2x: () 6x°. Q5. (@ x*=1; (b) 15; (c) 4 x°. Q6. (a)xisthelowerlimit; (b)
—(x+1)=-x- 1 Q7. x*—4x.Q8.cos2x. Q9.2 xe". Q10.6x°. Q11. 2sin 2 x. Q12 - X% Q13. A(x)=2x",

2
- %; (b) e2*; (c) verified. Q3. (a) 1 - cos x; (b) sin x; (c) 0.

A(2)=16, A (x)= 6x2.Q14.3x2—2x.Q15.e_X.Q16.E.Q17.2x Q18. A(x )—§+x A(3)=18,

A'(x)=x*+2x.Q19.3x.Q20. A'(x)=3x"—4,A(2)=0,x=2.Q21. 2 x/x*+1.

Fully-worked solutions

3 X 3
QL. (a) A(x)= l% + t] = % +x. (b) A (x)=x>+1. (c) By the FTC, the derivative of the integral is the integrand
0

with t=x: x>+ 1.
e e

2c X 2x 2
Q2. (a) A(X)=l7] = 5 - %. (b) A'(x):eZX. (c) This is e** with t =x, as the FTC predicts.
1

Q3.(a) A(x)=[-cost]y=—cosx—(-1)=1-cosx. (b) A'(x)=sinx. (c) A(0)=1-cos0=0.
Q4. (a)g(x):x2,g'(x):zx.(b)%lz3tdt:3(x2) 2x.(c)=6x.

Q5. () A(x)=[t*][=x*-1.(0) A(2)=16-1=15.(c) A'(x)=4x".

Q6. (a) x is the lower limit, anddd—xzf ft)dt=—f(x). (b) = (x+1)=—x—1.

Q7. Constant lower limit, so the derivative is the integrand with t = x: x> — 4 x.
Q8. cos2x.

Q9. Chain rule with g(x):xz: e"z .2x=2 xe"z.

Q10. g(x)=x", g (x)=3x":2(x%) -3x*=6x".

Q11. g(x)=2x, g'(x)=2:sin(2x) -2=2sin2x.

Q12. x is the lower limit: — x°.

Q13. A(x)=[2¢%];=2x% A(2)=2(8)=16; A'(x)=6x".
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A(z)

~
=

0 1 2 % 4
Q14. Constant lower limit: 3 x* — 2 x.

QI5. ¢~

Q16. g(x)=vx, g'(X)=2\/;: Vx - 2&=%.

3 3
Q18.A(x):[t—+t2] :%+XZ;A(3):9+9:18; A(x)=x*+2x.

3 b

18 Y

17

16

15

14 !

13 i

12 !

1 i

10 !

9 |

8 |

7l |

6 |

5 1

4 |

3 1

2 Az) :

1 |

- t
E 0 1 2 3 4
272 2 2 2 2
Q19. Integrate first: A(x)zl%‘l = (2;) - XE: 2x°— XEZSTX, so A (X)=3x. (Check by the FTC:

f(2x)-2-f(x)-1=2x -2—-x=3x.)

2

Q20. A'(x)=3x2—4 (constant lower limit). A(2)=I (3t2—4)dt=0. Setting A'(x)=8:
2

3x’-4=8=>x’=4>x=42; the positive value is x =2.

Q21. g(x)=x% g (x)=2x:/x*+1 - 2x=2xVx*+1.
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Chapter 10 Anti-differentiation and integration — 10L Sketching the graph of an
antiderivative

Theory

Section 10A introduced antidifferentiation as the reverse of differentiation: an antiderivative F of a function f is any
function with F '(x ) =f ( X ) Here we work graphically — given only the graph of f, deduce the shape of the graph
of an antiderivative F. This is the reverse of the work in Section 9D, where the graph of f " was read off from the
graph of f. The relationship is the same one, read in the opposite direction: f is the gradient function of F.

