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Chapter 16 Calculus beyond polynomials — 16A The chain rule

Units 3 & 4 preview. This section goes beyond the Units 1 & 2 study design. It is included as preparation
for Units 3 & 4 and is not assessed in the graded topic tests or practice examinations in this series.

Theory

Some functions are composite — one function applied to another, such as y = ( 3x+2 )4 (the “outer” function is the
fourth power; the “inner” function is 3 x +2). To differentiate a composite function we use the chain rule.

The chain rule. If y is a function of u, and u is a function of x, then

dy_dy du
dx du dx’

Equivalently, in function notation, if y=f ( g ( X )) then
dy . :
—== x)|xglx
52~ lalx))xg(x)
— “differentiate the outer function (keeping the inside unchanged), then multiply by the derivative of the inside”.

Power of a function. The most common case is a power of a polynomial, y=(g(x))":

4Y < n(g(x) " x g (x).

dx
d n__ n—-1
Forexample,a(axﬁLb) =n(ax+b)" ' xa.
. . : . . . du dy ,
The “let u=...” method. 1. Let u be the inside function; write y in terms of u. 2. Find dx and du 3. Multiply:
d d d
d_i/ = d_i X d—z, then replace u by the inside function.

. . d
To find the gradient at a point, substitute the x-value into —y.

dx

Worked examples
Example 1 — scaffolded

Differentiate y=(3x+2)".

Working Comment
Letu=3x+2,s0 y= ut. Choose the inside function as u.
du _ 3 and dy _ 4 Differentiate each part.
dx du

Apply the chain rule.
d_y:d_yxﬂ:4u3x3:12u3. pply the chain rule
dx du dx

Z_y:12(3X+2)3' Replace u by 3 x+2.
X

Example 2 — scaffolded
Differentiate y=(x*—5x )3.
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Working Comment

Letu=x"-5x,50 y=u’. Inside function is a quadratic.

du_, _ 4y _4.2
dX—ZX 5 and du 3u”.

Differentiate each part.

d—y=3u2><(2x—5). Chain rule.
d x

Z_i’ -3 ( 2x—5 ) ( X2—5x )2' Replace u; write the inner derivative in front.

Example 3 — unscaffolded

Differentiate y=(2x*+1)’.

Using the power-of-a-function rule with g(x)=2x’+1 (so g (x)=4x):

Z—i’ZS(Zx2+1)4X4x.

.'.Z—i}=20x(2x2+1)4.

Example 4 — unscaffolded

Find the gradient of y=(x*-3)*at x=2.

%:4(X2—3)3X2X:8X(X2_3)3.

Atx=2: —i’:8(2)((2)2—3)3=16(1)3:16. . the gradient is 16,

Practice questions
Scaffolded

du

Q1. Differentiate y = ( 2x+1 )5: (a)let u=2x+1 and write y in terms of u; (b) find dx du

d
Q2. Differentiate y = ( 5-3x )4 using the chain rule (note au__ 3).

dx
Q3. Differentiate y=(x"+4)’.
Q4. Differentiate y=(x"—-2x)".
QS. For y= ( 3x°+1 )3, find fl_i/ and hence its value at x=1.

Q6. Differentiate y=(x*-x ).

Unscaffolded

Differentiate each of the following (Q7—Q12), then answer Q13—Q18 as stated.
Q7. y=(4x-3)°

Q8. y=(1-2x)
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Q9. y=(x2+3x)4

Q10. y=(2x*-x+1)

Q11 y=(x*+2)

Q12. y=3(2x-1)°

Q13. Find the gradient of y=( X' —4 )3 at x=3.

Q14. Find the gradient of y=(x*+1)*at x=1.

Q15. Find the gradient of y=(3x-2)"at x=1.

Q16. Find the values of x for which y=(x*— 4 x )’ has a gradient of zero.
Q17. Find the values of x for which y=(x*— 1) has a stationary point.

Q18. Find the gradient of y=(2x -3 )4 at the point where x =2.
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Answers

Q1.10(2x+1)". Q2. -12(5-3x)’. Q3.6 x(x*+4). Q4. 4(2x-2)(x*-2x)>. Q5. 18 x(3x*+1 )% at x=1,
288.Q6.2(3x*-1)(x’-x).Q7.24(4x-3)>. Q8. -10(1-2x)". Q9. 4(2x+3)(x*+3x). Q10.
3(4x-1)(2x°—x+1)% Q11.15x*(x°+2)*. Q12.24(2x - 1)’. Q13. 450. Q14. 64. Q15. 15. Q16. x=0,2,4.
Q17.x=-1,0,1.Q18.8.

Fully-worked solutions

du dy 4 dy 4 4
cu=2x+1, y=u’ —=2, =% =5u"; =L =5u"x2=10(2x+1)".
Ql.u=2x+1,y U gy % du u’dx u (2x+1)

Q
<

=4(5-3x)’x(-3)=-12(5-3x)".

Q2.

Q,
b

Q3. =3(x*+4)x2x=6x(x*+4).

Q4. =L =4(x"-2x)x(2x-2)=4(2x-2)(x*-2x)".
Q5. =2 =3(3x°+1)’x6x=18x(3x*+1)°. Atx=1:18(1)(3+1)*=18 x 16=288.
Q6. =L =2(x*-x)'x(3x*-1)=2(3x"-1)(x*—x).

