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Chapter 5 Exponential and logarithmic functions — 5A Exponential functions

Theory

An exponential function has the rule y=a", where the base a is a positive constant, a# 1, and the variable x is in the
index (exponent).

Shape. The base decides whether the graph rises or falls:

e if a>1 the function is increasing — exponential growth (e.g. y=2");

e if0<a<1 the function is decreasing — exponential decay (e.g. y=(1/2]*=2"%).
Key features of y=qa".

e Horizontal asymptote y =0 (the x-axis): as X — — o the graph approaches 0 for growth (and as x — + oo for
decay), but never reaches it.

e y-intercept (0,1), since a’=1; the graph also passes through (1,a) and (- 1,1/a).
e No x-intercept: ¢*>0 for all x.
e Domain R, range { y:y>0].

Transformations. The graph of
y=Ad" "+k

is obtained from y =qg" by a dilation of factor A from the x-axis (with a reflection in the x-axis when A <0) and a
translation of h units horizontally and k units vertically.

e The vertical translation moves the horizontal asymptote to y =k.
e The range becomes { y:y>k| when A>0, and { y: y <k when A<O.

e A negative index, y=a , is a reflection in the y-axis (and equals (1/ a)x).
Finding the features of a transformed exponential.

e Asymptote: y =Kk (the constant added on the end).
e y-intercept: substitute Xx=0.

e Xx-intercept: solve y =0; this has a solution only when the graph crosses its asymptote — i.e. when A and k
have opposite signs. Solve by writing both sides as powers of the same base.

To sketch y=Aa" "M k: (1) draw the asymptote y =k (dashed); (2) decide growth/decay and whether it is reflected;
(3) mark the y-intercept and the x-intercept (if any); (4) draw the curve approaching the asymptote.

Worked examples
Example 1 — scaffolded

Sketch y =27, stating the equation of the asymptote, the y-intercept, the domain and the range.

Working Comment
Base a=2>1, so the graph is increasing (growth). The base decides the shape.
Asymptote y=0. For y=a" the asymptote is the x-axis.

y-intercept: x=0 = y=2"=1, giving (0,1).1talso Every y=a" passes through (0,1)and(1,a).
passes through (1,2) and (—1,1/2).

Domain R, range { y: y>0/; no x-intercept. 2%>( for all x.
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Example 2 — scaffolded

Sketch y =2%— 4, labelling the asymptote and all axis intercepts, and state the range.

Working Comment

This is y=2" translated 4 units down, so the asymptote ~The constant — 4 shifts the asymptote.
is y=—4.

y-intercept: x=0 = y=2"-4=1-4=-3, giving Substitute x=0.
(0,-3).
x-intercept: 2 —4=0 =2"=4=27 so x=2, giving Write both sides as powers of 2 and equate indices.
(2,0).
A=1>0, sothe rangeis { y:y>—4]}. The graph sits above its asymptote.
5 Y
1
(2, 0)
xr
-1
-2
-3 0, —3)
y=—4
74 ________________________
-5
-6
-2 -1 1 2 3 4

Example 3 — unscaffolded

Sketch y=3""+1, stating the asymptote, the y-intercept, the domain and the range.

The index is — X, so this is y =3" reflected in the y-axis (a decay graph, equal to (1/ 3)"), then translated 1 unit up.
Asymptote y=1; domain R, range { y: y>1}.

y-intercept: x=0 = y=3"+1=2, giving (0,2).
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Since y>1 for all x, there is no x-intercept.

.. the graph decreases from the upper left towards the asymptote y=1.

7 y

Example 4 — unscaffolded
Sketch y =—2"+8, labelling the asymptote and all axis intercepts, and state the range.

The coefficient A =—1 reflects y=2" in the x-axis; the + 8 raises the asymptote to y =8. So the graph is decreasing
and lies below y=8: range { y: y<8].

y-intercept: x=0= y=-2°+8=-1+8=7, giving (0,7).
x-intercept: —2*+8=0 =2*=8=2° so x=3, giving (3,0).
<. the graph falls from just below y =8 through (0,7 ) and (3,0).

1
10 Yy

Practice questions
Scaffolded

Q1. For y=3": (a) state the equation of the asymptote; (b) find the y-intercept and the coordinates of the point where
x=1; (c) state the domain and range; (d) sketch the graph.
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Q2. For y=2"+1: (a) state the asymptote; (b) find the y-intercept; (c) explain why there is no x-intercept; (d) sketch
the graph.

Q3. For y= 2**"!1—2: (a) state the asymptote; (b) find the exact axis intercepts; (c) state the range; (d) sketch the graph.

Q4. For y=2"": (a) state whether the graph is increasing or decreasing, and why; (b) find the y-intercept; (c) state the
domain and range; (d) sketch the graph.

Q5. For y=—3%+09: (a) state the asymptote and the range; (b) find the exact axis intercepts; (c) sketch the graph.

Q6. For y= 2*7%241: (a) describe the transformations that map y =2" onto this graph; (b) state the asymptote and find
the y-intercept; (c) sketch the graph.

Unscaffolded

Sketch each of the following, labelling the asymptote and the exact coordinates of all axis intercepts, and state the
range.

Q7. y=4"

Q8. y=2"-8
Q9. y=3*""
Q10. y=-2""+4
Qll. y=2""+3
QI12. y=5"-1
Q13. y=2"""-38
Ql4. y=—-4"+16
Q15. y=3""-1
Q16. y=2""+1
Ql17. y=-2""+4
Q18. y=10"
Q19. y=2""

Q20. Describe the sequence of transformations that maps y=3" onto y =2 - 3" — 6, and hence sketch the graph,
labelling the asymptote and axis intercepts.

Q21. For y= 3*7% -9, state the equation of the asymptote, find the exact axis intercepts, and hence sketch the graph.
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Answers

Q1. Asymptote y=0; y-intercept (0,1), point (1,3 ); domain IR, range { y: y>0]. Q2. Asymptote y=1;(0,2); no
x-intercept (y>1); range | y: y>1}. Q3. Asymptote y=—2; intercepts (0,0 ); range { y: y>—2}. Q4. Decreasing
(base 27'=1/2<1); (0,1); domain IR, range { y: y>0}. Q5. Asymptote y=9, range { y: y<9}; intercepts (0,8),
(2,0). Q6. Translation 2 right and 1 up; asymptote y =1, y-intercept (O, 5/4). Q7. Asymptote y =0; (O , 1); range
[y:y>0}. Q8. Asymptote y=—8;(0,-7),(3,0); range { y: y>—-8}. Q9. Asymptote y=0; (0,1/3);range
[y:y>0}.Q10. Asymptote y=4;(0,7/2),(3,0); range { y:y<4]. Q11. Asymptote y=3; (0,4 ); range
[y:y>3].Q12. Asymptote y=—1;(0,0); range { y: y>—1}. Q13. Asymptote y=—8; (0,-4), (1,0); range
[y:y>-8}.Q14. Asymptote y=16; (0,15), (2,0); range { y: y<16}. Q15. Asymptote y=—1; (0,0); range
[y:y>-1}.Q16. Asymptote y=1;(0,5); range { y: y>1]}. Q17. Asymptote y=4; (0,3 ), (—-2,0); range
[y:y<4].Q18. Asymptote y=0; (0,1); range { y: y>0}. Q19. Asymptote y=0; (0,1/8); range { y: y>0}. Q20.
Dilation of factor 2 from the x-axis then translation 6 down; asymptote y = — 6; intercepts (0 ,—4 ), (1 ,0 ), range
[y:y>-6}.Q21. Asymptote y=—9; intercepts (0, —80/9), (4,0); range { y: y>—-9].

Fully-worked solutions

QI. y:3x. Asymptote y:O y_intercept X:O :y:SOZ 1’ glVll’lg (0, 1), and x=1 :y:3, glVlng (1,3) Domain
R, range { y: y>0}; increasing.

; Y

1 (0, 1)
___/ y=0

-2 -1 1 2

Q2. y=2"+1. Asymptote y=1. y-intercept x=0= y=1+1=2, giving (0,2). Since 2*>0, y=2"+1>1 for all x,
so there is no x-intercept. Range { y: y>1}.

s Y
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Q3. y=2"""-2. Asymptote y=—2. y-intercept x=0 = y=2"'—2=0, giving (0,0). x-intercept
21 -2=0=2"=2" 5 x+1=1,50 x=0, giving (0,0). Range { y: y>—2].

4 Yy

Q4. y=2""=(1/2". The base 1/2<1, so the graph is decreasing (equivalently, it is y=2" reflected in the y-axis). y
-intercept x=0 = y= 2°=1, giving (0,1). Domain R, range { y: y>0].

2 y

1 (0! 1)
\d

T

-2 -1 1 2

Q5. y=-3"+9. The — 3" reflects y=3" in the x-axis; asymptote y =9, so range { y: y<9]. y-intercept
x=0=y=—1+9=8, giving (0,8). x-intercept 3*=9 =32, so x=2, giving (2,0).

1 Y
o y=9
P ) A NN DR DU R
8 _\n (0, 8)
7
6
5
4
3
2
1 (2, 0)
l xr
y \
2, -1 1 2 3 4

Q6. y= 2*"?41. From y=2": atranslation of 2 units right and 1 unit up. Asymptote y =1. y-intercept
x=0=y=2"2+1=1/4+1=5/4, giving (0,5/4). Range { y: y>1}.
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Q7. y=4". Asymptote y =0; y-intercept (0 ,1 ); increasing; range { y: y>0].

2 y

Q8. y=2"-8. Asymptote y =— 8. y-intercept (0,1-8)=(0,-7). x-intercept 2*=8=2% so x=3, giving (3,0).
Range { y:y>-8].
2 Y

L (3, 0)
4

Q9. y=3""". Asymptote y =0; y-intercept x=0 = y=3"'=1/3, giving (0,1/3); passes through (1,1). Range
{y:y>0}.
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Q1o0. y:—2"_1+4. Reflected in the x-axis; asymptote y =4, range { y: y<4 /. y-intercept
x=0 :y:_2’1+4: —-1/2+4=7/2, giving (0,7/2). x-intercept 2 '=4=2% = x - 1=2, so x=3, giving (3,0).

Q11. y=2""+3. Decreasing (reflected in y-axis), asymptote y =3, range [y:y>3]. y-intercept
x=0=y=1+3=4, giving (0,4 ). No x-intercept.

9 Y

xr

Q12. y=5"-1. Asymptote y=—1. y-intercept x=0=y=1-1=0, giving (0,0). x-intercept 5 =1=5°, so x=0,
giving (0,0). Range { y:y>—1}.
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Q13. y:2"+2—8. Asymptote y=—8. y-intercept x=0 :,sy:22—8: — 4, giving (O,—4). Xx-intercept
2*?=8=2*=>x+2=3,s0 x=1, giVing(1,0).Range{y:y>—8}.

—4 0, —4)

Q14. y=—4"+16. Reflected in the x-axis; asymptote y =16, range [ y: y<16]. y-intercept
x=0=y=-1+16=15, giving (0,15). x-intercept 4*=16=42 so x=2, giving (2,0).

(2, 0)

I
o=
(SR
8

-2 -1 1 3 4

QI15. y=3"%-1. Decreasing, asymptote y=— 1, range { y: y>—1]. y-intercept x=0 = y=1-1=0, giving (0,0).
x-intercept 3 *=1=3°, so x=0, giving (0,0).
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Q16. y=2°""+1. The index 2 — x = —(x—2), so the graph is decreasing; asymptote y=1, range { y: y>1}. y-
intercept x=0=y = 2°+1=5, giving (0 ,D ) No x-intercept.

s y

5 0, 5)

Q17. y=-2""+4. Reflected in both axes; asymptote y =4, range [y:y<4};itisincreasing. y-intercept
x=0=y=—1+4=3, giving (0,3). x-intercept 2 *=4=2>= - x=2, so x=—2, giving (—2,0).

—4 -3 -2 -1 1 2

Q18. y=10". Asymptote y =0; y-intercept (0,1); increasing (steeply); range { y: y>01.
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1 (0! 1)
/ y=0

Q109. y:2"_3. Asymptote y=0; y-intercept x=0 :sy:2_3: 1/8, giving (0, 1/8); passes through (3, 1). Range
{y:y>0].

Q20. y=2 - 3" - 6. From y=3": a dilation of factor 2 from the x-axis, then a translation of 6 units down. Asymptote
y=—6,range { y:y>—6]. y-intercept x=0=y=2(1)—-6=—4, giving (0, —4). x-intercept
2 -3"=6=>3"=3=3" so x=1, giving (1,0).