Slope of F' comes from the height of f. Because F ( X ) =f ( X ), the value (height) of f at each x is the gradient of F
at that x. So, reading the graph of f:

Where the graph of f ... ... the graph of F is

is above the axis (f ( X ) >0) increasing (positive gradient)
is below the axis (f ( X ) <0) decreasing (negative gradient)
crosses/touches the axis (f ( X ) =0) stationary (zero gradient)

The x-intercepts of f locate the stationary points of F. At each x-intercept of f, decide the nature of the stationary
point of F' from the way f changes sign there (the same first-derivative sign test used in Chapter 9):

e [ changes — — + (below to above): F has a local minimum;
e [ changes + » — (above to below): F has a local maximum,;
e { touches the axis without changing sign: F has a stationary point of inflection.

Concavity of F' comes from whether f is rising or falling. Since F ’ (x)=f ' ( X ), the graph of F is concave up
where f is increasing and concave down where f is decreasing. A turning point of f is therefore a point of
inflection of F' (where the concavity changes).

Degree goes up by one. Each antidifferentiation raises the degree by 1: if f is a straight line, F is a parabola; if f is a
parabola, F is a cubic; and so on. (Contrast Section 9D, where differentiating /owered the degree.)

The + ¢ family. Antidifferentiation is only determined up to a constant: if F' is one antiderivative, so is F +¢ for any
constant c. Graphically, every vertical translation of F is also a valid antiderivative — they all have the same
shape, stationary x-coordinates and concavity, just shifted up or down. A single known point (for example a stated
value F ( 0 )) fixes which member of the family is required.

To sketch an antiderivative F from the graph of f: (1) mark the x-intercepts of f — these are the x-coordinates of
the stationary points of F; (2) use the sign of f between them to decide where F increases or decreases, and hence the
nature of each stationary point; (3) note the turning points of f as points of inflection of F; (4) draw a smooth curve of
degree one higher, then translate it vertically through any given point.

Worked examples
Example 1 — scaffolded

The graph of f is shown. Sketch a possible antiderivative F (with F' = f) that passes through (0 ,1 )
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5 Y

z
-1
-2
-3
-4
Ry =5 B = 1 2 3 4 5
Working Comment
f <0 for x<0 and f >0 for x>0 Read the sign of f from the graph (below/above the
axis).
So F is decreasing for x <0 and increasing for x>0 Height of f = gradient of F.
f =0 at x=0, changing — - + The single x-intercept of f locates a stationary point of
.. F has alocal minimum at x=0 ...and the sign change — — + makes it a minimum.
f is a line (degree 1), so F is a parabola (degree 2); Degree rises by one; the point fixes the +c.
through (0,1)
: K
4
3
2
1
x
-1
-2
-3
5 =5 = = = 1 2 3 4 5

Example 2 — scaffolded

The graph of f is shown. Sketch a possible antiderivative F, showing the nature of its stationary points.
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N
2
1
X
-1
-2
-3
—4
-5
®g =5 = 5 = 1 2 3 4 5
Working Comment
x-intercepts of f at x=—1and x=1 These give the x-coordinates of F’s stationary points.
f>0for x<—1, <0 for —1<x<1,f>0 for x>1 Sign of f between the intercepts.
So F increases, then decreases, then increases Gradient of F follows the sign of f.

Atx=—-1:+ 5 — = local maximum; at x=1: — - + First-derivative sign test.
= local minimum

f has a minimum at x=0 = F has a point of inflection = Turning point of f = inflection of F.
atx=0

~. F is a cubic with amax at x=—1 and a min at x=1 Degree rises from 2 to 3.

Example 3 — unscaffolded

The graph of f is shown. Sketch a possible antiderivative F through the origin.

5

S0OS) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 85



-5 4 -3 =2 -1 1 2 3 4 5

f ( X ) >0 everywhere, so F is increasing for all x. The graph of f touches the axis at x =0 without changing sign, so
F has a stationary point of inflection at x =0 (not a maximum or minimum). As f is a parabola, F is a cubic. .. a
possible F is an increasing cubic with a stationary point of inflection at the origin.

Y
2 A

Example 4 — unscaffolded

The graph of f is shown. Sketch a possible antiderivative F through the origin, showing all key features.