Q7. =2=6(4x-3)x4=24(4x-3).

|s:~ Q|Q.. Q‘Q s:.|& s:~|s=~ m~|s:~
‘< x < x [< > [< > [< > <

Q8. =5(1-2x)*x(-2)=-10(1-2x)".
Q. 3_1:4(x2+3x)3x(2x+3)=4(2x+3)(x2+3x)3.

Q10.%23(2x2—x+1)2><(4x—1)23(4x—1)(2x2—x+1)2,

QI11. Z—i}=5(x3+2)4><3x2:15x2(x3+2)4,

Q12. Z—y:?) x4(2x-1)%x2=24(2x-1)".
X

Q13. Z—;V::s(x2—4)2x2x:6x(x2—4)2. Atx=3:6(3)(9-4)=18x 25=450.

Q14. %24(x2+1)3><2x:8x(x2+1)3. Atx=1:8(1)(2)’=8x8=64.

Q15.%25(3x—2)4x3=15(3x—2)4.Atx=1:15(1)4=15.
dy _o(.2_ _ o ) . B _ o ~
Q16'H_2(X 4X)(2x 4).Sett1ngthlst00:x—4x:0glvesx—O0rx—4;2x—4—0g1vesx—2.
~x=0,2,4.
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Q17. fl—i}=3(x2—1)2><2x=6x(x2—1)2. Setting this to 0: x=0, 0r(x2—1)2=0 =>x=+1...x=-1,0,1.

Q18. %24(2x—3)3><2=8(2x—3)3. Atx=2:8(1)’=8.
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Chapter 16 Calculus beyond polynomials — 16B Derivatives of rational powers

Units 3 & 4 preview. This section goes beyond the Units 1 & 2 study design. It is included as preparation
for Units 3 & 4 and is not assessed in the graded topic tests or practice examinations in this series.

Theory

The power rule extends to rational (fractional) indices:

dx q

Rewrite surds and roots as fractional powers first, then apply the rule:

12 b cip 32 23 1 -
Vx=x ,ﬁ—x ,&—x ’F_X "

Differentiate term by term (the constant-multiple and sum rules still hold). It is usual to give the answer back in surd /
positive-index form.

Chain rule for a linear inside. For a bracket (a X+ b) raised to a rational power,

4 [(ax+b)"]=La(ax+b)
dx q )

d a
—_— +b:—
For example dXVGX > Tx+b'

Domain. /x requires x >0 and its derivative requires x > 0; a term like T requires x > 0.
X

Worked examples
Example 1 — scaffolded

Differentiate y = \/; .

Working Comment

y= Jx=x"2 Write the surd as a fractional power.

d_y _1 VR 1 -1 Apply the power rule: multiply by the index, subtract 1.
dx 2 2 '

1 Write the answer back in surd form.
2Vx’
Example 2 — scaffolded

4
Differentiate f(X ) =3x"°——+5,
Vx

Working Comment
f(x)=3x2/3 —4x %45, Rewrite each term as a power of X.
: 2 13 1\ -3 Differentiate term by term; the constant 5 has derivative
= o —_ —_ . —_—— +
f(x)=3 3 4 ( > )x 0. 0
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Working Comment

2 2 Simplify and write in surd form.

:3—+—.
Vx WX

Example 3 — unscaffolded

-1/3 -3/2
=2Xx +2x

Differentiate y=+v3x+1.
y= ( 3x+1 )1/2. Using the chain rule with the linear inside,

dy_1
dx 2

(3x+1)1"2 -3=%(3x+1)_1/2.

Q

y__ 3
X

Tdx 243x+1

Example 4 — unscaffolded
Forf(x)=x3/2—6\/;, find f (4).

f(x)=x"*-6x"%s0

f(4)=3(2)-3=3-2. ~f(4)=3

Practice questions
Scaffolded

Q1. Differentiate y = x'3.
Q2. Differentiate y=x"'".

1
Q3. Differentiate y = Vx+ —-.
Vx

Q4. Differentiate y=413/x.
QS. Differentiate y = V2x+3.
Q6. For f(x)=x, find f (9).
Unscaffolded

Differentiate each of the following (give your answer in surd / positive-index form), unless a value is asked for.
Q7. y= el
Q8. y=x 1/2

Q9. y=2+/x-3x
Qlo.y:%W?

Qll. y:X2/3+X1/3
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2
x +1

Q12 y==—
Q13. y=+5x-2

Q14. y=(3x+4)*"

_ 1
Qs Y=

Q16. For f (x)=x""*—4x"? find f (1).

Q17. Find the gradient of y = Vx at x=16.

Q18. Find the value of x at which the tangent to y = x>'? has gradient 3.
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Answers

o1 lez Q2 5 2 .03 1 1 04 ix—2/3: 4 05 1 Q6 1 Q7 éx—1/4: 3
) \/‘ .2\/; 2\/? 3 3%/?. .7/—2X+3. s 4 41/;.
Q8 _lx—s/zz_ 1 Q9 __3 Q10 _EX—3/2+1X—1/2:_ L1 o1
. 2 2\/;. . \/; . . 2 2 2\/>3 \/_. .
2 a1 - 2 1 3 323
IX ”3+§x 2/3:3%/;+3§/?.Q12.§X1/2_5 2= f— f Q3. 7= Q4. 9@. QI5.
- 1 1 1
—(2x+1) =~ = = =
( ) o1 U6 QU7 QI8 x=4.