5 y

(1, 0)

Q21. y:3“2—9. Asymptote y=—9, range { y: y>—9]. y-intercept x =0 :>y=372—9=1/9 -9=-80/9, giving
(0,-80/9). x-intercept 3* ?=9=3*=x —2=2, so x=4, giving (4,0).
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Chapter 5 Exponential and logarithmic functions — 5B Euler’s number and ex

Theory

Among all exponential functions y =q", one base is special. Euler’s number e~ 2.71828 is the base for which the
graph of y=e" has a gradient of exactly 1 at the point (O ,1 ) The function f ( X ) =e" is called the exponential
function (or the natural exponential function) and is central to all of the calculus that follows.

The graph of y=e¢".

e Domain R, range {y:y>0}.
e Horizontal asymptote y =0 (the curve approaches the x-axis as X — — % but never reaches it).
e y-intercept (0,1); there is no x-intercept.

e The function is strictly increasing for all x, and e*> 0 always.

Transformations. Applying a dilation of factor a from the x-axis (and a reflection in the x-axis when a<0), a
dilation of factor 1/n from the y-axis (a reflection in the y-axis when n<0), and a translation of h horizontally and k
vertically gives the general form

y=ae"(x_h)+k.

e The horizontal asymptote moves to y =k.

e Therangeis|{y:y>k]ifa>0,and{y:y<k|ifa<Oo.

e If a>0 and n>0 the graph is increasing; a negative a (reflection in the X-axis) or a negative n (reflection in
the y-axis) makes it decreasing.

Finding the intercepts (give exact values).

e  y-intercept: substitute x =0 — this always exists (the domain is R).

— n\x- k . .
e x-intercept: solve y =0. This requires a e XM= k,ie.e bh) = e which has a solution only when

k . L . o
4 >0 (that is, when the asymptote and the curve are on opposite sides of the x-axis). When it exists, take

log, of both sides: x=h+ % log, ( - %)

To sketch: (1) identify the asymptote y =k and draw it dashed; (2) state the domain and range; (3) find the exact y-
intercept and the x-intercept (if any); (4) draw the curve approaching y =k on one side and growing away from it on
the other.

Worked examples
Example 1 — scaffolded

Sketch the graph of y =e* — 2, stating the equation of the asymptote and the exact coordinates of the axis intercepts,
and give the range.

Working Comment

Base graph y =¢” translated down 2 units, so k=—2. Compare with y =g ey k;herea=1,n=1, h=0,
k=-2.

Asymptote y=—2;range [ y:y>—2]. The horizontal asymptote is y=k; a>0 so y>k.
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Working Comment

y-intercept: x=0= y=e’-2=1-2=-1, giving Substitute x=0.
(0,-1).
x-intercept: e —2=0=>¢" =2 = x=log,2, giving Take log, of both sides; keep the answer exact.
(log,2,0).
1 Y
10
9
8
7
6
5
4
3
2
1 (loge (2), 0)

Example 2 — scaffolded
Sketch the graph of y =3 — ¢”, labelling the asymptote and the axis intercepts, and state the range.

Working Comment

Write as y = — "+ 3: a reflection in the x-axis (a=—1) Compare with y=qa "M 4k
then a translation up 3, so k=3.

Asymptote y=3; because a=—1<0, range { y: y<3]  Reflected in the x-axis, the curve lies below y=3.
and the graph is decreasing.

y-intercept: x=0 = y=3-¢’=3-1=2, giving Substitute x =0.
(0,2).
x-intercept: 3—e*=0=¢"=3 = x=log,3, giving Isolate e”, then take log,.
(log,3,0).
i Y y=3
3 ettt — — — — — | — — — — — o — — — — — — —
2 —\-\ 0, 2)
1 (loge (3), 0)
xr
-1
)
-3
4
-5
6
-7
-8
-9
R 1 2 3 4 5
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Example 3 — unscaffolded

Sketch the graph of y = e®* — 1, stating the asymptote, intercepts and range.
Here n=2 (a dilation of factor 1/2 from the y-axis) and k=—1.
Asymptote y=—1; since a=1>0, range { y: y>— 1}, increasing.
y-intercept: x=0 = y=e’—1=0, giving (0,0).

x-intercept: e’ —1=0=¢’*=1=2x=0=x=0, giving (0,0).

.. the graph passes through the origin and rises steeply, approaching y=—1 as x - — .

12 Y

11

10

9

8

7

6

5

4

3

2

1 (0, 0)

4/V = T

_1 e ——— —— ——— a— a——a—
2, -2 -1 1 2 3

Example 4 — unscaffolded

Sketch the graph of y=2¢™ "+ 1, stating the asymptote, intercepts and range.

Here n=—1 (a reflection in the y-axis), a=2 (dilation of factor 2 from the x-axis) and k=1.

Asymptote y=1; since a=2>0, range { y: y>1]. As n<0 the graph is decreasing (it approaches y =1 as x — +0).
y-intercept: x=0 = y=2¢’+1=2+1=3, giving (0,3).

X

x-intercept: 2e “+1=0 =e “=—1/2, which has no solution, so there is no x-intercept (the whole curve lies above
y=1).

.. the graph decreases from the upper left, through (0 ,3 ), approaching y=1.
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Practice questions
Scaffolded

Q1. For y=¢"+1: (a) state the equation of the asymptote; (b) find the exact axis intercepts; (c) state the domain and
range; (d) sketch the graph.

Q2. For y=¢" - 3: (a) state the asymptote and range; (b) find the exact axis intercepts; (c) sketch the graph.

Q3. For y=2—¢": (a) describe the two transformations of y =" that produce this graph; (b) state the asymptote and
range; (c) find the exact axis intercepts; (d) sketch the graph.

Q4. For y= e*"!: (a) state the asymptote; (b) find the exact y-intercept and explain why there is no x-intercept; (c)
sketch the graph.

Q5. For y=¢ " - 1: (a) state the asymptote and range; (b) find the exact axis intercepts; (c) state whether the graph is
increasing or decreasing, and sketch it.

Q6. For y=2¢"— 4: (a) state the asymptote and range; (b) find the exact axis intercepts; (c) sketch the graph.

Unscaffolded

Sketch each of the following, labelling the asymptote and the exact coordinates of all axis intercepts, and state the
range.

Q7. y=e"-4
Q8. y=4-¢"
Q9. y=¢*"*
Q10. y=¢*+2
Qll. y=2¢"-6
QI2. y=¢ *+1
Q13. y=2-¢"
Q4. y=¢**—4

Q15. y=3¢"-3
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Q16. y=¢""'-1
Q17. y=2-2¢"
Q18. y=¢ >

Q19. y=¢""'+1

Q20. Describe the sequence of transformations that maps y=e” onto y=3¢"+1, and hence sketch the graph,
labelling the asymptote and y-intercept.

Q21. For y= e** -9, show that the graph crosses the x-axis at X =10g,3, and hence sketch the graph, labelling the
asymptote and both axis intercepts.
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Answers

Q1. Asymptote y =1; intercept (0 s 2) (no x-intercept); domain R, range { y:y>1 } Q2. Asymptote y =— 3, range
[y:y>-3};intercepts (0,-2), (log,3,0). Q3. Reflection in the x-axis then translation up 2; asymptote y=2,
range { y:y<2}; intercepts (0,1), (log,2,0). Q4. Asymptote y=0; y-intercept (0, e ); no x-intercept since
e*"'>0. Q5. Asymptote y=—1, range { y: y>—1}; intercept (0,0); decreasing. Q6. Asymptote y = — 4, range
[y:y>—4]; intercepts (0,-2), (log,2,0). Q7. Asymptote y=—4,range | y:y>—4}; intercepts (0,-3),
(log,4,0). Q8. Asymptote y=4,range [ y: y<4]; intercepts (0,3), (log,4,0). Q9. Asymptote y =0, range
[y:y>0]; y-intercept (0 ,e_z); no x-intercept. Q10. Asymptote y=2, range | y: y>2}; y-intercept (0 ,3); no Xx-
intercept. Q11. Asymptote y=—6, range { y: y>— 6}; intercepts (O ,—4 ), (loge 3,0 ) Q12. Asymptote y =1, range
[y:y>1}; y-intercept (0,2); no x-intercept; decreasing. Q13. Asymptote y =2, range { y: y <2/ intercepts (0,1),
(-log,2,0); increasing. Q14. Asymptote y=—4,range | y:y>—4]; intercepts (0,-3), (log,2,0). Q15.
Asymptote y=— 3, range { y: y>—3/; intercept (0 ,0 ) Q16. Asymptote y=—1, range | y: y>—1}; intercepts
(0,e—1),(-1,0). Q17. Asymptote y =2, range { y: y <2}, intercept (0,0 ); decreasing. Q18. Asymptote y =0,
range { y:y>0 }; y-intercept (0 ,1 ); no x-intercept; decreasing. Q19. Asymptote y =1, range [ y:y>1 }; y-intercept
(0 e ' +1 ); no x-intercept. Q20. Dilation of factor 3 from the x-axis, then translation up 1; asymptote y=1, y-
intercept (0 ,4 ), no x-intercept. Q21. Asymptote y=—9, range { y: y>—9]; intercepts (O, -8 ), (loge3 ,0).

Fully-worked solutions

Q1. y=¢"+1. Asymptote y=1. y-intercept x=0 = y=1+1=2, giving (0,2). Since *>0, y>1 always, so there
is no x-intercept. Range { y: y>1}.

1
14 Yy

-3 -2 =1 1 2 3

Q2. y=¢" - 3. Asymptote y=—3, range { y: y>—3]. y-intercept (0,-2). x-intercept: e*=3 = x=log,3, giving
(log,3,0).
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<

9
8
7
6
5
4
3
2
1 (loge (3), 0)
d

X
=2 0, —2) :

Q3. y=2-¢"=—¢"+2. (a) Reflection in the x-axis, then translation up 2. (b) Asymptote y =2, range { y: y<2}. (c)
y-intercept (0,1); x-intercept e*=2 = x=log, 2, giving (log,2,0).

-3 =2 =1 1 2 3 4

Q4. y=¢""'. Asymptote y=0. y-intercept x=0 = y=e'=e, giving (0,e). There is no x-intercept because e* "> 0
for all x.

13 Yy
12
11
10
9
8
7
6
5
4
. 0, €)
2
1 / y=0
T
<5 -2 -1 1 2 3

Q5. y=e "—1. Asymptote y=—1, range ly:y>-1}. y-intercept (0,0); X-intercept e *=1=>-x=0=x=0,
giving (0,0). As n=—1<0 the graph is decreasing.
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Q6. y=2e" — 4. Asymptote y=—4,range{y:y>—4}. y-intercept x=0= y=2—4=-2, giving (0,—2)‘ X-
intercept 2e*=4 = e*=2 = x=log, 2, giving (log,2,0).

Y

9

8

7

6

5

4

3

2

1 (loge (2, 0)

T

4 /
=2 ©, —2)
i r_/ y=—4
p— e __
o, -2 -1 1 2 3 4

Q7. y=e" - 4. Asymptote y = — 4, range {y:y>—4]. y-intercept (0, —3); x-intercept e*=4 = x=log, 4, giving
(log,4,0).

9

8

7

6

5

4

3

2

1 (loge 4), 0)

d T

-1
2
) —/ 0, —3) y=—1
Y — | __
IR S 1 2 3 4 5

Q8. y=4—¢*. Asymptote y =4, range | y: y <4}; decreasing. y-intercept (0,3); x-intercept e*=4 = x=log, 4,
giving (log,4,0).
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5 y=4
4 _____________________
3 —\« (0, 3)
2 \
1 (loge 4), 0)
\‘ T
-1
-2
-3
-4
-5
-6
-7
-8
23 2 4 1 2 3 4 5

2

Q9. y= e* 2. A translation of y=e" right 2. Asymptote y =0, range [y:y>0]. y-intercept x=0 = y=e °,giving

(0,e7?). No x-intercept.

=1
-3 -2 =1 1 2 3

Q10. y=¢*+2. Asymptote y =2, range { y: y>2}. y-intercept (0,3 ). No x-intercept (y >2).

Y

[ T T )
O O = N WA W

—_ N W A LN ®

Q11. y=2¢"~6. Asymptote y = — 6, range [y:y>—6]. y-intercept (0, — 4 ); x-intercept
2e"=6=>e"=3 =>x=log,3, giving (10g,3,0).
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Q13. y=2-¢ *. Asymptote y =2, range [y:y<2]. y-intercept (0,1); x-intercept
e “=2=>-x=log,2=x=-log,2, giving (-log,2,0). Increasing.