3 Y

-4 -3 -2 -1 1 2 3 4 S 6

The x-intercepts of f are at x=0 and x=2, so F is stationary there. From the graph, f >0 for x<0, f <0 for 0<x <2
and f >0 for x>2; hence F increases, decreases, then increases. At x =0 the sign change is + —» — (local maximum)
and at x=2 it is — - + (local minimum). The turning point of f at x=1 gives a point of inflection of F. .. F is a
cubic with a maximum at (0,0), a minimum at x =2 and an inflection at x =1.
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Practice questions
Scaffolded

For each graph of f: (a) state the interval(s) on which the antiderivative F is increasing; (b) give the x-coordinate and
nature of each stationary point of F; (c¢) sketch a possible graph of F through the stated point.

Q1. Sketch F through (0,—4).

s y

Q2. Sketch F through the origin.

6 y

T

- 4 -3 2 -l 1 2. 3 4 ]

Q3. The graph of f is shown. State the shape of F and sketch F through (0 ,1 )
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5
4
3
2
1
T
-1
-2
-3
-4
-5 4 3 -2 -1 1 2 3 4 5
Q4. Sketch F through the origin.
! L
-
-1
-2
=3
-4
5
-6
-7
-8
-9
-10
—11
=12
=13
-5 =4 =3 =2 =l 1 2 3 4 5
Q5. Sketch F through the origin.
6 y
5
4
3
2
1
T
-1
-2
-3
-4 3 2 -l 1 2 3 4 5 6

Q6. Explain why F has no stationary points, then sketch F through the origin.

s Y
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Unscaffolded

For each graph of f, sketch a possible antiderivative F, showing the x-coordinate and nature of every stationary point
(and any point of inflection). Unless a point is given, any vertical translation is acceptable.

Q7. Sketch a possible F.

4 Y

Q8. Sketch a possible F.

7 Y

-4 3 2 -l 1 2 3 4 5 6
Q9. Sketch a possible F (through the origin).

Y

-4 3 -2 -1 1 2 3 4 5 6

Q10. Sketch a possible F (through the origin).
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Q11. The graph of f is shown. Explain why F has a stationary point of inflection, and sketch a possible F through
the origin.

Q12. Determine the number of stationary points of F and their nature, then sketch a possible F through the origin.

s y

-5 4 3 -2 -1 1 2 3 4 5
Q13. Sketch a possible F. (The x-intercepts of f are not integers — mark them as x=+a.)

. y

-5 4 -3 2 -l 1 2. 3 4 ]

Q14. Sketch a possible F through (0,1).
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Q15. Sketch a possible F through the origin.

3 Y
2
1
T
-1
-2
-3
4
-5
[ S — 12 3 4
Q16. Sketch a possible F.
. y
5
4
3
3
| 7
T
-1
-2
-3
i R T — 12 3 4

Q17. The graph of f is shown. Show that F has exactly one stationary point, state its nature, and sketch a possible F
through the origin.

Q18. Sketch a possible F through the origin.
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Q19. Determine the nature of each stationary point of F, then sketch a possible F through the origin.

s y

Q20. Sketch a possible F through the origin, and hence state the number of x-intercepts of this particular F'.

Y

=)
i

—_ N W R Ly X O

Q21. Sketch a possible F through the origin.

4 Y
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Answers

Q1. (a) increasing for x >0; (b) minimum at x =0; (c¢) parabola, min (0 ,—4 ) Q2. (a) increasing for —1<x<1; (b)
min at x=— 1, max at x=1; (c) cubic, min (—1,—2), max (1,2). Q3. (a) increasing for all x; (b) none; (c) straight
line of gradient 2 through (0 1 ) Q4. (a) increasing for x <—2 and x>2; (b) max at x=— 2, min at x =2; (c) cubic,
max (—2,16), min (2,—16). Q5. (a) increasing for 0<x<2; (b) min at x=0, max at x=2; (c) cubic, min (0,0),
max (2,4 ). Q6. (a) increasing for all x; (b) none — f >0 everywhere; (c) increasing cubic through the origin. Q7.
Minimum at x =1; parabola, min ( 1,-1 ) Q8. Maximum at x =2; parabola (N -shaped), max (2 ,4 ) Q9. Maximum
at x=— 1, minimum at x = 3; cubic, max ( -1, 5), min (3, - 27). Q10. Minimum at x = — 2, maximum at X =2;
cubic, min (—2,-16), max (2,16). Q11. Stationary point of inflection at x=1 (f >0, touches the axis without a
sign change); increasing cubic, SPI ( 1,0 ) Q12. Three stationary points: minima at x =+ 1, maximum at x=0 (W -