Fully-worked solutions

s _dy_1 o3 1

QLY=X = 73X :ﬁ'
_ 502 dy 5 e
Q2. y=x dx 2
3y:X1/2+X—1/2:’>d_y:lx—1/2_lx—3/2: 1 1
Q3. dx 2 2 X Ve
dy 1 —2/3 4
—4 X3 —4. _
Q4. Y X dX 3 33)(2'
dy_1 1/2 ~1/2 1
Ly=(2x+3)"*= 2x+3)7"% 2=(2x+3) "=
Q5. y ( X ) d x 2( ) ( X ) J2x+3"
1
_ 172 —=
Q6. f(x)=x f()zfsof() 5
Q7.y=Xx :dx 4 4%
Q. dx 2 2V
Q9.y:2xl/2—3x:>3—i:=2-%X_1/2—3=X_1/2—3=%—3.
_ d 1) - 1 - 5 - 1 - 5 1
_gy 2 12, 4Y CTE I S VE S - Yo S SNV S +
QIO y=ox X =% 20 T2 2% T e 2Vx
23, 13 dy 2 e 1 -2/3_ 2 1
1. y=x +X t3X
Q Tdax 3% T3 TR ale
2
X+l 32— d_yzé 1/2_1 ‘3/2:§ 1
QU2 y=S == e o =g x 2& -
dy 1 -1/2 5
13. y=(5x-2)"*=>=—L==(5x-2 5= —
Q3. y=( ) dx 2( ) 2v5x-2
_ 3/2 dy 3 12 5_9
Ql4. y=(3x+4) = 2(3 x+4) -3—5\/3x+4.
X

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 1 & 2 - Page 10



le.y:(2x+1)”2:’d—y:‘%(2x+1)3’2-2:—(2x+1)3/2=— .

dx (2x+1)*
512 12 g )= D 312 -112 v o1

Q16. f(x)=x"2=4x' f (x) =X -2x 50 f (1) =5 - 2=,

dy_ 1 1 1
17. v= 172 — 2 = . = 1 1 =
Q17. y=x"", dx 2\/;,atx 16thegrad1€nt1s2x4 3

dy _3 in 3 1
18. y=x"%, === ) - =3: x'"?= LX=
Q18. y=x Iy 2% Set2X x?=2,50 . x=4.
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Chapter 16 Calculus beyond polynomials — 16C Anti-derivatives of rational powers

Units 3 & 4 preview. This section goes beyond the Units 1 & 2 study design. It is included as preparation
for Units 3 & 4 and is not assessed in the graded topic tests or practice examinations in this series.

Theory

Antidifferentiation reverses differentiation. The power rule for antidifferentiation,

n+1

[x"dx= X _+c
n

+1
holds for every rational index n# — 1 — not just whole numbers. The constant ¢ covers every possible antiderivative.

Rewrite first. Surds and reciprocals must be written as powers of x before the rule is applied:

_,1/2 1 _ .-1/2 3/ _ 1/3 1_ -2
\/;—X ,ﬁ—x ,\/;—X ,;—X .

Apply and simplify. Add 1 to the index, divide by the new index, and simplify the fraction. Dividing by a fraction

3/2
_2 . . :
£ x> 1t is usual to give the final answer back in surd

3/2 3

means multiplying by its reciprocal — for example
form where natural, e.g. — 3 == \/7 - x Vx.

Sums and multiples. Antidifferentiate each term separately, and a constant factor may be taken out:

fkf(x)dx=k[f(x)dx

A specific antiderivative. Given f ( x) and the value of f at one point, antidifferentiate to get the family
f ( X ) =...+c, then substitute the point to solve for c.

Worked examples
Example 1 — scaffolded

Find [xd x.
Working Comment
x=x"2% Rewrite the surd as a power of x.
12 X'/ x>"? Add 1 to the index; divide by the new index.
[x"dx= +c= +c
1/2+1 3/2
_2 JELEI Dividing by 3/2 is multiplying by 2/3.
3

f\/;dngx3/2+c(=2/3xx/;+c).
Example 2 — scaffolded
Find deX

Working Comment

1 _ - Rewrite the reciprocal surd as a negative power.

Vx
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Working Comment

- e -1/2+1=1/2.
[x ?dx= AS
1/2
=2x"?+c=2Vx+c Dividing by 1/2 is multiplying by 2.

Example 3 — unscaffolded

Findf(6f—%)dx.

4 .
Rewrite: 6Vx ——=6x"2-4x"?%

Vx

j(6x1/2—4x71/2)dx=6 '§x3/2—4 2x'"+c.

:4x3/2—8x1/2+c(=4x&—8&+c).
Example 4 — unscaffolded

A function has f (x)=+/x and f(4)=10. Find f ( x).
Antidifferentiate: f ( X ) = % X+,
Substitute f (4 )=10, using 43/2=(\/Z)3=8:

2 16
= + :10 —_— + :1 :1 -—=—
3(8) c = 3 c=10=>c=10 3

Practice questions
Scaffolded

QI. Find [ x"*d x.
Q2.Find [x 'dx.
Q3. Find [ x**d x.
Q4. Find [5+/xd x.