2 Y y=2
o S B S B L S
1 (—log. (2, 0 m’__—
o x
-1
-2
-3
4
-5
-6
-7
-8
-9
-10
-y 3 -2 -1 1 2 3

Ql4. y= e>*— 4. Asymptote y=—4, range | y:y>—4]. y-intercept (0, —3); x-intercept
e’*=4=2x=log,4 = x=1/2log,4=log, 2, giving (log,2,0).
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(loge (2, 0)
4 x

-1
=2
=3 ) (07 - 3) y= —4
_4 — e e e e e e ——————
=5

-3 -2 ! 1 2 3 4

Q15. y=3¢" - 3. Asymptote y =— 3, range { y:y>—3]. y-intercept x=0 = y=3-3=0, giving (0,0); X-
intercept 3e*=3 > e*=1=x=0, also (0,0).

Y

—_
(=1

— N W A LW N N O

Q1e. y:e“l—l. Asymptote y=—1, range [ y: y>—1}. y-intercept x=0 = y=e — 1, giving (O,e—l); X-
intercept e*"'=1 > x+1=0=x=—1, giving (—1,0).

12 Yy

11

10

9

8

7

6

5

4

3

: 0, —1+e€)

| “W

_/' y==21%

o —r | L

Q17. y=2-2¢". Asymptote y =2, range [y 1y <2 }; decreasing. y-intercept (0 ,0 ); Xx-intercept
2e*=2=¢"=1=x=0, also (0,0).
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Q18. y=¢ **. A reflection in the y-axis with a dilation of factor 1/2 from the y-axis. Asymptote y =0, range
[y:y>0]; decreasing. y-intercept (0 ,1 ); no x-intercept.

13 Y

12

11

10

9

8

7

6

5

4

3

2

1 0, 1) .

S y=0 .

=1
-3 -2 =1 1 2 3

Q19. y=ex71+1. Asymptote y=1, range [y:y>1}. y-intercept x =0 :sy:e’1+1, giving (0,e71+1). No x-
intercept (y>1).

Q20. y=3¢"+1. From y=e¢": a dilation of factor 3 from the x-axis, then a translation of 1 unit up. Asymptote
y=1,range { y: y>1}. y-intercept x=0 = y=3+1=4, giving (0,4 ). No x-intercept, since 3¢*>0 =>y>1.
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Q21. y=¢>* - 9. Setting y=0: e**~9=0=¢"*=9 =2x=log,9=x=1/2log,9=1/2log,3"=log,3, as
required, giving (logeS, 0). Asymptote y=—9, range ly:y>-9}; y-intercept x=0=y=1-9=-8, giving
(0,-8).

_ N W A

(loge (3), 0)
4 X
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Chapter 5 Exponential and logarithmic functions — 5C Exponential equations

Theory

An exponential equation has the unknown in an index (exponent), for example 2X*1=8X¥"1 or 02X —8*+7=0. This
section develops the by-hand techniques; §5G adds the use of logarithms.

The one-to-one property. For a fixed base a>0, a# 1, the function g” is one-to-one, so

m n
a=a m-=n.

To use this, write both sides as powers of the same base, then equate the indices.

Index laws (used to rewrite each side to a common base):

_ -1l o
am n’(am)n:amn,a n:_n’a :1.

Equations reducible to a quadratic. An equation such as e** — 8 ¢*+ 7 =0 becomes a quadratic under the

substitution y = e": since e**= (e )2 =1’ it reads u> — 8u+7=0. Solve for u, then return to x with e* =y.

A crucial check. For any base a> 0, the value g is always positive. So after substituting y = g*, any solution u<0
must be rejected — only positive values of u give a value of x.

Method.

1. Use index laws to write each side (or each term) with a common base.

If the equation is linear in the index, equate indices and solve.

If it is quadratic in g*, substitute u=a", solve the quadratic, reject u<0, then solve g*=u for each remaining

u.

Worked examples
Example 1 — scaffolded

Solve 2°*'=8*"! for x.

Working

Comment

x—1

8223, 0 8x—1:(23) :23(X—1):23x—3'

2x+1:23x—3
x+t1=3x-3
4=2x=>x=2
Sox=2

Example 2 — scaffolded
Solve e**—8e*+7=0.

Working

Write both sides to the common base 2 using
m\n mn

(a")'=a™".

Same base on both sides.

Equate the indices (the one-to-one property).

Solve the linear equation.

Check: 2°=8 and 8'=8. v

Comment

Let y=e". Then e**=y? and note u>0.
u'-8u+7=0
(u-1)(u-7)=0=>u=1oru=7

Classbasics Pty Ltd, vwx.au -

Substitute to make the equation quadratic.
The equation in u.

Factorise; both values are positive, so both are kept.
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Working Comment

e*=1=>x=0;e"'=7=x=log,7 Return to x. Recall log,=log,.
s.x=0orx=log,7 Two exact solutions.

Example 3 — unscaffolded

Solve 9¥=3""",

Write 9=32, 50 9*= (32)X:32X. The equation becomes 3**=3*"",

Equating indices: 2x=x+1,s0 x=1.

sx=1.

Example 4 — unscaffolded

Solve e**—2¢*-3=0.

Letu=e* (sou>0):u’-2u-3=0=(u-3)(u+1)=0, givingu=3 oru=-1.
Since u=e*>0, reject u=—1. Fromu=3: e"=3 = x=1log, 3.

. x=log,3 (the only solution).

Practice questions
Scaffolded

Q1. Solve 3*=81: (a) write 81 as a power of 3; (b) equate the indices; (c) state x.

Q2. Solve 2**=16""": (a) write 16 as a power of 2 and simplify the right-hand side; (b) equate the indices; (c) solve
for x.

Q3. Solve e** — 4 ¢*+3=0: (a) with y=e", write the quadratic in u; (b) factorise and solve for u; (c) hence find all
values of x.

Q4. Solve 5"2: 5372 (a) equate the indices to form a quadratic in x; (b) solve the quadratic; (c) state the solutions.

Q5. Solve ¢°* — ¢* — 6=0: (a) substitute u =e* and solve for u; (b) explain which value of u must be rejected; (c) find
X.

Q6. Solve 4" — 2" —8=0: (a) write 4" and 2*"" in terms of u=2"; (b) solve the quadratic in u; (c) hence find x.
Unscaffolded

Solve each equation for x, giving exact values.
Q7.2"=32

Q8.3 '=27

Q9. 2**"1=g*

Q10.5**=125"""

Qll.e**-7¢*+12=0

Q12.¢** -5¢"+4=0

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 28



Q13.
Q14.
Q15.
Q16.
Q17.
Q18.
Q19.
Q20.
Q21.

4°-9 -2'+8=0
9" -4 -3"+3=0
e’ —e"-2=0
21=8

3x2:9x

2% -2"-12=0
25"-6 -5"+5=0

Show that e** — 4 ¢* + 4 =0 has exactly one solution, and find it.

Solve 2¥"2+2%=40.

EREE

Classbasics Pty Ltd, vwx.au -
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Answers

Q1.x=4.Q2.x=4.Q3.x=0o0r x=10g,3. Q4. x=1 or x=2. Q5. x=10g,3. Q6. x=2. Q7. x=5. Q8. x=4. Q9.
x=1.Q10. x=3. Q11. x=log,3 or x=10g,4. Q12. x=0 or x=10g,4. Q13. x=0 or x=3. Q14. x=0 or x=1.
Q15.x=10g,2. Q16. x=—2 or x=2.Q17. x=0 or x=2. Q18. x=2. Q19. x=0 or x=1. Q20. x=10g,2 (a repeated
solution). Q21. x=3.

Fully-worked solutions
Q7.2"=32=2s0 x=5.
Q8.3 '=27=3" s0 x —1=3, giving x=4.

X 2x+1_

Q9. 8°=(2%]"=2%, 50 22" =2 52 x+1=3x = x=1.
Q10. 125" '=(5%)" '=52% 50 5% =5" " 52x=3x -3 > x=3.

Ql1. Lety=e*>0: u2—7u+12=(u—3)(u—4)=0, so u=3 or u=4 (both positive). e*=3 = x=1log,3;
e'=4=>x=log, 4. x=log,3 or x=log,4.

Q12. Lety=e“ u’-5u+4=(u-1)(u—-4)=0,s0u=1oru=4.e*=1=x=0; e*=4 =>x=log,4. . x=0or
x=log,4.

Q13. 4*=(2%)"=(2*]’. Letu=2">0: i’ - 9u+8=(u—1)(u-8)=0,s0 u=1 oru=8. 2" =1 = x=0;
2"=8=2=x=3...x=0o0r x=3.

Q14. 9":(3")2. Letu=3">0:u"—4u+3=(u-1)(u-3)=0,sou=loru=3.3"=1=>x=0;3'=3 >x=1.
Sx=0orx=1.

Q15.Letu=e*>0: uz—u—2=(u—2)(u+1)=0, sou=2oru=-1.Reject u=—1 (since e*>0).
e*=2=x=log,2. . x=log,2.

Q16.2 '=8=2% 50 x’~1=3=>x’=4 >x=42. . x=—2 or Xx=2.
Q17.9"=(3%)'=3%, 503" =3 5 x*=2x = x*~2x=0=x(x ~2)=0. - x=0 or x=2.

Q18. 22“:(2")2. Letu=2">0:u"-u—-12=(u-4)(u+3)=0,s0 u=4 oru=—3. Reject u=—3.2"=4=2" > x=2
SSX=2.

Q19. 25" =(5*)". Letu=5">0: u” - 6u+5=(u—1)(u—5)=0,s0 u=1 oru=5.5"=1 = x=0; 5*=5 = x=1.
Sx=0orx=1.

Q20. Lety=e*>0: u’—4u+4= ( u-2 )2 =0, which has the single (repeated) root u=2. Since u=2>0 it is accepted,
and e =2 = x=log,2. As there is only one value of u, and e¢*=y has exactly one solution for each u> 0, the equation

has exactly one solution, X =1og, 2.

Q21.2%%=2%2.2%=4 . 2% s02""?+2¥=4 - 2¥+2*=5 . 2" . Then 5 -2"=40 =>2*=8=2>=>x=3. . x=3.
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Chapter 5 Exponential and logarithmic functions — 5D Logarithms

Theory
The logarithm answers the question “to what power must the base be raised to give this number?”

Definition. For a base >0, a#1, and x>0,
log,(x)=y = a’=x.

So loga(x) is the index to which a must be raised to produce x. Because @’ >0 for every y, only positive numbers
have logarithms.

Immediate consequences (from the definition):

o 1log,(1)=0 (since a’=1) and log,(a)=1 (since a'=a).

(x

o log,(a")=n for every real n, and ¢"% )= x for x>0. (Exponentials and logarithms of the same base are

inverse operations.)
The natural logarithm is the logarithm to base e: log, x= loge( X ) Base 10 logarithms are often written log x.

Logarithm laws. For a>0,a# 1, and m,n>0:

Law Statement
Product log,(mn)=log,(m)+log,(n)
Quotient

g, ™| -10g, m)-1og, 1)
Power log,(m”)=plog,(m)

Each law is the logarithmic form of the corresponding index law; for example, a” a?=a”"? gives the product law.

Change of base. To evaluate a logarithm on a calculator, or to compare logarithms of different bases,

_ logb(x) _ logex
10gb<a) logea '

log,(x)

__ 1
log,(a)’

Solving logarithmic equations.

In particular l0g, (x)

Use the laws to combine every logarithm into a single logarithm on each side.
Convert to exponential form (or, if log,( P)=log,(Q), equate P=Q).

Solve, then check each solution in the original equation — a value that makes the argument of any
logarithm zero or negative must be rejected.

Worked examples
Example 1 — scaffolded

Evaluate (a) log,(32), (b) logg(é), (c) log,(8).
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Working Comment

(a) log,(32): since 32=2°, log,(2°)=5. Write the number as a power of the base, then read off
the index.
A reciprocal gives a negative index.

1_ - 1
(b) 523 2, SO 10g3(§):—2.

(c) 8=2%and 4=22 so log, ( 8 ) =y means 4’ =8, When base and number are powers of a common
3 number, equate indices.

ie.2?Y=23 giving2 y=3, y= >

Example 2 — scaffolded

Simplify log,(12)+log,(8)—1og,(3) to a single number.

Working Comment
1o 2( 12x8 ) Product law on the sum, quotient law on the difference.
3
=log,(32) 12x8 .,
3
=5 32=2°.
Example 3 — unscaffolded

XAy
2

Express loga(—y) in terms of log,(x ), log (y) and log,(z).
z

1/2)

~log,(z°)

3
loga(x g)ﬂoga(f)ﬂoga(y
Z

Applying the power law to each term:

3
.'.loga(x \[y)ZBIOga(le/Zloga(y)—210ga(z).
VA

Example 4 — unscaffolded

Solve log2(x)+log2(x - 2)=3 for x.