1
shaped quartic), ( -1,-1 ), (O ,0 ), (1 , = 1). Q13. Maximum at x = — @, minimum at X =a where Cl:ﬁ; cubic.

Q14. Maximum at x = 0; parabola (N -shaped), max (0 ,1 ) Q15. Maximum at x = — 2, minimum at x =0; cubic, max
(—2,4), min (0,0). Q16. Minimum at x = — 1; parabola, min (— 1, — 4 ). Q17. One stationary point, a minimum at
x=1 (( 1,-3 )); quartic, concave up throughout. Q18. Minimum at x =0, maximum at x =2; cubic, min (O ,—4 ),
max (2,0). Q19. Maxima at x=+ 1, minimum at x=0 (M-shaped quartic), (—1,1), (0,0), (1,1). Q20. Maximum
at x=1, minimum at x =3; cubic, max ( 1,4 ), min (3 ,0 ); the minimum sits on the axis, so this F has 2 x-intercepts.
Q21. Maximum at x =0, minimum at X =1; cubic, max (0 ,0 ), min (1 ,— 1 )

Fully-worked solutions

QL. f isaline: f <0 for x<0, f >0 for x>0, zero at x=0 (— — +). So F decreases then increases, giving a
minimum at x=0. F is a parabola; through (0 ,—4 ):

s y

- 4 -3 2 -l 1 2. 3 4 ]

Q2. x-intercepts of f at x=+1. f <0 for x<—1, f >0 for —1<x<1, f <0 for x>1. Hence F decreases—increases—
decreases: minimum at x=—1 (- - +), maximum at x=1 (+ - —). F is a cubic through the origin:

s y
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Q3. f is the constant 2, so F' =2 everywhere: F has constant gradient 2 and no stationary points — a straight line.
Through (0,1), Fis y=2x+1:

s y

=5 —4 =3 -2 -1 1 2 3 4

Q4. x-intercepts of f at x=+2; f >0 for | x|>2 and f <0 for | x|<2. So F increases, decreases, increases: maximum
at x=—2, minimum at x =2. Cubic through the origin:

Y

=5 =<4 =3 =2 -l 1 2 3 4 5

Q5. x-intercepts at x=0,2; f <0 for x<0, f >0 for 0<x<2, f <0 for x>2. So minimum at x=0 and maximum at
x =2. Cubic through the origin:

; y

-3 -2 -1 L 2 3 4 5 6

Q6. The graph of f lies entirely above the axis (f >0 for all x), so F has positive gradient everywhere and is strictly
increasing — it never turns, so there are no stationary points. (The minimum of f at x =0 gives a non-stationary point
of inflection.) An increasing cubic through the origin:

5
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Q7. =0 at x=1, changing — — +: minimum at x=1. F is a parabola:

. y

Q8. f =0 at x=2, changing + —» —: maximum at Xx=2. F is a Nn-shaped parabola:

; y

QY. x-intercepts of f at x=—1,3; f>0, then f <0, then f >0. Maximum at Xx=— 1, minimum at x =3. Cubic
through the origin:

6 )

S0OE) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 96



Q10. x-intercepts at x=+2; f <0 for | x|>2, f >0 for | x| <2. Minimum at X = — 2, maximum at x =2. Cubic
through the origin:

=5 <4 =3 =2 -l 1 2 3 4 5

Q11. f>0 for all x and f =0 at x=1, where the graph touches the axis without changing sign. Because the gradient
of F is momentarily zero but stays positive on both sides, F has a stationary point of inflection at x=1, not a
turning point. F is an increasing cubic through the origin:

. y

; - '

—4 =3 -2 -1 1 2 3 4 ]

Q12. x-intercepts of f at x=—1,0,1; the sign of f is —,+, —,+ across these. So F has three stationary points:
minimum at x=— 1, maximum at x =0, minimum at x =1 — a W -shaped quartic through the origin:

. y

-5 4 -3 2 -l 1 2. 3 4 ]

Q13. f is a U-parabola with x-intercepts at x=+a, a=1/y/3~0.58. f >0 for |x|>a, f <0 for | x| <a: maximum at
X=—a, minimum at x =a. Cubic:

5
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-5 4 3 -2 -1 1 2 3 4 5
Q14. f=0 at x=0, changing + — —: maximum at x =0. N-shaped parabola through (0 s 1):

s y

Q15. x-intercepts at x=—2,0; f >0, f <0, f >0. Maximum at X = — 2, minimum at x =0. Cubic through the origin:

; y

-6 =5 -4 =3 -2 -1 1 2 3
Q16. f=0 at x=—1, changing — — +: minimum at x = — 1. Parabola:

3 Y
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Q17. f is a cubic with a single x-intercept at x=1; f <0 for x<1 and f >0 for x> 1, so there is exactly one stationary
point, a minimum, at x=1. (For x <1, F decreases; for x> 1, it increases.) F is a quartic through the origin:

s y

iy

—4 -3 -2 -1 1 2 3 4 S
Q18. x-intercepts at x=0,2; f <0, f >0, f <0. Minimum at x =0, maximum at x =2. Cubic through the origin:

s y

-2

=3

-4

=5

—4 =3 -2 -1 1 2 3 4 ]

Q19. x-intercepts of f at x=—1,0, 1; the sign of f is +, —,+, — across these. So the stationary points of F are:
maximum at x=— 1, minimum at x =0, maximum at x =1 — an M -shaped quartic through the origin:

s y

- 4 -3 2 -l 1 2. 3 4 ]

Q20. x-intercepts of f at x=1,3; f>0, f <0, f >0. Maximum at x =1, minimum at x =3. The cubic through the
origin has its minimum on the x-axis at (3 ,0 ), so it meets the axis at the origin and touches at x =3: two x-intercepts.
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Q21. x-intercepts of f at x=0,1; f >0, f <0, f >0. Maximum at x =0, minimum at x = 1. Cubic through the origin:

4 Y

T

5
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Topic 2 Test A— Technology-active

One bound reference and an approved CAS calculator are permitted. Reading time + 50 minutes writing. Total 50
marks. In all questions where a numerical answer is required, an exact value must be given unless otherwise
specified. Where more than one mark is available, appropriate working must be shown.

Question 1 (5 marks)

Consider f (x)=x"—-6x"+9x+2.

a. Find f (x). 1 mark
b. Find the coordinates of the stationary points of the graph of f. 2 marks
c. State the nature of each stationary point. 2 marks

Question 2 (4 marks)

Consider the curve y = x> —4x+5.

a. Find the equation of the tangent to the curve at the point where x =23. 2 marks
b. Find the equation of the normal to the curve at that point. 2 marks
Question 3 (8 marks)

A rectangular enclosure is built against a straight wall. The wall forms one side; the other three sides use 100 m of
fencing. Let the width of each side perpendicular to the wall be W metres.

a. Show that the enclosed areais A=100W -2 W2 2 marks
.. dA

b. Find aw: 1 mark

c. Find the width W that maximises the area, justifying that it gives a maximum. 3 marks

d. State the maximum area. 2 marks

Question 4 (6 marks)

The volume of water in a tank is V (¢ )=t> - 12¢°+36 ¢ litres, for 0<t <6, where t is in minutes.