Q5. Findf%dx.

Q6. Find [ (vx+x)d x.
Unscaffolded

Find an antiderivative (Q7—Q14); then find the specific antiderivative satisfying the given condition (Q15-Q18).
Q7. [ 23 d x
Q8. [Vxdx
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Q9. ffdx

UZ)dX

Q11. f(4 x> = 6x”2)dx

Q10. f( 12,

Q12. dex

Q13. [Vx(x+3)dx

Q14.f(%+\/;)dx

Q15.f'(><)=% and f(9)=
Q16.f (x)=3vxand f(1)=

Q17. Z—yzx ?

and the curve passes through (8,10 ).

Q18.f’(X):\/;—% and f(4)=6

)

@B

Classbasics Pty Ltd, vwx.au -

Mathematical Methods Units 1 & 2 -

Page 14



Answers

2
Ql. %x4/3+c. Q2. %x2/3+c. Q3. §x5/2+c. Q4. ?x”w. Q5. 6v/x+c. Q6. §x3/2+%+c. Q7. %x5/3+c. Q8.

2

%x5’4+c. Q9.3x*+c¢. Q10. §x3’2+2&+c. Q11. %x“ -4x*+c.Q12. %x” —4Vx+c.Q13.

5/2

gx +2x°7
5

+c. Ql4. —%+§x3/2+c. Q15. f(x)=2Vx+2.Q16. f(x)=2x>"7+3.Q17. y=%x4/3—2. Q18.

f(x)=§x3/2—2\/;+%.

Fully-worked solutions

4/3

oL fxdx=Xve=3 e

Q@ fxfl/3dx=£+c=§x2/3+c (here —1/3+1=2/3).
2/3 2

Q. [xdx=Xse=2 e,
5/2 5

Q4. [5Vxdx=5[x"*dx=5 '§X3/2+C=?x3/2+c_

QS. I%dXZSIXI/ZdXZS '2X1/2+C:6\/;+C‘

2
Q6. j(x1/2+x)dx=§x3/2+%+c.

5/3

3 53
7. [ x*Pdx=%—+c=2x"+c.
Q7. 5/3 5
Q8. Vx=x"*s0 [x'"*dx= X re=d i
5/4 5
Q9 £:2X—1/3 so [2x dx=2 -§X2/3+C:3X2/3+C
I:\g/; 9 2 .

+x_1/2)dX=§X3/2+2x1/2+c=§x3/2+2\/;+0.

Q10. [(x

Q11. f(4x3/2—6x1/2)dx=4 -%xS/Z—G -§x3/2+c=%x5/2—4x3/2+c.

X—-2_ X - - 2
Q12. Split the fraction:T:ﬁ—ﬁ:X -2x ", ThenJ(Xm—ZX 1/2)dX:§X3/2—4\/;+C.

Q13. Expand first: \/;(x+3)=x3/2+3x1/2. Thenf(x3/2+3x1/2)dx=%x5/2+3 -§x3/2+c:§x5/2+2x3/2+c'
-2 x' 2 1,2
Ql4. =X ,so f(x_2+x1/2)dx=—1+§x3/2+c=——+§x3/2+c (the rule still applies since —27# —1).
X - X
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Q15.f(x)=[x"?dx=2vx+c. Then f(9)=2(3)+c=6+c=8,s50 c=2. .. f (x)=2x+2.

Q16. f(x)=f3x1/2dx=3 -§x3/2+c:2x

3/2

+c. Thenf(l):2+c:5, soc=3. -'-f<X):2X3/2+3.

Q17. y=fx1/3dx=%x4/3+C. Using 84/3:(%)4:24:16,thepoint (8,10) gives %(16)+C:12+C:10, SO

c=-2. -‘.y=%x4/3—2.
Q18.f(x)=f(x1/2—xl/z)dx=§x3/2—2\/;+c. Using 4*/?=8 and y/4=2:
2 16 4 14 2 3 14
4 == -2(2 =— -4 = = =— == -2 -
f(4) 3(8) (2)+c 3 +c 3+c 6,so0cC 3 f(x) 3x \/§+3.

)
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Chapter 16 Calculus beyond polynomials — 16D The second derivative

Units 3 & 4 preview. This section goes beyond the Units 1 & 2 study design. It is included as preparation
for Units 3 & 4 and is not assessed in the graded topic tests or practice examinations in this series.

Theory

2

}; . It is the rate
X

The second derivative. Differentiating f ( x ) again gives the second derivative, written f ’ ( x) or
of change of the gradient.

Concavity. The sign of f " describes the way a curve bends:

o where f (x)>0 the gradient is increasing and the curve is concave up (holds water);

o where f (x)<0 the gradient is decreasing and the curve is concave down.

Points of inflection. A point of inflection is where the concavity changes. At such a point f ’ ( X ) =0 and f " changes

sign. (Note f (x ) =0 alone is not enough — for y = x*, f ( 0 ) =0 but the curve stays concave up, so the origin is a
minimum, not an inflection.)