Combining the left side with the product law: log, (X (x-2 )) =3.

Converting to exponential form: x ( x —2)22328, so x°—2x—8=0, giving (x —4)(x+2)=0.

Thus x=4 or x=— 2. The original equation requires x>0 and x —2>0, i.e. x>2, so x=— 2 is rejected.

Sx=4,

Practice questions
Scaffolded

Q1. Evaluate each logarithm. (a) logs(\/g) (b) logz(%) (c) logg(2) (d) log,s(5)

Q2. Simplify each expression to a single number. (a) log;(50) —log.(2) (b) 2log,(6)—log,(4) (c)
1/21og,(36)-1log,(3)
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Q3. Express in terms of log, ( x ) and log,( y ). (a) log, (x*y°) (b) loga( )

Q4. Write each as a single logarithm. (a) 2log,(x)+3log,(y) (b) 1/21og,(x)—1log,(y)
Q5. Solve for x. (a) log,(x+2)=2 (b) log,(x)=2
Q6. (a) Using the change of base rule, express 1084 ( X ) in terms of 10g,. (b) Hence evaluate logg(2).

Unscaffolded

1
Q7. Evaluate logw(m).
Q8. Evaluate log,(27).
Q9. Evaluate log, ,(8).

Q10. Simplify 3log,(2)+log,(4) to a single number.

3
Q11. Express loga( X {;) in terms of log,(x ), log,(y) and log,(z).
z

Q12. Write 1/21og,(x)—3log,( y) as a single logarithm.

Q13. Solve log,(x+3)—log,(x—1)=2.

Q14. Solve log,,(x)+log,,(x-3)=1.

Q15. Solve 2log,(x)—log,(x+3)=1, giving the exact value.
Q16. Solve log, (16)=2.

Q17. Show that log,(a’b)-1log, (b)=2 foralla>0,a#1, b>0.

Q18. Given that log,,(2)=0.3010 and log,,(3)=0.4771 (to 4 decimal places), find, without a calculator, (a)
log,,(6), (b) log,,(12), (c) log,,(1.5).

Q19. Solve log,(x)+log,(x+6)=3.
)=3+1og,(5).
)

Q21. Solve log. (x)+log.(x —4)=1.

X
Q20. Solve log, ( x
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Answers

Ql.(a) 1/2 (b) =4 (c) 1/3 (d) 1/2. Q2. (a) 2 (b) 2 (¢) 1. Q3. (a) 2log,( x )+3log,(y) (b) 1/21log,(x)—-1log,(y).
]
Q4. (a) log,(x* y*) (b) loga(%). Q5. (a) x=7 (b) x=e> Q6. (a) log,(x )= Og;(x)

Q9. -3.Q10. 5. Q11.3log,(x)+1/2log,(y)-2log,(z). Q12. loga(ﬁf). Q13. x=7/3. Q14. x=5. Q15.
y

(b) 1/3. Q7. - 3. Q8. 3/2.

x=1+7.Q16. x=4.Q17. (proof — see solutions). Q18. (a) 0.7781 (b) 1.0791 (¢) 0.1761. Q19. x=3. Q20.
x=40.Q21. x=5.

Fully-worked solutions

Q1. (a) v5=5"2 s0 log.(V5)=1/2. (b) 1/16=2"*, so log,(1/16)=—- 4. (c)
logy(2)=y=8"=2=2=2"=y=1/3.(d) log,;(5)=y =225'=5=5"=5"= y=1/2.

Q2. (a) log.(50) —log.(2)=log.(50/2)=log.(25)=2. (b)

210g3<6)_1083(4):log3(36)_10g3(4):10g3(9):2- (©)
1/2log,(36)-1log,(3)=1log,(6)-1log,(3)=log,(2)=1.

Q3. (a) log,(x* y’)=log,(x")+log,(y’)=2log,(x)+3log,(y). (b)
log,(Vx/y)=log,(x"*)~log,(y)=1/2log,(x)-log,(y).

Q4. (a) 2log,(x)+3log,(y)=log,(x*)+log,( y’)=log,(x*y’). (b)
1/2log,(x) ~log,(y)=log,(x"'*) ~log,(y)=log,(Vx/y|.

Q5. (a) log,(x+2)=2=>x+2=3"=9 > x=7 (and x+2=9>0 v). (b) log,(x)=2 = x=¢".

log,(2)

1 1
_ OgZ(X): OgZ(X).(b)lOgS(Z): —

" log,(8) 3

Q6. (a) By the change of base rule, logg( x) 3 %
Q7.1/1000=107, so log,,(1/1000)=~3.

Q8.10g,(27)=y =9"=27=3"=3’22y=3=y=3/2.

Q9.log, ,(8)=y=(1/2)=8=2"=2"=-y=3=y=-3.

Q10.3log,(2)+log,(4)=3(1)+2=5.

3
Q11. loga(x g)ﬂoga(f)ﬂoga(y“z)—loga(zz)=3103a(><)+1/2loga(y)—2loga(2).
VA

Q12112108 (x)-og, )=l (") g, ) log, 45|
Q13. 1Og2(X+3)_10g2<x_1):2:"1082(>):t?):2:)):ii:4. Sox+3=4(x-1)=4x-4=>3x=7>x=7/3

(and x>1 V).

Q14. log,,(x)+log,,(x—3)=1=log,)(x(x-3))=1=x(x-3)=10.So x*~3x-10=0=(x-5)(x+2)=0,
giving X =5 or x=—2. Require x> 3, so x=5.
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2 2
Q15.210g2(x)—10g2(x+3):1:logz( X ):1: X3:2.So

x+3 x+
x2=2(x+3):xz—Zx—6=0=x=#=1i\ﬁ. Require x>0, s0 x=1++/7.

Q16. log (16)=2 = x’=16 = x=+4. A logarithm base must satisfy x>0, x#1, so Xx=4.
ab

e log,(a*)=2log,(a)=2, as required.

Q17.log,(a’b)- 10ga(b):loga(

Q18. (a) log,,(6)=1og,,(2 x3)=log,,(2)+log,,(3)=0.3010+0.4771=0.7781. (b)
log,,(12)=log,,(2°*x3)=2log,,(2)+log,,(3)=0.6020+0.4771=1.0791. (c)
log,,(1.5)=log,,(3/2)=1og,,(3)-1og,,(2)=0.4771-0.3010=0.1761.

Q19. log,(x)+log,(x+6)=3 =log,(x(x+6)]=3=x(x+6)=27.S0 x*+6x-27=0=(x+9)(x-3)=0,
giving x=—9 or x=3. Require x>0, so x=3.

020, log2(x)=3+log2(5):logz(x)—log2(5)=3:>log2(§)=3:>§=23=8:>x=40.

Q21.log,(x)+log,(x—4)=1=log,(x(x—4))=1=x(x—-4)=5.S0 x’~4x-5=0=(x~-5)(x+1)=0,
giving x=5 or x=—1. Require x>4, so x=5.
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Chapter 5 Exponential and logarithmic functions — 5E Logarithmic functions and
their graphs

Theory

The logarithmic function y = loga( X) (with base a>1) is the inverse of the exponential function y =g". Its graph has
these key features:

e avertical asymptote at x=0 (the y-axis):as x - 0", y - —0;
e an x-intercept at (1,0), and it passes through (a,1);
e domain {x: x>0/ and range R;

e itis strictly increasing (slowly — y — % as X — o).
The natural logarithm y = loge(x) (base e~ 2.718) has the same shape and passes through (e ,1 )

The transformed graph. Applying dilations, reflections and translations to y = loga( X) gives graphs of the form
y=Alog, ( b(x—h )) + k. Reading the features:

Feature How to find it
Vertical asymptote set the argument of the log to 0: b(x —h)=0,i.e. x=h
Domain the argument must be positive: x> h (or x <h if the

graph is reflected in the y-axis)

x-intercept k _
P put y =0 and solve loga(arg)z—z, soarg=a "
y-intercept substitute x =0 — only if x =0 lies in the domain

Range always IR
e The horizontal translation h moves the asymptote to x =h.
e A negative coefficient outside, y=— A log, ( eee ), is a reflection in the x-axis (the graph decreases). A

negative coefficient inside, e.g. y= loga( h-x ), is a reflection in the y-axis: the asymptote is still x=h but
the domain becomes x <h.

To sketch: (1) find and draw the asymptote (dashed); (2) state the domain; (3) find the exact x-intercept; (4) find the
y-intercept if x =0 is in the domain; (5) note whether the graph increases or decreases; (6) draw the curve
rising/falling steeply near the asymptote.

Worked examples
Example 1 — scaffolded

Sketch the graph of y =log, ( x-1 ) +3, stating the asymptote, domain and range and the exact axis intercepts.

Working Comment

Base graph y =108, x, translated. Argument The asymptote is where the argument is zero.
x—-1=0=>x=1.

Asymptote x=1; domain { x:x>1}; range R. The argument x — 1 must be positive.

x-intercept: Isolate the log, then rewrite in index form. Keep it exact.

log,(x-1)+3=0=log,(x—1)=-3=x-1=2""=

|
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Working Comment

SO X = 9 ivin 9 0
D) 8 ) g g 8 5 .
No y-intercept, since x =0 is not in the domain. x=0<1.

Check: when x —1=1,i.e. x=2, y=log,1+3=3, so A convenient point for the sketch.
the graph passes through (2 ,3 )

7 y

-2
= 1 2 3 4 5 6 7

Example 2 — scaffolded

Sketch the graph of y =log, ( X+ 2) —1, labelling the asymptote and the exact axis intercepts.

Working Comment

Argument x+2=0=x=—2. Asymptote x=—2; Natural-log graph translated 2 left and 1 down.
domain | x:x>-2}.

X-intercept: log,(x+2)=1 means x+2=¢".
log,(x+2)-1=0=log,(x+2)=1=x+2=e¢, so

x=e— 2, giving (e —2,0).

y-intercept: x=0 is in the domain, so y=log,2 -1, Substitute x =0; leave the answer exact.
giving (0,log,2-1).
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Example 3 — unscaffolded

Sketch the graph of y =log, ( 4-x ), stating the domain and the exact axis intercepts.

The argument is 4 — X, so this is Y =10g, X reflected in the y-axis and translated. Argument 4 — x=0 = x=4:
asymptote x =4, and since 4 — x>0 requires x <4, the domain is { x: x <4 | (the graph lies to the left of the
asymptote and decreases).

Xx-intercept: log2(4 —x)=0 =>4 -x=1=x=3, giving (3,0).
y-intercept: x=0 is in the domain, so ¥y =10g,4 =2, giving (0 ,2 )

<. the curve falls from top-left, through (0,2) and (3,0 ), down the asymptote x = 4.

6 A Yy |
|
5 |
|
4 |
|
|
= |
|
2 (07 2) |
|
1 |
(37 0) |
|
| ‘i
|
= [
|
-2 |
| =4
-3 |
-2 -1 1 2 3 4 5 6

Example 4 — unscaffolded

Sketch the graph of y=3 -2 logz( X ), stating the asymptote, domain and the exact x-intercept.

Rewrite as y=—2 logz(x ) +3: the base graph ¥ =10g, X is dilated by factor 2 from the x-axis, reflected in the x-
axis (—2<0, so the graph decreases) and translated 3 up.

Asymptote x =0; domain { x:x>0}; range R.
x-intercept: 3 —2log,x=0 :logZXZ% =>x=2"%=242, giving (2\/5,0).

No y-intercept (x =0 is not in the domain). The graph passes through ( 1,3 )

<. the curve falls from top-left near x =0, through (1,3) and (2 V2,0 ).
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Practice questions
Scaffolded

Q1. For y=log, ( X ) +2: (a) state the equation of the asymptote and the domain; (b) find the exact x-intercept; (c)
state the range; (d) sketch the graph.

Q2. For y= loge( x—3 ): (a) state the asymptote and domain; (b) find the exact axis intercept(s); (c) sketch the graph.

Q3. For y=log, ( X+ 1) —3: (a) state the asymptote and domain; (b) find the exact axis intercepts; (c) sketch the
graph.

Q4. For y=— 10g2(X): (a) state the asymptote and domain; (b) explain why the graph is decreasing; (c) find the x-
intercept; (d) sketch the graph.

Q5. For y=log, ( 2Xx ): (a) state the asymptote and domain; (b) find the exact x-intercept; (c) sketch the graph.

Q6. For y =log, ( x—2 ) +1: (a) state the asymptote and domain; (b) find the exact x-intercept; (c) sketch the graph.
Unscaffolded

Sketch each of the following, labelling the asymptote and the exact coordinates of all axis intercepts, and state the
domain and range.