. dv
a. Find the rate of change PTE 1 mark
b. Find the times when the rate of change is zero. 2 marks
¢. Find the maximum volume of water in the tank over this interval. 3 marks

Question 5 (7 marks)
Consider y=x"-2x.
a. Find the x-intercepts. 1 mark

b. Find the exact area of the region enclosed by the curve and the x-axis. 3 marks

3

c. Evaluate f (xz -2x ) d x, and explain why this differs from the total area between the curve and the x-axis from
0

x=0to x=3. 3 marks
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Question 6 (8 marks)

a. Find the coordinates of the points of intersection of y = x*and y=2x+3.

b. Find the exact area of the region enclosed between the two curves.

Question 7 (6 marks)

Consider g(x)=e**-4x.

a. Find g (x).

b. Find the exact coordinates of the stationary point.

¢. Determine its nature.

Question 8 (6 marks)

/2

a. Evaluate _f 2cos|( x

0

)d x.

b. Hence find the average value of f ( X ) =2 cos| x) over the interval lO , %]

End of Topic 2 Test A

@)
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Test A — solutions

QL. (a) f (x)=3x"-12x+9=3(x-1)(x-3). ) f (x)=0=>x=10or x=3; f(1)=6, f(3)=2, so the stationary
points are (1,6 ) and (3,2). (c) f”(x)=6x—12: f”(l)=—6<0 50 (1,6) is a local maximum; f”(3)=6>0 SO
(3,2) is a local minimum.

Q2. At x=3: y=9-12+5=2 and y':2x—4 so the gradient is 2. (a) Tangent: y—2=2(x—3):>y=2x—4. (b)
x 7

1 1
Normal gradient=—§: y_ZZ_E(X_B):)y:_E-’-E'

Q3. (a) The three fenced sides are the two widths and the length: 2W + L=100, so L=100-2W. Then

2

2 dA_ dA_ _ . d A_ .
= = - = - .(0)=——=100-4W.(c) =—=0=>W=25. =-4<0, th
A=LW (100 ZW)W 100W -2W (b)dW (c)dW SlncedW , this

2
is a maximum. (d) A=100(25)-2(25)°=2500 - 1250=1250m".
Y

1440
1280
1120
960
800
640
480

320

(50, 0)
160 (0/ 0) \
J
T X

6 12 18 24 30 36 42 48 54

Q4. (a)Z—Y=3t2—24t+36:3(t—2)(t—6). (b)‘;—‘;:O:tﬂ ort=6.(c) V(2)=8-48+72=32; the
endpoints give V(0)=0 and V(6)=216 - 432+216=0. The maximum volume is 32 litres (at t =2).

40 Yy

35 (2, 32)

30

25

20

15

10

(6, 0)
50,0
1 s 2 X

-10

-1 1 2 3 4 5 6 7

QSs. () x2—2x=x(x—2)=0 =x=0orx=2.(b)On[0,2] the curve is below the x-axis, so the area is

. ¢
3 0

2

f(x2—2x)dx

0

=2 -4
3

zg. (c) f(xz—Zx)dXle?—le =9-9=0. From x=0 to x=2 the
0

0

4 4
region lies below the axis (signed area — E) and from x =2 to x =3 it lies above (signed area + 5). The definite

4 _8
integral adds these signed values, giving 0, whereas the total areais -+ —-=—

3 3 3
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=l 1 2 3

Q6. (a) x2:2x+3:.>x2—2x—3:0:>(x—3)(x+1)20, sox=—1orx=3, giving(—l,l) and(3,9).(b) On

—1,3] the line y=2x+3 is above y=x’, so the area is
[ y y
3

/ ((2X+3)—x2)dx=[x2+3x—§]31:(9+9—9)—(1—3+%):9—(—g):%.

11 Y /
10 (3.9)

9

8

7

6

5

4

3

2 (-1,1

1

X

=1

-3 -2 ! 1 2 3 4 5

Q7.(a) g (x)=2e"~4.(b) g (x)=0=e""=2 :>2x=loge2:>x:%log22. Then

g= el -4 . %loge 2=2-2log,2, so the stationary point is %logeZ ,2-2log,2].(c) g (x)=4e**>0 forall x,
so it is a local minimum.