The second-derivative test. At a stationary point (f (a)=0):

o iff (a)>0, the point is a local minimum;
o iff "(a )<0, the point is a local maximum;

o iff ’ ( a ) =0, the test fails — use a sign-of-f ' table instead.

Acceleration. For a particle with position X ( t ), the acceleration is the second derivative a=——=V (t )

Worked examples
Example 1 — scaffolded

Find f (x)and f (x) for f(x)=x>—4x*+5.

Working Comment
f ' ( X ) =3x’-8x. Differentiate using the power rule.
f(x)=6x-8. Differentiate f ( x ) again.

Example 2 — scaffolded

Find the coordinates of the point of inflection of y=x>-3x* -9 x+5.

Working Comment
2 Differentiate twice.
4y 34 6x-9. 50 Y =6x-6.
dx dx
6x-6=0=>x=1. A point of inflection requires f =0.
For x<1, f "< 0 (concave down); for x>1, f >0 Confirm the sign of f " changes.
(concave up) — the concavity changes.
y(1)=1-3-9+5=-6, giving (1,-6). Find the y-coordinate.
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(—1, 10) max

\ :

s e
(1, =6) infl

s 2 . ,3,-22)min,
Example 3 — unscaffolded

Use the second-derivative test to find and classify the stationary points of f (x )=x>—12x.
f(x)=3x"-12=0=>x"’=4=>x=+2,and f (x)=6x.

At x=2:f (2)=12>0, alocal minimum at (2,-16). At x=—2: f (-2)=-12<0, a local maximum at
(-2,16).

(=2, 16) max \

(0, 0) infl

(2, —16) min
1 2 3 4

Example 4 — unscaffolded

For y=x"* -6, find the intervals where the graph is concave up.
y g

dzy

2

=12x*-12=12(x-1)(x+1),

dx

This is positive when x <—1 or x> 1, so the graph is concave up on ( —00,— 1) U( 1, 00) and concave down on
(—1,1). The concavity changes at x =+ 1, giving points of inflection (—=1,-5) and (1,-5).
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6
5
4
3
2
3 (0, 0) max
T
-1
-2
j (-1, -5)infl ,\5) infl
-5
-6
=7
-8
-9
-10 . .
i (—V3, —9) min (\3, —9) min
-3 -2 -1 1 2 3

Practice questions
Scaffolded

Q1. For f(x)=x’+2x*—x, find f (x) and f (x).

2
Q2. Fory:2x4—3x2+1, ﬁndz—i} and Zx};

Q3. Find the coordinates of the point of inflection of y = X —6x*+5.
Q4. Find and classify the stationary points of f ( X ) = x> — 3 x*+ 4 using the second-derivative test.
Q5. Find the values of x for which y = x> —3x*+2 x is concave down.

Q6. A particle has position x(t )=t>—6¢*+9t metres at time t seconds. Find its acceleration a( t ) and the time at
which a=0.

Unscaffolded

Q7.Find f (x) for f(x)=x"-2x"+x.

2

2 for y=(2x-1)"

Q8. Find d
Q9. Find the point of inflection of y = X>+3x*-9x-2.

Q10. Find the points of inflection of y = x'-4x

Q11. Find and classify the stationary points of f ( X ) =x’-6x"+9x+1 using the second-derivative test.
Q12. Find and classify the stationary points of y= x* — 2 x* using the second-derivative test.

Q13. Find the intervals of concavity of y = x> — 3 x and state its point of inflection.

Q14. Find the values of x for which y= x*—6x*+8 x is concave up.

Q15. Show that f ( X ) =x’hasa stationary point of inflection at the origin.

Q16. A particle has position x ( t ) =t>-3¢* -9t metres (¢t >0). Find the time at which its velocity is a minimum, and
the minimum velocity.
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dzy

Q17. For y= x*, find e and explain why the origin is a minimum, not a point of inflection.
X

Q18. The curve y= x>+ ax’+b x+2 has a stationary point of inflection at x=1. Find the values of @ and b.

5
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Answers

2
Ql. f'(x):3x2+4x—1; f”(x):6x+4. Q2. %:8X3_6X; Z }2224X2—6. Q3. (2,—11). Q4. Local max
X

(0,4);local min (2,0). Q5. x<1,i.e.(—00,1).Q6.a(t)=6t-12;a=0att=2. Q7.f”(x)=20x3—12x. Q8.
d’y

2

] =48x-24.Q9.(-1,9).Q10.(0,0) and (2,-16). Q11. Local max (1,5); local min (3,1 ). Q12. Local
X

max (0,0 ); local minima (—1,-1) and (1,—1). Q13. Concave up for x>0, concave down for x <0; inflection

(0,0).Q14. x<—1orx>1,ie. (—00,—1)U(1,%). Q15. f'(0)=0 and f* changes sign at 0 — a stationary point
2

of inflection at (O ,0 ) Q16. Minimum velocity —12 m/s at t =1 s. Q17. % =12x°>0 everywhere; f does not

X

change sign, so (0,0) is a minimum. Q18. a=-3, b=3.

Fully-worked solutions

Q1. f'(x)=3xz+4x —1; differentiating again, f"(x):6x+4.

Y g0 —6x 9Y =24x~6
QZ.H— X X;W— X .

Q3. y':3x2—12x, y”:6x—12:O =>x=2; y” changes from — to +, so it is an inflection. y(2)=8—24+5=—11,
giving (2,-11).