Q7. y=log,(x)-3
Q8. y=log,(x+1)
Q9. y=log,(x—-4)+2
Q10. y=1-1log,(x)
Q11. y=log,(—x)
Q12. y=log,(x)+2
Q13. y=2log,(x)
Q14. y=log,(x+8)-3
Qi15. y=log,(3-x)
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Q16. y=1-1log,(x)
Q17. y=log,(2x-4)
Q18. y=3log,(x)-3
Q19. y=log,(4x)

Q20. Describe the sequence of transformations that maps y =1og, ( X) onto y=—log, ( x—1 ) +2, and hence sketch
the graph.

Q21. For y=log, ( 2x+ 6) — 2, state the maximal domain and the equation of the asymptote, find the exact
coordinates of the axis intercepts, and hence sketch the graph.
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Answers

1
Q1. Asymptote x =0, domain { x: x>0 |; x-intercept (Z ) 0); range R. Q2. Asymptote x=3, domain { x: x>3}; x-

intercept (4,0) (no y-intercept). Q3. Asymptote x =— 1, domain { x: x> —1}; intercepts (7,0) and (0, - 3). Q4.
Asymptote x =0, domain { x: x>0]; decreasing; x-intercept (1,0). Q5. Asymptote x =0, domain { x:x>01}; x-

: 1 . . 5 :

intercept (E , 0). Q6. Asymptote x =2, domain { X : x>2|; x-intercept (5 , 0). Q7. Asymptote x =0, domain

[x:x>0]; x-intercept (8,0). Q8. Asymptote x=— 1, domain { x: x>—1}; intercept (0,0 ). Q9. Asymptote x =4,
17

domain { x: x>4}; x-intercept (T , 0). Q10. Asymptote x =0, domain { x: x>0} ; decreasing; x-intercept (e,0).

Q11. Asymptote x=0, domain { x: x <0 |; x-intercept ( -1 ,0). Q12. Asymptote x=0, domain { x:x>0; x-
intercept (e_z, 0). Q13. Asymptote x =0, domain { x: x>0} ; x-intercept (1,0 ). Q14. Asymptote x = — 8, domain
[x:x>—-8}; intercept (0,0). Q15. Asymptote x =3, domain { x: x<3}; intercepts (2,0) and (0,log,3). Q16.
Asymptote x =0, domain { x:x>0]; x-intercept (2,0 ). Q17. Asymptote x =2, domain { x: x>2}; x-intercept

(%,0). Q18. Asymptote x =0, domain { x: x>0} ; x-intercept (e,0). Q19. Asymptote x =0, domain { x:x>0}; x-

1
intercept (Z ) 0). Q20. Reflection in the x-axis, then translation 1 right and 2 up; asymptote x =1, domain { x: x>1};

2

x-intercept (5,0 ). Q21. Domain { x: x> — 3}, asymptote x = — 3; intercepts (%,O) and (0,log,6-2).

Fully-worked solutions

1. y=log, x+2. Asymptote x =0, domain { x: x>0/, range R. x-intercept: lo X=—2:>x=2_2=l, ivin
Q 2 ymp g pt: 108, giving

1o} |

7 Y

6

5

4

3

2

1 1

(?1’ O)
4 > T
-1
z=0

=2

-2 ! 1 2 3 4 5 6

Q2. y=log,(x—3). Asymptote x =3, domain { x:x>3}. x-intercept: log,(x —3)=0=x-3=1=x=4, giving
(4,0). No y-intercept (x=0<3).
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Q3. y=log,(x+1)—-3. Asymptote x=—1, domain { x:x>—1]. x-intercept: log,(x+1)=3 =>x+1=8=>x=7,
giving (7,0). y-intercept: x=0 = y=log,1-3=-3, giving (0,-3).

3 Y

I
|
|
|
|
|
|
|
|
I
|
:
| (0, —3)
|
|
|
|
|
|

-6
=3 =2 =l 1 2 3 4 5 6 7 8 9

Q4. y=—log, x. Asymptote x =0, domain [x x>0 } The factor — 1 reflects y =108, X in the x-axis, so the graph is
decreasing. x-intercept: —log,x=0=1og,x=0=x=1, giving (1,0).

Q5. y=log,(2x). Asymptote 2x=0 = x=0, domain { x: x>0}. x-intercept: log,(2x)=0 :>2x=1:>x=%,

giving (%,0).

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 42



6 Y

-2 -1 1 2 3 4 5 6

Q6. y=log, ( x—2 ) +1. Asymptote x =2, domain { xX:x>2 } . X-intercept:

logz(x—2)=—1:x—2=2_1=%:ng, giving (%,0).

] e SIS T SRS S IS SIS M S

1 3 4 5 6 7 8
Q7. y=log,x —3. Asymptote x=0, domain { x: x>0} . x-intercept: log,x=3 = x=8, giving (8,0).

s y

4
2 - 9 10

Q8. y=log,(x+1). Asymptote x=—1, domain { x: x>—1}. x-intercept: x+1=1 = x=0, giving (0,0 ), which is
also the y-intercept.
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) 1
1
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1 |
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1
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1
1
;2 I
|
-3
r=+41
-4
-3 -2 -1 1 2 3 4 5

Q9. y=log,(x —4)+2. Asymptote x=4, domain | x: x>4}. x-intercept: logz(x—4)=—2:>x—4=%:>x:%,

17
ivi —,0].
glvmg( 2 )

Y 7

-~
=

T

-1

= — — - =7

AH\‘
Il

[

-2

2 3 6 7 8 9 10

Q10. y=1-log, x. Asymptote x=0, domain { x: x>0}; the —log, X term makes it decreasing. x-intercept:
log,x=1=x=e, giving (e,0).

4 Y

3

2

1

(87 0)
\ ’
=1
-2
-3
-4
r=(

=5

-2 ! 1 2 3 4 5 6

Ql11. y= logz( - X ) Argument — x>0 = x <0: asymptote x =0, domain { x: Xx<0} (reflection in the y-axis). X-
intercept: —x=1=x=-1, giving (—1,0).
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Q12. y=log,x+2. Asymptote x=0, domain { x: x>0]. x-intercept: log,x=-2 >x=e giving (efz,O).

6 Y

-2 -1 1 2 3 4 5 6

Q13. y=2log, x. Asymptote x=0, domain { x: x>0/ (a dilation of factor 2 from the x-axis). x-intercept:
log,x=0=x=1, giving (1,0).

7 Yy

6

5

4

3

2

1

(1, 0)
1 xr
-1
.r, /A

=2

2 -1 1 2 3 4 5 6

Q14. y=10g2(x+8) — 3. Asymptote x=— 8, domain { x: x>—8]. x-intercept: 10g2(x+8)=3 =>x+8=8=>x=0,
giving (0,0) (also the y-intercept).
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Q15. y=log, ( 3-x ) Argument 3 — x>0 = x <3: asymptote x =3, domain { x: x <3| (reflection in the y-axis). x-
intercept: 3 - x=1=x=2, giving (2,0). y-intercept: x=0 = y=log,3, giving (0,10g,3).

l \ (07 log, (3))

Y

No)

Q16. y=1-1log, x. Asymptote x =0, domain { x: x>0}; decreasing. x-intercept: log,x=1=x=2, giving (2,0).

?

4
3
2
1
(2, 0)
xr
=1 \
-2
-3
-4
r=0
-5
-2 -1 1 2 3 4 5 6

Q17. y=10g2( 2x— 4). Argument 2 x —4=0 = x=2: asymptote x =2, domain { x: x>2]. x-intercept:

2x—4=1:>x=%, giving (E,O).

2
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1

Q18. y=3log,x — 3. Asymptote x=0, domain { x:x>0}. x-intercept: 3log,x=3 =log,x=1=x=e, giving
(e,0).

(e, 0)

-2 -1 1 2 3 4 5 6

Q19. y=log,(4x). Asymptote x=0, domain | x:x>0]. x-intercept: 4 x=1 :>X=%, giving (%,0). (Note

log, (4 x)=2+1og, x, a translation 2 up.)

7 Y
6
5
4
3
2
1 1
(?1’ 0)
4 T
-1
[r, =0
=2
-2 ! 1 2 3 4 5 6

Q20. y=-— logz( x—1 ) +2. From y=1log, X: a reflection in the x-axis (the — sign), then a translation of 1 unit
right and 2 units up. Asymptote x =1, domain | x: x>1}; the graph decreases. x-intercept:
~log,(x—1)+2=0=log,(x—-1)=2=>x-1=4=x=5, giving (5,0).
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Q21. y=log,(2x+6)—2. Argument 2 x+6>0 = x> —3: domain |{ x: x> — 3], asymptote x=— 3. x-intercept:
2 2

log,(2x+6)=2 S2x+6=e’>x=— , giving (%,O). y-intercept: x=0=y=10g,6 — 2, giving

(0,log,6-2).

5 Yy
4
3
2
1

1
I

|

|

|

|

|

I

I

} (-3+%, 0)
l ~ m
| — (0, —2+log.(6)
|

|

|

|

I

|

|

1
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Chapter 5 Exponential and logarithmic functions — 5F Finding exponential and
logarithmic rules

Theory

When a graph is known to be exponential or logarithmic, its rule can be recovered from a few key features — an
asymptote and one or two points.

Exponential graphs y=ab*+c (with b>0, b#1).

e The horizontal asymptote is y =, so read C straight from the asymptote.

e Substitute a point to find the rest. The y-intercept is convenient: at x=0, b’=1, so y=a+c, giving a
immediately.

: . -C
e Use a second point to find the base b: substitute and solve b=2 P

A base 0<b<1 describes decay; b>1 describes growth; a <0 reflects the graph in its asymptote.

Logarithmic graphs y=alog,(x —h)+k (base b given).

e The vertical asymptote is x =h, so read h from the asymptote.

e At the point where X —h=1 we have logb( 1 ) =0, so y =k there — this gives k.
e Substitute a second point and use log, (b")=n to find a.
Method (both cases): (1) read the constant from the asymptote; (2) use the simplest point to find the leading

coefficient; (3) use the remaining point to find the base (exponential) or the dilation a (logarithm); (4) state the rule
and check it against every given point.

Worked examples
Example 1 — scaffolded

The graph of y=ab*+ ¢ has horizontal asymptote y = — 1 and passes through (0,1)and(2,17). Determine the
values of a, b and c.

Working Comment
Asymptote y=—1,s0c=—1. The horizontal asymptote of y=ab*+c is y=c.
At (0, 1): ab’+c=1=a-1=1,s0a=2. b°=1, so the y-intercept gives a+c.

At(2,17):2b*-1=17 > b*=9,50 b=3 (as b>0). Substitute the second point and solve for b.
Ly=2-3"-1. State the rule; it checks against both points.
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Example 2 — scaffolded

The graph of y =alog,(x —h)+k has vertical asymptote x=0 and passes through (1,1) and (4,3 ). Determine the
values of a, h and k.

Working Comment
Asymptote x=0, so h=0. The vertical asymptote of y=alog,(x —h)+k is x=h.
At(1,1): alog,(1)+k=1=>k=1. log,(1)=0, so this point gives k.
At(4,3): alog,(4)+1=3=2a+1=3,s0a=1. log,(4)=2; solve for a.
y=10g2(x)+ 1. State the rule.
7 )

Example 3 — unscaffolded

The graph of y=ab"+ ¢ has horizontal asymptote y =8 and passes through (0,6) and (2,0). Determine the rule.
Asymptote y=8, so c=8.

At(0,6): a+8=6,s0a=-2.

At(2,0): -2b°+8=0=>b’=4,s0b=2.

S y=-2 -2"+8 (a decay-shaped reflection, since a <0).
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Example 4 — unscaffolded

The graph of y =alog,(x —h)+k has vertical asymptote x=0 and passes through (1,3) and (4,1). Determine the
rule.

Asymptote x=0, so h=0.

At(1,3):1og,(1)=0, so k=3.

At(4,1): alog,(4)+3=1=>2a=-2s0a=-1.
~y=-log,(x)+3.

7 Y

Practice questions
Scaffolded

Q1. The graph of y=ab"+ ¢ has asymptote y =1 and passes through (0,4)and (2,13). (a) State c; (b) use (0,4)
to find a; (c) use (2 ,13) to find b; (d) write the rule.

Q2. The graph of y=alog,(x —h)+k has asymptote x =0 and passes through (1,0) and (9,4 ). (a) State h; (b) use
(1,0) to find k; (c) use (9,4 ) to find a; (d) write the rule.
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Q3. The graph of y=ab” + ¢ has asymptote y =1 and passes through (0,5) and (2,2). (a) State ¢ and find a; (b)
find b; (c) write the rule and state whether it is growth or decay.