Y

—_ N W A WL 9

(%loge 2, 2 —2log, 2)

5
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/2

Q8. (a) f 2cos(x)dx=[251n(x)]g/2=251n%—251n0=2. (b) Average value
0

/2

f 2cos(x)dx=—"—==

1 2
T_g% /2
2

4
TT -
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Topic 2 Test B— Technology-free

No calculator and no notes. 45 minutes. Total 40 marks. All numerical answers must be exact. Where more than one

mark is available, appropriate working must be shown.
Question 1 (6 marks)

Differentiate each of the following with respect to x.
a.y=(2x-1 )4

b. y= 2%

_ x+1
x’+1

c.y

Question 2 (4 marks)
Find, by first principles, the derivative of f (x )=x"—3x.

Question 3 (4 marks)

Find the equation of the tangent to the curve y =log, ( 2 X) at the point where X = 5
Question 4 (6 marks)

a.Find [(3x°—4x+1)dx.

b. Find [2e**d x.

c. Given f (x)=6x—4 and f(1)=3, find f (x).

Question 5 (6 marks)

Evaluate each of the following exactly.

(4x’-2x)dx

a.

O Sy

1
2
b. _fe *dx
0
m/2

c. f sin(x)d x

Question 6 (6 marks)

Find the exact area of the region bounded by the curve y=4 - x* and the x-axis.
Question 7 (8 marks)

For the function f ( x )= x*-3x%

a. find f (x);

b. find the coordinates of the stationary points and determine the nature of each;

¢. find the coordinates of the axis intercepts;
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d. sketch the graph of y=f ( X ), labelling the stationary points and axis intercepts. 2 marks

End of Topic 2 Test B

5
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Test B — solutions

Q1. (a) Chain rule: d—y=4(2x—1)3 -2=8(2x—-1)’. (b) Product rule: d—y=2xe3x+x2 3e’*=xe’(2+3x). (c)

dx dx
. dy (1)(x*+1)-(x+1)(2x) x*+1-2x"-2x _-x*-2x+1
Quotient rule: ——= 5 5 = 5 5 = 5 5
dx (x°+1) (x°+1) (x*+1)
lim f(x+h)—-f(x) lim[(x+h)2—3(x+h)]—[x2—3x]
Qz'f'(x):'“(’ _h-0
h h
lim 2xh+h*-3h
=20 =lim (2x+h-3)=2x-3"
h h-0
1 1 dy_1 | . 1
. =— = == =0, :1 2 _— = —=2. :
Q3. At x > y loge(Z 2) log,1=0. Now y=1log,(2x) so Ix  x gving gradient 12 2. Tangent

y—0=2(x—%):>y=2x—1.

Q4.(2) [(3x*—4x+1)dx=x"-2x"+x+c. (b) f2€4xdx=%e4x+c=%e4x+c (c)

f(x)=f(6x—4)dx=3x2—4x+c. Since f(1)=3:3-4+c=3=c=4,s0f(x)=3x"—-4x+4.

( 1 15 1, 1_é-1
Q5. (a) [ (4x°-2x)dx=[x*-x’];=(1-1)-0=0.(b) [ e dx=|=e™ | =2e’-2=5"=(0)
0 0 2 0 2 2 2
/2
f Sin(x)dx=[—cos(x)]Zﬁ:—cos£+cos£=0+£:ﬁ.
/6 2 6 2 2

Q6. The curve meets the x-axis where 4 — x*=0, i.e. x=—2 and x =2; the curve is above the axis between them.

2 312
Area=f(4—x2)dxz ax-X| = 8—§ - —8+§ =16—E=2squareunits.
o) 3], 3 3 3 3

: y

J "
AR

Q7. (@) f (x)=3x"-6x=3x(x-2). () f (x)=0=x=0o0rx=2.f(0)=0and f(2)=8-12=~4.

f(x)=6x-6:f(0)=-6<0s0(0,0) is a local maximum; f (2)=6>0so (2, ~4) is a local minimum. (c)
f(x)=x2(x—3)=0:>x20 (touch) or x = 3; intercepts (0,0) and (3,0). (d)
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