Q4. f (x)=3x"-6x=3x(x-2)=0=>x=00r2; f (x)=6x-6.f"(0)=-6<0 — local max (0,4);
f'(2)=6>0 — local min (2,0).

& y
;
6
5 (0, 4) max
4
3 (1, 2) infl
2
1
4 xr
-1 (2, 0) min
-2
-3
™, -1 1 2 3 4

Qs. y”:6x—6<0 = x <1. The graph is concave down on (—00,1).
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1 (1373, 2V3/9) max
(1, 0) infl

| z

4 (V3/3 + 1, =23/9) min

8 ! 2 3
Q6.v(t)=3t"-12t+9,s0a(t)=6t—12.a=0 =t =2 seconds.

Q7.f (x)=5x"-6x"+1,s0f (x)=20x"—12x.

Q8. y=3(2x-1)%x2=6(2x-1),s0y =12(2x-1)x2=24(2x-1)=48x - 24.

Q9. y'=3x2+6x—9, y”:6x+6:0 =>x=-1 (signofy" changes). y(—1)=—1+3+9—2=9, giving (—1,9).

20 Yy
19
18
17
16
15
14
i
11 (—1,9) infl
10
9
8
7
6
5
1
3
2
1 X
-1
-1 \
-3
—4
-5
-6
=7
-8
71(9) (1, =7) min
=5 —4 -3 -2 =1 1 2 3

Q10. y =4x>-12x%, y”=12x2—24x=12x(x—2):0 = x=0 or 2; the sign of y changes at each. y(0)=0and
y(2)=16-32=-16, giving (0,0) and (2,-16).

Y

(0, 0) infl

(2, =16) infl

HIIIHHIIIIHHIIHHHIHH

1 1 ; (3,27 min 4
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Q1. f (x)=3x"-12x+9=3(x-1)(x-3)=0=>x=10r3;f (x)=6x—-12.f (1)=—6<0 — local max (1,5)
:f (3)=6>0 — local min (3,1).

3 Y

7

6 (1, 5) max

5

4 (2, 3) infl

3

2

1

/ G Hmne—e—— 5 o

-1
-2
g 1 2 3 4 5

Q12. y =4x’-4x=4x(x-1)(x+1)=0=>x=0,+1; y'=12x*~4. y (0)=-4<0 — local max (0,0);

y (i1)=8>0—>localminima(—1,—1)and(l,—l).

4 Yy

3

2

1

(0, 0) max
=(=V3/3,=5/9) infl (V373,=5/9) infl> T
|
(=1, —1) min (1, —1) min

=2

-2 | 1 2

Q13. y” =6 x: concave down for x <0, concave up for x > 0; the concavity changes at x =0, giving the point of
inflection (0,0).

(-1, 2) max

(0, 0) infl

(1, —2) min

=3 —2 -1 1 2 3

Q4. y'=4x*-12x+8,y =12x*-12=12(x-1)(x+1)>0=x<-1orx>1.

Eooe) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 1 & 2 - Page 23



Q15.f (x)=3x%s0 f (0)=0 (stationary). f (x)=6x changes from negative to positive at x=0, so the concavity
changes — a stationary point of inflection at (0,0).

6 Yy

5

4

3

2

1 (0, 0) infl

T

-1
-2
3
-4
-5
B -2 -1 1 2

dv_
dt

this is a minimum. v(1)=3-6-9=-12. .. minimum velocity — 12 m/s at t=1s.

Q16.v(t)=3 t* -6t —9. The velocity is stationary where a=6t—-6=0,i.e. t =1; since a changes from — to +,

Q17. y” =12 x°, which is >0 for all x. Although y” ( 0 ) =0, the second derivative does not change sign, so the
concavity does not change: the curve is concave up throughout and the stationary point (0 s 0) is a local minimum,
not a point of inflection.

(0, 0) min
|

~2 -1 1 2

Q18. y =3x’+2ax+b and y =6 x+2a. A stationary point of inflection at x =1 needs both y (1)=0and

"

y'(1)=6+2a=0=a=-3;y'(1)=3+2a+b=3-6+b=0=b=3.

~.a=-3,b=3 (the curve is yZ(X_1>3+3)'
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Chapter 16 Calculus beyond polynomials — 16E Curve sketching with calculus

Theory

Calculus lets us sketch a polynomial graph accurately by locating its stationary points and points of inflection, not
just its intercepts.

The sketching procedure.

1. Axis intercepts. The y-intercept is f ( 0 ) The x-intercepts solve f ( X ) =0 (factorise where possible).

2. Stationary points. Solve f ' ( X ) =0 for x, then find each y-coordinate. A stationary point is where the tangent
is horizontal.

3. Classify each stationary point as a local maximum, local minimum, or stationary point of inflection, using
the second derivative: f >0 = minimum, f <0 = maximum, and f '=( = investigate further (a sign test on
f)-

4. Points of inflection. Solve f ”(x )=0; a point of inflection occurs where f " changes sign (the concavity
changes).

5. Long-run behaviour. Read the end behaviour from the leading term (e.g. a positive cubic rises to the right, a
positive quartic rises at both ends).