Q4. The graph of y=a logz( x—h ) +k has asymptote x =1 and passes through (2, 0) and (5 ,2 ) (a) State h; (b) find
k; (c) find a; (d) write the rule.

Q5. The graph of y=alog,(x —h)+k has asymptote x = — 2 and passes through (-1,-1)and(2,1). (a) State h;
(b) find k; (c) find a; (d) write the rule.

Q6. The graph of y=alog,(x —h)+k has asymptote x =0 and passes through (1,-2)and (4,2). (a) State h and k
; (b) find a; (c) write the rule.

Unscaffolded

Determine the rule of each graph. Exponentials have the form y=ab* + ¢; logarithms have the stated base.
Q7. Exponential, asymptote y =— 3, through (0 , 2) and (2 ,1 )

Q8. Exponential, asymptote y =5, through (0 , 4) and (2,-4 )

Q9. Exponential, asymptote y =—3, through (0,2 ) and (2,17).

Q10. Exponential, asymptote y =5, through (0,2 ) and (2,-7).

Q11. Exponential, asymptote y =0, through (0,8) and (2,2).

Q12. Exponential, asymptote y =3, through (0,7 ) and (2,4 ).

Q13. y=alog,(x —h)+k, asymptote x=0, through (1,0) and (9,2).

Q14. y=alog,(x —h)+k, asymptote x=0, through (1,1) and (4,—3).

(x=h) (

(x=h) (

Q15. y=alog,(x —h)+k, asymptote x=3, through (4,0) and (7,2).

Q16. y=alog,(x —h)+k, asymptote x=0, through (1,—3) and (8,0).

Q17. Exponential, asymptote y =0, through (0,2 ) and (2,18).

Q18. y=alog,(x —h)+k, asymptote x=0, through (1,0) and (4,6).

Q19. y=alog,(x—h)+k, asymptote x=—1, through (0,2) and (3,4).

Q20. y=alog,(x —h)+k, asymptote x=0, through (1,2) and (9,0).
(x=h)

Q21. y=alog,(x —h)+k, asymptote x=2, through (3,1) and (6,3).
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Answers

Q1. y=3 -2°+1. Q2. y=2log,(x). Q3. y=4(1/2)"+1 (decay). Q4. y=log,(x—1). Q5. y=log,(x+2)-1.
Q6. y=2log,(x)=2.Q7. y=2"-3.Q8. y=-3"+5.Q9. y=5 -2*~3.Q10. y=-3 - 2*+5. Q1. y=8(1/2)".
Q12. y=4(1/2)+3.Q13. y=log,(x). Q14. y=—2log,(x)+1. Q15. y=log,(x -3 ). Q16. y =log,(x) - 3.
Q17. y=2 -3% Q18. y=3log,(x). Q19. y=log,(x+1)+2.Q20. y=-log,(x)+2. Q21. y=log,(x-2)+1.

Fully-worked solutions
Ql.c=1.At(0,4):a+1=4=>a=3.At(2,13):3b°’+1=13b’=4 b=2. .. y=3 - 2°+1.

15 Y
14
13
12
11
10
9

(27 13)

N WA L9 ®
—
j=1
'
=

-3 -2 -1 1 2 3 4 =)
Q2. h=0.At(1,0): k=0.At(9,4): alog,(9)=4=2a=4=a=2. .. y=2log,(x).

7 )

5 (9, 1)

Q3.c=1;at(0,5):a+1=5=a=4.At(2,2): 4b*+1=2=b’=1/4>b=1/2. .. y=4(1/2)"+1; since 0<b <1
this is decay.
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: 0, 5)

5

4

3 (2, 2)

2

y=1
11—t [ ===
X

-1
-2

-3 -2 -1 1 2 3 4 &)

Q4. h=1.At(2,0):log,(1)=0,s0 k=0. At (5,2): alog,(4)=2=2a=2=a=1. .. y=log,(x - 1).

6 Y 1
|
5 |
|
4 1
|
B ! (5, 2)
|
2 |
|
1 | E
| )
T
|
-1 ]
|
) |
|
-3 |
|
-4 I
-1 1 4 5 6 7

Q5. h=-2.At(-1,-1):10g,(1)=0,s0 k=-1. At (2,1): alog,(4)-1=1=2a=2=a=1.
s y=log,(x+2)-1.

5 Yy

4

3

2 21

1

=1 T

-1
2
3
-4
S 3 1 2 3 4

Q6. h=0;at(1,-2):k=-2.At(4,2): alog,(4)-2=2=2a=4=a=2. . y=2log,(x)-2.

S0e8 Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 54



3 (4, 2)

-2 -1 1 2 3 4 El 6
Q7.c=-3;at(0,-2):a-3=-2=a=1.At(2,1): b’-3=1>b’=4>b=2. . y=2"-3.
q (]

3 /

o) (2, 1)

-3 (21 = 4)

] =2 -1 1 2 3 4 5

Q9.c=-3;at(0,2):a-3=2=a=5.At(2,17):5b>-3=17 2b’=4 =b=2. . y=5 - 2*-3.
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Y (2, 17)

18
16
14
12
10
8
6
4 (0, 2)
2 //
€T
) / y=-—3
7Y AR AR IR S E A N S
-3 -2 ! 1 2 3 4 5

=N
<
Il
o

w

—_ N W A
—
o
D
—

Q11.c=0;at(0,8): a=8.At(2,2): 8b*’=2=b’=1/4 2b=1/2. . y=8(1/2)".

10 Y
9 \ (0, 8)
8
7
6
5
4
3
2
1
-1
2y 5 4 1 2 3 4 5

Q12.c=3;at(0,7):a+3=7=>a=4.At(2,4): 4b*+3=4=b*=1/4=>b=1/2. -. y=4(1/2)"+3.
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=3 =2 =1 1 2 3 4 5

6 Yy

5

4

3 9, 2)
2 /

! (1, 0)

e T

-1
-2
-3 r=0
-4

-1 1 2 3 4 5 6 7 8 9 10

Q14.h=0;at(1,1): k=1. At(4,-3):alog,(4)+1=-3=2a=-4=a=-2. .. y=-2log,(x)+1.

4 Yy

3

& (1L, 1)

1

xr

-1
-2 (4, =3)
-3
-4
- =0
-6

2 -1 1 7 3 4 5 6

Q15. h=3;at(4,0):log,(1)=0,s0 k=0. At (7,2): alog,(4)=2=2a=2=a=1... y=log,(x - 3).
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3 (7, 2)
2 //
1
T
-1
=2
=3
-4
1 2 6 7 8 9

Q16.h=0;at(1,-3): k=-3.At(8,0): alog,(8)-3=0=3a=3=a=1... y=log,(x)-3.

3 Y

. (8, 0)
.4; €T

3 4 3 6 7 8 9
Q17.¢=0;at(0,2):a=2. At (2,18): 2b*=18 =b°=9 = b=3. sy=2-3%

20 y (2, 18)

Q18.h=0;at(1,0): k=0. At (4,6): alog,(4)=6=2a=6=a=3. .. y=3log,(x).
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3 Y

\

-3 =2 -1 1 2 3 4 5

Q20. h=0;at(1,2): k=2.At(9,0): alog,(9)+2=0=2a=-2=a=-1... y=—log,(x)+2.

PR
5

4

. (1, 2)

2

1 (9, 0)

s

-1
-2
3 r=0
4

-1 1 2 3 4 5 6 7 8 9 10

Q21. h=2;at(3,1):log,(1)=0,s0 k=1. At (6,3): alog,(4)+1=3=2a=2=a=1... y=log,(x-2)+1.

)
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Chapter 5 Exponential and logarithmic functions — 5G Solving exponential
equations with logarithms

Theory

When the unknown is in the index and the two sides cannot be written with the same base, we solve by taking
logarithms of both sides. The key tool is the logarithm power law log ( a* ) = x log a, which brings the index down as
a factor.

The basic method. To solve g*=b (with a>0, a#1, b>0):

X X log b
a =b=1log(a )=logb=xloga=logh=x=—"2—.
g(a*)=log ga=log og a
This is the change-of-base result X=10g,b. Any base of logarithm may be used; log, (base e) and 10g,, are the usual
choices because they are on the calculator.

log,
log,a

e

e Exact vs approximate. X = (equivalently log,b) is the exact answer. A decimal such as x~2.81 is an

approximation — only give one when the question asks for it (e.g. “correct to two decimal places”).
. . d . .
e First isolate the power. If the equation is ¢ - a*=d, divide by ¢ to get @’ = B before taking logarithms.

e An index that is a linear expression. For a”*"?=p, take logs to get p X +q=10g,b, then solve the linear
equation for x.

e The unknown in two different bases. For a*=b""", take logs of both sides and collect the x-terms:

clog,b .
b (Such a solution can be

xlogea=(X+C)10geb :x(logea—logeb):clogeb :)x:m

negative.)

To solve an exponential equation with logarithms: (1) isolate the power a(”'); (2) take log, (or log) of both sides;
(3) use log ( aX)Z x log a to free the index; (4) solve the resulting linear equation, leaving the answer in exact log form
unless a decimal is requested.

Worked examples
Example 1 — scaffolded

Solve 2*=7 for x, giving your answer in exact form and correct to two decimal places.

Working Comment

2X=7 The bases cannot be equated (7 is not a power of 2).

log, ( 2") =log,7 Take the natural logarithm of both sides.

xlog,2=log,7 Power law: log,(2*)=xlog,2.

. log,7 Divide by log, 2. This is the exact value (=10g,7).
log,2

x=~2.81 Evaluate on the calculator for the approximation.

Example 2 — scaffolded

Solve 5 x 3*=20.
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Working Comment

3= 20 _ 4 Isolate the power first by dividing by 5.
5
log, ( 3* ) =log, 4 Take logarithms of both sides.
xlog.3=log,4=2log,2 Power law; log, 4 =log,2°=2log,2.
. 2log,2 Exact value (=log,;4), ~1.26.
log,3

Example 3 — unscaffolded

Solve 2**'=5, giving the exact value of x.

log,(2*"!|=10g,5, so (x+1)log,2=log,5.

™ +1_log85 o _log,5 ~
enXt1= log.2' giving X = g2
log,5
= %6141
log,2

Example 4 — unscaffolded

Solve 3 x 22¥=15.

log 5
Divide by 3: 22x: 5. Taklng logaritth, 2 xlogezzlogeS’ SO 2X = 10292 .
log 5
x=—28e 1 1.
2log,2

Practice questions
Scaffolded

Q1. Solve 2*=10: (a) take logarithms of both sides; (b) use the power law to free the index; (¢) write x in exact form;
(d) give x correct to two decimal places.

e

3
Q2. Solve 3*=8: (a) write x as a single logarithm; (b) show that X = log. 3

e

; (¢) evaluate to two decimal places.

Q3. Solve 5*=2, giving the exact value and a decimal to two places.

Q4. Solve 4 x 2*=30: (a) isolate the power; (b) hence find x in exact form.

Q5. Solve 2%~ '=6: (a) take logarithms; (b) solve the resulting linear equation for x (exact form).

Q6. Solve 10*=45, giving x=108,,45 and its value to two decimal places.

Unscaffolded

Solve each equation for x, giving the exact value. Give a decimal (to two decimal places) where indicated.
Q7.2%=20

Q8.3"=100
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Q9.7*=3
Q10.2°*=9
Q11.5"'=30
Q12.2*=3*"!

Q13. 4*=5""
Q14.3x2°*=21
Q15.2""*=7

Q16. 100 x(1/2)'=15
Q17.¢*=10

Q18. ¢**=5

Q19. A sum of $500 grows as 500 x 1.05" dollars after x years. Find, correct to two decimal places, the value of x for
which the sum reaches $800.