6. Draw a smooth curve through all the marked features.

A degree-n polynomial has at most n — 1 stationary points.

Worked examples
Example 1 — scaffolded

Sketch the graph of y = x° =3 x%, showing the intercepts, stationary points (and their nature), and the point of
inflection.

Working Comment

y-intercept: x=0 = y =0, giving (0,0). Put x=0.

x-intercepts: x°—3x°=x*(x—-3)=0,s0 x=0 or x=3, Factorise.

giving (0,0) and (3,0).

f(x)=3x"-6x=3x(x-2)=0=>x=0o0rx=2. Stationary points where f (x)=0.
f(x)=6x-6.f(0)=-6<0:(0,0) is a local Second-derivative test.
maximum. f (2)=6>0: (2,-4) is a local minimum.

f (x)=0=x=1; f changes sign,so (1,-2)isa Concavity changes here.

point of inflection.
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3
2
1 (0,0) (3.0)
4 €T
-1
)
-3
4
s 2,4
-6
) -1 1 2 3 4
Example 2 — scaffolded
Sketch the graph of y= x*=3x+2.
Working Comment
y-intercept (0,2); The repeated factor means the curve touches at x=1.

x3—3x+2=(x—1)2(x+2)20:>x=1 (repeated) or
x=-2, giving (1,0) and (-2,0).

f(x)=3x"-3=3(x-1)(x+1)=0=>x==%1. Stationary points.
f(x)=6x.f(-1)=-6<0:(-1,4)local Second-derivative test.
maximum. f (1)=6>0: (1,0) local minimum.
f'(x)=0=x=0:(0,2) is a point of inflection. Concavity changes.
6 y
5
L4
4
3
2
1
(2,0
® A d €T
1, 0)
-1
)
-3 -2 -1 1 2 3

Example 3 — unscaffolded
Sketch the graph of y=— x>+3x.
Intercepts: y-intercept (0,0); -x’+3x=-x(x*-3)=0 =x=0,+/3, giving (0,0), (—\/5,0) and (\/5,0).

f(x)=-3x*+3=-3(x-1)(x+1)=0>x=%1.f (x)=—6x:f (-1)=6>0s0 (—1,-2) is a local minimum;
f(1)=-6<0s0(1,2) isalocal maximum. f (x)=0=x=0:(0,0) is a point of inflection.
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1,2)

Example 4 — unscaffolded

Sketch the graph of y=x* -4 x>

Intercepts: y-intercept (0,0); x*—4x*=x*(x*-4)=0=>x=0,+2, giving (0,0),(-2,0) and (2,0).
f(x)=4x’-8x=4x(x*-2)=0=x=0,+V2.f (x)=12x*-8:f (0)=-8<0s0 (0,0) is a local maximum;

f(£V2)=16>0s0 (—\/E,—4) and (\/E,—4) are local minima. Points of inflection where f”(x)=0:>x=i§

ty= 20
a -0 .
9
6 y
5
4
3
2
1 (=2, 0) (0, 0) 2, 0)
3 d 2
-1
-2
-3
-4
-5
6, -2 -1 1 2 3

b

Practice questions
Scaffolded

Q1. For y= x> =3 x: (a) find the axis intercepts; (b) find and classify the stationary points; (c) find the point of
inflection; (d) sketch the graph.

Q2. For y= x> =6 x>+9x: (a) find the intercepts; (b) find and classify the stationary points; (c) find the point of
inflection; (d) sketch the graph.

Q3. For y=- x>+3 x”: (a) find the intercepts; (b) find and classify the stationary points; (c) find the point of
inflection; (d) sketch the graph.
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Q4. For y= x* =2 x% (a) find the intercepts; (b) find and classify the stationary points; (c) sketch the graph.

QS. For y= x>+1: (a) find the intercepts; (b) show that the only stationary point is a stationary point of inflection at
(0,1); (c) sketch the graph.

Q6. For y = x* =8 x?: (a) find the intercepts; (b) find and classify the stationary points; (c) sketch the graph.
Unscaffolded

Sketch each graph, labelling the axis intercepts, the stationary points (with their nature), and any point of inflection.
Q7. y=x>-12x

Q8. y=x’-3x"-9x
Q9. y=—x"+12x
Q10. y=2x>-3x
Q11. y=x4— 4x°
Q12. y=x*-2x’+1
Q13. y=x3—3x2+4
Q4. y=—x"+4x’
Q15. y=x"+3x"
Q16. y=x*-4x
Q17. y=x’

Q18. y=x*-6x*+8
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Answers

Q1. Int (0,0),(£+3,0); max (= 1,2), min (1,-2); inflection (0,0). Q2. Int (0,0),(3,0); max (1,4), min
(3,0); inflection (2,2). Q3. Int (0,0),(3,0); min (0,0 ), max (2,4 ); inflection (1,2). Q4. Int (0,0),(+v2,0);
max (0,0), min (£1,—1); inflections (i 3/3, —5/9). Q5.Int (0,1),(—1,0); stationary point of inflection
(0,1).Q6.Int(0,0),(i2\/§,0);max(0,0),min(i2,—16).Q7.Int(0,0),(i2\/§,0);max(—2,16),min
(2,-16); inflection (0,0). Q8.1nt (0,0),(3+3+/5/2,0); max (—1,5), min (3,-27); inflection (1,-11). Q9.
Int(0,0),(i2\/§,0);min(-Z,-lG),max(2,16);inﬂection(0,0).QlO.Int(0,0),(S/Z,O);maX(0,0),min
(1,-1); inflection (1/2,-1/2). Q11.Int (0,0),(4,0); stationary point of inflection (0,0), min (3, -27);
inflection also at (2,-16). Q12.Int (0,1),(%1,0); max (0,1), min (+1,0); inflections (++3/3,4/9). Q13. Int
(0,4),(—1,0),(2,0);max(0,4),min(2,0);inﬂection(1,2).Q14.Int(0,0),(i2,0);min(0,0),max