20. Solve 2" =5, giving the answer in exact form and correct to two decimal places.
giving

Q21. A population is modelled by P=2000 x 2'"°. Find the exact value of t (years) for which P =10000, and give it
correct to two decimal places.
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Answers

leogelozlog 10~3.32. Q2 x:310ge2=log 8~1.89. Q3 x:10g62:10g 2~0.43. Q4
log,2 2 UMY log,3 TR log, 5 0T T YT
log,15 log,12
X= -1=log,15/2~2.91. Q5. x= =log,12~3.58. Q6. x=log,,45~1.65. Q7.
log,2 g,2
:logezozlog 20~4.32. Q8 x:ZIOgem:log 100~ 4.19. Q9 x:10g63=log 3~0.56.Q10
log,?2 2 e log,3 ’ - log,7 e
:210g63:llog 9~1.06. Q11 XZIOgQGZIOg 6~1.11. Q12. x= log, 3 ~2.71. Q13
3log,2 3 =7 T T log,5 ST log,3-1og,2 T T
x:—logeS ~—7.21.Ql4. x= 1og.7 ~1.40. Q15 x=10ge7—2%0 81. Q16
log,4 —log,5 ' o 2log,2 T " log,2 o )
x= 108 T:geioge?’ ~log, 20/3~2.74. Q17 x=log, 10~2.30. Q18. x =282 ~ 0.80. QI9. x:ﬁ%w.w
10885 10ge5
years. Q20. X = log, 2 =log,5~2.32. Q21.t=5 - log, 2 =5log,5~11.61 years.

Fully-worked solutions

X log,10
Q1.2"=10 = xlog,2=log,10 = x= oz 2 =1og,10~3.32.

e

2.3"=8=xlog,3=1og,8=31log,?2 3log, 2
. = o) =10 = 0 = Y=
Q X ge ge ge X log 3

e

=log,8~1.89.

3.5"=2 log,5=1log,2 log.2 log-2~0.43
=) = = > X=—2= ~ 0. .
Q . X Oge Oge X lOg 5 OgS

e

log,15

Q4.4><2X=30:ZX:%3x10g62:log915/2:x:@—1N2.91.

x—-1 logelz .
Q5.2 '=6=(x—-1)log,2=log,6 =x—1=log,6 =x= g2 =log,12~3.58 (since
1+log,6=1log,2+log,6=1og,12).

6. 10°=45 > x=log, 45=-28:% 1 65
= =y = = ~1. .
Q . X Oglo logelo
72220 5 x=128:20 )0 20na32
.2'=20=x= =log,20~4.32.
Q log, 2 82
) 21og, 10
Q5.3'=100 = xlog, 3=log, 100=2l0g, 10 = x == .= ~log, 1004.19.
0.7'=3 > x= 1283 100 3%0.56
=3 = yv= = ~(). .
Q . X 10 e7 Og7
log,3

2
.2°*=9=>3xlog.2=log 9=2log .3 = x=
Q10 =3xlog, og, 0g,3=>x 310g 5

e

=1/310g,9~1.06.
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log,6
log,5

e

Q11.5""'=30 =(x+1)log,5=1log,30 = x +1=1log. 30 = x=10og. 30 - 1= =log.6~1.11 (as

log.30 - 1=1og.30 —log 5=10g.6).

Q12.2"=3"""=xlog,2=(x-1)log,3 = xlog,2 — xlog,3=—-1og,3 = x(log,2 - log,3)=—1log,3.

-log,3 log,3
X= = ~2.71.
log,2-log,3 log,3-log,2

log,5

Q13.4=5""=xlog,4=(x+1)log,5=x(log,4 - log,5)=log,5. '.'X:W

~ —7.21 (negative —
the graphs meet to the left of the y-axis).

log,7

Q14.3><22X=21:>22x:7:2x10g62:10g87:>x:210g82%1.40.
x+2 loge7
Q15.2 :7:>(x+2)log22:loge7:>x+2:1og27:>x:log2—2%0.81.
Q16.
log,(3/20) log,20-log,3
100 % (1/2)'=15=(1/2)'==- > xlog, 1/2=log,3/20 = x= 08.(3/20) _log, 20~ log, =log,20/3%2.74.
20 log,(1/2) log,2

Q17.¢"=10 = x=1log,10~2.30.

2x loges
Q18.e""'=5=2x=log,5=x= > ~(.80.
. . log,1.6
Q19.500x1.05"=800=>1.05"=1.6 = xlog,1.05=10g, 1.6 = x=————~9.63 years.
log,1.05
20.2'=5 > x =282 100 5030
.2’=5=x= = ~2.32.
Q log, 2 08,

5log 5
Q21. 2000 X 25210000 = 2"'°=5 :élOgQZZIOgeS :é:logZS. ~t=5log,5= loggQZ

e

~11.61 years.
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Chapter 5 Exponential and logarithmic functions — 5H Exponentials and logarithms
as inverses

Theory

The exponential and logarithmic functions are inverses of each other. For a base a>0,a#1:
f(x)=a" =" (x)=log,(x),f(x)=log,(x) = f'(x)=a".

In particular ¢ and loge( x) are inverses.

Existence. A function has an inverse function iff it is one-to-one. Every exponential and every logarithmic function is
one-to-one, so an inverse function always exists (after any domain restriction implied by a transformation).

Finding an inverse. Write y=f ( X ), interchange x and y, then solve for y; this rule is f ! ( X ) To undo an
exponential, take a logarithm; to undo a logarithm, exponentiate.

Domain and range swap.
domf '=ranf,ranf '=domf.

Graphs. The graph of f ~!is the reflection of the graph of f in the line y = x. A reflection swaps the asymptotes: an
exponential’s horizontal asymptote y =k becomes the logarithm’s vertical asymptote x =k, and the y-intercept of f
becomes the x-intercept of f -

Check. For all valid x, f(ffl(x))zx and f'(f(x))=x.

Worked examples
Example 1 — scaffolded

For f(x)zex+2, find f_l, state the domain and range off_l, and sketch f and f_l.

Working Comment

y=e*+2 Write y=f(x).

Swap: x=e” +2 Interchange x and y for the inverse.
e’=x-2,s0y= loge( X- 2) Isolate ¢”, then take 10g, of both sides.
~f H(x)=log,(x-2) The inverse rule.

f:dom R, ran (2,00) (since *>0, f >2; asymptote Range of f from the asymptote.

y=2).

' dom (2,00), ran R; asymptote x=2. Domain/range are the swap of f’s.
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Example 2 — scaffolded

For f ( X ) = loge( x—1 ), find f ~! and state the domain and range of both functions.

Working Comment

y=log,(x—1) Write y=f(x).

Swap: x=log,(y—1) Interchange x and y.
y—1=e",s0 y=e*+1 Exponentiate both sides (base e).
~f H(x)=e'+1 The inverse rule.
f:dom(l,OO),ranR; asymptote x =1. x—1>0.

f':dom R, ran (1,00); asymptote y=1. Swap; asymptote reflects.

—57 .
- -4 =3 =2 -l 1 2 3 4 5 6

Example 3 — unscaffolded

Find the inverse of f ( x)=2¢’* and state the domain of .

y=2e"". Swap: Xzzesy:’eay%:w:loge(%), 50 yzéloge(g).

f_l(x)=%loge(§), with dom f~'=(0,00) (the range of f), and ran f ' =IR.
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Example 4 — unscaffolded

Find the inverse of f (x)=log,(x+4).
y=log,(x+4). Swap: x=log,(y+4)=> y+4=2"=y=2"-4.

S f Y (x)=2"-4, withdom f '=IR and ran f '=(—4,00) (the domain of f was (—4,)).
f

Practice questions
Scaffolded

For each function: (a) find ! ( X ); (b) state the domain and range of f ! (c) sketch fif “!and the line y =X on one
set of axes.

Ql.f(x)=e"—4

Q2. f(x)=log,(x+3)
Q3.f(x)=e
Q4.f(x)=3e"
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Qs. f(x)=2log,(x)

Q6. f(x)=10"

Unscaffolded

For Q7-Q18 and Q20: find f '( x ), state its domain and range, and sketch f and f~" (with y =x).
Q7.f(x)=e*+5

Q8.f(x)=e""?

Q9.f(x)=2¢"-6

Q19. Show that f(x)=e*—1and g (x)=log,(x+1) are inverse functions.
Q20. For f(x)=2-¢" find f '(x) and state its domain.

Q21. Using the inverse relationship, solve e** — 1 =7, giving the exact value of x.
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Answers

Q1. f '(x)=log,(x+4);dom (—4,0),ran R. Q2. f'(x)=e"~3; dom R, ran (- 3,00). Q3.

f_l(x)=%10ge(x);dom(O,OO),ranR. Q4. f_l(x)=10ge(§);dom(O,OO),ran|R.Q5.fl(x)z 2. dom R, ran
)

(0,0).Q6.f '(x)=log,(x); dom (0,0), ran R. Q7. f '(x)=log,(x—5); dom (5,), ran R. Q8.
+6

f'(x)=log,(x)+2; dom (0,0), ran R. Q9. fl(X)ZIOge(X—); dom (—-6,%), ran R. Q10.

f'(x)=-1log,(x); dom (0,),ran R. Q11. f*(x)=€*"*; dom R, ran (0, ). Q12. f_l(x)=%ex; dom IR, ran

(0,00). Q13. fﬁl(x)zex+5;dom|R,ran(5,00) Ql4.f e*’*+1;dom R, ran (1,). Q15. fﬁl(x)=2x;

(x)=
dom R, ran (0, 00) Q16.f '(x)=10"-1; dom R, ran (= 1,0). Q17. f '(x)=log,(1-x); dom (—o0,1), ran IR,
Q18.f '(x)= (loge( )+ ) dom (0,%), ran R. Q19. f(g(x))=x and g(f(x))=x (shown below), so they are

- 3log,2
inverses. Q20. f 1(x):10ge(2—x); dom (—,2). Q21. xzoige‘

Fully-worked solutions

Q1. y=¢" - 4; swap x=e’—4=e’=x+4=>y=log,(x+4). Since ran f =(—4,%), dom f_lz(_4,00),ran
f '=IR; asymptote x=— 4.

3

2 S

1 /
4
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3
7
- d
7/
/7
'd
4
7/

//

7/
1
Pt i
4
7/
77/
7 6 -5 -4 3 2 -l 12 3

Q2. y=log,(x+3); swap x=log,(y+3)=y+3=e"= y=e*—3.dom f '=IR, ran (- 3,00); asymptote y=—3.
f
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Q5. y=2log, (x); swap x=2log,(y) =log,(y)=
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Q8.x=e’ *=y-2=log,(x)=y=log,(x)+2.dom (0,), ran R.

5
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Q10. x=¢ ” = - y=log,(x)=y=-log,(x). dom (0,00 ), ran R. (f is decreasing, so is f ')

: y
e _lomn ol
y=1,

7

5 ~
4

4 ’

3

2

=2 z
’
7
-3 7’
7
s f 1
—4 7 “
/
s
,5/
-5 -4 -3 2 -1 1 2 3 4 5} 6

Q11. x=log,(y)+4=log,(y)=x-4=y=e""* dom R, ran (0,0).
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Q14. x=310ge(y—1):>10ge(y—1)=§:>y=e”3+1. dom R, ran (1, 00).
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Q15. x=log,(y)=y=2".domR ran (0,c).

Q17.x=1-¢’=e’=1-x=y=log,(1-x). dom (—00,1), ran R (need 1 - x>0).
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Q19. f(g(x))=e"*"~1=(x+1)~1=x,and g(f(x))=log,((e*~1)+1)=log,(e*)=x. Since both

compositions give X, f and g are inverse functions.

Q20. y=2-¢*;swap x=2-¢” =e’=2-x = y=log,(2-x). ~f '(x)=log,(2-x), with dom f'=(-0,2)
(need 2 — x> 0; this is the range of f).
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Q21. Add 1: ¢**=8. Apply the inverse of the exponential (take l0g,): 2 x=1og,8=1log, 2°=3 log,2. . x 5
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Chapter 5 Exponential and logarithmic functions — 51 Exponential growth and decay

Theory

Many quantities change at a rate proportional to their current size. Such a quantity grows or decays exponentially and
can be modelled by

A=A, e or equivalently A= A,b",
where A, is the initial amount (the value when t =0), t is time, and k (or the base b) fixes the rate.

e Growth: k>0 (equivalently b>1). The quantity increases without bound.
e Decay: k<0 (equivalently 0 <b<1). The quantity decreases towards the asymptote A=0.

. : : dA
Reading a model. Put t =0 to get A,. The continuous rate k is the proportional rate of change: i =k A. A model

given in the form A b has continuous rate k=log,b.

Doubling time and half-life. The time for the quantity to double (growth) or halve (decay) is constant:

_log,2 _log,2

double k > Lhalf — | k |

t/h

If a half-life h (or doubling time) is given, the model is A=A, (1/2)""= A, 27" (decay) or A= A, !4 (growth).

Finding a model from data. Given A, and one further reading A(t,)=A,, solve A= Aoekt1

write A=A, b' with b=( A,/ A,)"".

for k (take logs), or

lios A
K OBea

. . ke _ -
Solving for time. To find when A reaches a target value, substitute and take logarithms: Aye ‘=A=t=
Give an exact value (in terms of 10g,) unless a decimal is asked for.

Bounded models (Newton’s law of cooling). When a quantity approaches a limiting value A, rather than 0, use
A=A_+(A,-A,) e “': here it is the difference A — A, that decays exponentially.

Worked examples
Example 1 — scaffolded

A colony of bacteria is modelled by A =6000e"'*°, where A is the number present after t hours.

Working Comment

A(0)=6000e"=6000. The initial count is A, (put t =0).

1 k>0; th tiskt=t/20.
Continuous rate k ZEZO.OS, so this is growth. 0; the exponent is k=t /20

A(10)=6000e""*=6000e"*~9892. Substitute ¢ =10; *°~1.6487.

o log,?2 Constant for a growth model.
Doubling time = 005 20log,2~13.86 hours.
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A

28000
24000
20000
16000 +
12000 (10, 9892)

8000~ (0, 6000>/

4000

L, T T T T T T
(5 5 10 15 20 25 30

Example 2 — scaffolded

A radioactive sample has mass A=50e¢ "'° mg after t years.

Working Comment
A0 ) =50 mg. Initial mass.
Negati te.
k=-—==-0.1< 0, so this is decay. cgative fate
10
A(5)=50e ""*~30.33 mg. Substitute t =5.
.. log,2 Time to halve.
Half-life = T 10log,2~6.93 years.
A
(0, 50)
[
48
40 4
324
(5, 30.33)
24 -
16 4
8 -
? ; IIO 1‘5 2‘0 2‘5 3‘0

Example 3 — unscaffolded

A population is N;=300 at t =0 and N =2400 after 4 years, growing exponentially. Find a model and the time for
the population to reach 4800.

Since the population multiplies by 2400 /300=8 over 4 years, N =300 - 8"*.

log,8 3log,2

(In base e: N =300 ekt with e4k:8, sok= 1 2 ~0.520.)
N =4800: 8”42@2 16 :,>23t/4:24:,>£:4
' 300 :

St= 1—36 ~5.33 years.
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7000
6000 -
5000
4000

3000 (4, 2400)

2000

1000 - (0, 300)

Example 4 — unscaffolded

A substance with half-life 8 days has initial mass 240 g. Write a model and find when 30 g remains.
Half-life 8 days = A =240 - D8 (equivalently A =240 e_(log“Z/S)t).

Check: A(16)=240 -2 *=60 g after two half-lives. v

- 30 _1_.-3
=30:2 "8=2L =Z=» ~=3
AT302 50787 Ts

.t =24 days (three half-lives).

A

(0, 240)

Practice questions
Scaffolded

Q1. A population is P=2000¢"’ > after t years. (a) State the initial population; (b) find P after 50 years (to the
nearest whole number); (c) find the doubling time (to 2 dp).

Q2. A sample decays as A=80e "> mg after t hours. (a) State the initial mass; (b) find the mass after 10 hours (to 2
dp); (c) find the half-life (to 2 dp).

Q3. A culture grows exponentially from 500 to 4000 in 3 hours. (a) By what factor does it multiply each 3 hours? (b)
write a model P=500b"; (c) find the number present after 6 hours; (d) find the doubling time.

Q4. $8000 is invested at 5% per annum compounded annually, so A=8000 ( 1.05 )" dollars after t years. (a) State the
initial investment; (b) find the value after 10 years (to the nearest cent); (¢) explain why the growth is exponential.
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Q5. A cup of coffee cools according to T=20+70e "'® (°C) after t minutes. (a) State the initial temperature; (b) find
p g

the temperature after 8 minutes (to 2 dp); (c) find the limiting (room) temperature; (d) find, to 2 dp, when the coffee
reaches 40°C.

Q6. A quantity decays as A=100 -2 "'**. (a) State the half-life; (b) find when A=12.5.

Unscaffolded

Q7. For P=1500¢"": state A,, find P ( 60) (nearest whole number), and the doubling time (2 dp).

Q8. A substance of half-life 6 hours starts at 160 g. Write the model and find when 20 g remains.

Q9. A colony grows from 250 to 2000 in 5 hours. Write a model N =250 b and find when N =16000.

Q10. Caffeine (200 mg) has half-life 6 hours: A =200 - 276 Find A ( 12) and the time until 25 mg remains.
Q11. Bacteria double every 3 hours from 400: A=400 -2''>. Find A ( 9) and the time to reach 12 800.

Q12. Soup cools as T=18+62¢ "''° (°C). Find the initial temperature and the temperature after 10 minutes (2 dp).
Q13. $5000 grows as A =5000 e™**". Find the value after 15 years (nearest cent) and the exact time for it to double.
Q14. For A=90e /" find A(30) (2 dp) and the half-life (2 dp).

Q15. For A=1200¢"“, find the exact time for the amount to reach 3600.

Q16. A radioisotope of half-life 4 hours has initial mass 320 mg. Find when 5 mg remains.

Q17. A town of 8000 grows at 3 % per year: P =8000 ( 1.03 )t. Find the population after 20 years (nearest whole
number).

Q18. A radioactive mass is A=500e "'?° g. Find the exact time until 125 g remains.

t/2 t

Q19. A quantity is 64 at t =0 and 16 at t =2, decaying exponentially. Show that A=64 -4~
)and find A(1).

(equivalently 64 -2~

Q20. A drug (150 mg, half-life 8 hours) satisfies A=150 -2 "/%. Find A (24 ) and hence the time until 18.75 mg
remains.

Q21. For A=3000¢""*: find A(100) (nearest whole number) and the exact time for the amount to reach 6000.
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Answers

Q1. (a) 2000; (b) 14 778; (c) 2510g,2~17.33 yr. Q2. (a) 80 mg; (b) 80e 2~ 10.83 mg; (c) 5log,2~3.47 h. Q3.
(a) 8; (b) P=500 - 2" (since b=8">=2); (c) 32000; (d) 1 hour. Q4. (a) $8000; (b) $13,031.16; (c) each year the
value is multiplied by the constant factor 1.05. Q5. (a) 90°C; (b) 20+70e '~ 45.75°C; (c) 20°C; (d)
8log,(7/2)~10.02 min. Q6. (a) 12; (b) ¢ =36. Q7. A;=1500; P(60)=1500e’~11084; doubling
3010g,2~20.79. Q8. A=160 -2 "/%; 20 gat t=18 h. Q9. N =250 - 2*''* (i.e. b=8""); N=16000 at t =10 h.
Q10. A(12)=50 mg; 25 mg at t =18 h. Q11. A(9)=3200; 12800 at t =15 h. Q12. 80°C; 18+62¢ '~ 40.81°C.
Q13. A(15)~$9110.59; doubles at t =25log,2~17.33 yr. Q14. A(30)=90e >~12.18; half-life
15log,2~10.40. Q15. t=401log,3~43.94. Q16. t =24 h. Q17. ~ 14 449. Q18. t=201log,4=401og,2~27.73.
Q19. A=64 -4 "?=64 -27; A(1)=32.Q20. A(24)=18.75 mg; t =24 h. Q21. A(100)=3000e’~22167;
6000 at t =501og,2~34.66.

Fully-worked solutions

Q1. P=2000¢"*. (a) P(0)=2000. (b) P(50)=2000e>'*=2000e"~ 14 778. (c) doubling
_log,2
1/25

A

=25log,2~17.33 yr.

15000
(50, 14778)
12500
10000

7500

5000 4

2500

_ ~t/5 _ -2, : _loge2_ ~
Q2. A=80e ‘'®. (a) 80 mg. (b) A(10)=80e >~10.83 mg. (c) half-life = = =5l0g,2%3.47 h.

A

(0, 80)

<
75

60
45 1

30

(10, 10.83)

T T T T T T
4 8 12 16 20 24
l

Q3. (a) 4000/500=8. (b) b>=8 = b=2, 50 P=500 - 2". (¢) P(6)=500 - 2°=32000. (d) 2'=2 at t =1 hour.
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35000
30000 4 (6, 32000)
25000
20000
15000

10000

5000

Q4. A=8000(1.05)". (a) $8000. (b) A(10)=8000(1.05)"~ $13031.16. (c) each year multiplies by the constant

A
1.05, i.e. —— o A — exponential growth.

dt

A
14000

12000 (10, 13031)
10000 +
(0, 8000)
8000 4
6000 o

4000

2000

t
Q5.T=20+70e "% (a) T(0)=20+70=90°C. (b) T(8)=20+70e '~45.75°C. (c)ast — o, ¢ "'® , 0, s0

T - 20°C. (d) 20+70e "*=40 :>e_”8=% :>t=810ge( 7)% 10.02 min.

2
1 .
(0, 90)
90 4
75 4
60 4
45
30 o
i
6I 1‘2 1I8 2I4 3‘0 3‘6
t
_ . . 125 1 .5 t
6. A=100 -2 "2 (a) half-life 12. (b) 2™/ ?==22===2" 5 =3 5¢=36.
Q6. A=100 -2 (a) half-life (b) 1008 B
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Q7. A;=1500; P(60)=1500e*"*"=1500 e’~11084; doubling =301og,2~20.79,

(0, 100
105_(7 )

90 -
75 4
60 -
45

304

(36, 12.50)

A
12000

10000

8000 o

6000 -

4000

(60, 11084)

Q8. Half-life 6 h > A=160 -2 /6. 20=160 -2°"'° :2“/6:%:2‘3 =t=18h.

Q9. b°=2000/250=8 = b=8"=2%5,s0 N =250 - 2°"/%. 16000=250 - 2°"°> = 2°/°=64=2° =
h.

A .

175 -(0, 160)
r
150 A
125 A
100
75 4

50 4

251

EREE

Classbasics Pty Ltd, vwx.au -

Mathematical Methods Units 3 & 4 -

Page 84

£=6=t=10
5



17500

15006 (10, 16000)
12500
10000

7500

5000 o

2500 o

T T T T T T
0.0 1.5 3.0 4.5 6.0 7.5 9.0

Q10. A=200 -27'%. A(12)=200 -2 *=50 mg. 25=200 -2 *'° :»2‘”6:%:2‘3 =t=18h.

A

0, 200
210 -( )

180
150 +
120

90

12, 50
60 - ( )

(18, 25)
30

4 8 12 16 20 24
t

Q11. A=400 -2°. A(9)=400 - 2°=3200. 12800=400 -2'> =2°=32=2">¢=15h.

A
14000

12000 (15, 12800)
10000 -
8000

6000

4000

2000 -

T T T T T T
0.0 25 5.0 TS 10.0 12.5 15.0

Q12.T=18+62¢ !°. T(0)=18+62=80°C; T(10)=18+62e '~ 40.81°C.

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 3 & 4 - Page 85



60 o

45 (10, 40.81)

30 1

15

log 2
Q13. A=5000e""". A(15)=5000e"°~ $9110.59. Doubles when e***'=2 =t = 0%4 =25log,2~17.33 yr.

A
12000

10000

8000 (15, 9111)
6000 -(0, 5000)

4000 +

2000 +

t

Q14. A=90e "'". A(30)=90e *~12.18. Half-life =15log,2~10.40.

A "
(0, 90)

90 4

75 1

60

45

30 4

(30, 12.18)

15
U T T T T T
8 16 24 32 40

t

Q15.1200¢"*=3600 =" =3 :>4L0:10g93 =>t=40log,3~43.94.
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A

4000

3200 (43.94, 3600)
2400 4

1600 - (0, 1200)

800 1

1

Q16. A=320 -2°"*.5=320 -2“’“:2*”“:—:2*6:%:6=t=24 h.

64

A
350 (0, 320)

[
300 1
250
200
150 1

100 A

50

Q17. P=8000(1.03)*°~ 14 449.

A

15000

(20, 14449)
12500
10000 -
(0, 8000)

[
7500

5000

2500

3 6 9 12 15 18

1 t

Q18.500e =125 :>e_”2°=z =—=log,4 =t=20log,4=401log,2~27.73.

20

EREO
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400 +

320

240 4

160 - (27.73, 125)

80

t
Q19. A=A, b' with A;=64. From A(2)=16: 64b2:16:>b2:%:>b=%. So A=64(%) =64 -27'=64 -4
(as47"?=27"). Then A(1)=64 -27'=32.

A "

70 -(0, 64)
[
60
50 4
40 4

a, 32)

30 A

20 4 (2, 16)

t

Q20. A=150 -2 /%. A(24)=150 -2 >=18.75 mg. So 18.75 mg remains at t =24 h (three half-lives).

A .
(0, 150)

150 4
125 4
100 H

75 4

50

(24, 18.75)
25 -

Q21. A=3000¢""*. A(100)=3000e’~22167.6000=3000e"* =¢"*=2 =t=501log,2~34.66.
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24000

20000

(100, 22167)
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