(i 2,4);inﬂecti0ns(i\/€/3,20/9).QlS.Int(0,0),(—S,O);maX(—2,4),min(0,0);inﬂection(—1,2).Q16.
Int (0,0),(3/2,0); min (1, —3); no point of inflection. Q17. Int (0,0 ); stationary point of inflection (0,0). Q18.
Int(i 2,0),(i2,0),y—int(0,8);max(0,8),min(i 3,—1);inﬂections(il,3).

Fully-worked solutions

Ql. y=x>-3x.Int(0,0) and x(x*~3)=0=(++3,0). f (x)=3x*-3=0=x=+1;f (x)=6x,50 (~1,2)
max, (1,—2) min. f”(x):O:x:0: inflection (0,0).

i y

3

(7172)
2

1,-2)

~=3 -2 =1 1 2 3

Q2. y=x"-6x"+9x=x(x-3)%1nt(0,0),(3,0) (touch). f (x)=3x"-12x+9=3(x—-1)(x-3)=0=>x=1,3
f (x)=6x-12,50(1,4) max, (3,0) min. f (x)=0 = x=2: inflection (2,2).

" y
5
(1,4
4
3
2
1
(0, 0)
$ L 4 xr
(3,0
-1
-2
-1 1 2 3 4 5
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Q3. y=-x>+3x’=-x*(x-3).Int(0,0),(3,0). f (x)=-3x*+6x=-3x(x-2)=0>x=0,2;
f(x)=-6x+6,50(0,0) min, (2,4 ) max. f (x)=0= x=1: inflection (1,2).

)
8 A

’ @, 4)

0,0

-2 -1 1 2 3 4

Q4. y=x"-2x"=x*(x*-2).mt (0,0), (£v2,0). f (x)=4x’-4x=4x(x’-1)=0=x=0,+1;
V3 5

f'(x)=12x*-4,50(0,0) max, (+1,— 1) minima. Inflections where f (x)=0 :’X:i?, y=-—.

9
i Y
3
2
1
(0, 0)
.
-1,-1) (1,-1)
-2
2 -1 1 2

Q5. y=x>+1.Int(0,1),(=1,0). f (x)=3x*=0=x=0 only; since f (x)>0 everywhere, the gradient does not
change sign, so (0 , 1) is a stationary point of inflection (f ”(X ) =6 x changes sign there).

4 y
3
0,1

(71’ 0)

~=3 -2 -1 1 2

Q6. y=x*-8x"=x’(x*-8).1nt (0,0), (£2v2,0). f (x)=4x’-16x=4x(x*-4)=0=>x=0,+2;
f(x)=12x*-16,s0 (0,0) max, (+2,~-16) minima.
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(0, 0)

-18 L, (2,-16) @,-16)

1 1 3 4

Q7. y=x>-12x.1nt(0,0), (+2v3,0). f (x)=3x*~12=0 = x=+2;  (x)=6x,50 (-2,16) max, (2,-16)
min; inflection (0,0).

(-2, 16) )

[N

NN RA

| OO INARLAI—SAOCO ORI RO DACS—NIR OO

[N RR
(R L PLINLIML LN

N
|
w
|
8]
|
—_

1 2,-16) 3 4

3+3+/5
R

Q8. y=x>-3x*-9x.Int (0,0) and x’~3x-9=0=>x=

f(x)=3x"-6x-9=3(x-3)(x+1)=0=>x=-1,3;f (x)=6x—-6,s0 (—1,5) max, (3, ~27) min; inflection
(1,-11).

[N RRN

AR AN
O S S S S R S S S S S S S

(3,-27)

-3 —2 —1 1 2 4 5

Q9. y=—x*+12x. It (0,0), (£2v3,0). f (x)=-3x*+12=0=>x=+2; f (x)==6x, 50 (—2,—-16) min,
(2,16) max; inflection (0,0).
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Yy (2, 16)

|
‘ [N ARN

X
= 4 -3 (=2,-16) —1 1 2 3 4
Q10. y=2x’-3x*=x*(2x-3).Int (0,0), (%,0). f(x)=6x*-6x=6x(x-1)=0=x=0,1;f (x)=12x -6,

s0 (0,0) max, (1,—1) min; inflection (%,—%)

i y

0,0) (3/2, 0)
d

(1’ 71)

-1 1 2 3

Q1. y=x*-4x’=x’(x-4).nt(0,0), (4,0). f (x)=4x’-12x*=4x*(x-3)=0=x=0,3;

f (x ) =12x>-24x. At x=0, f =(Q and f does not change sign, so (0, 0) is a stationary point of inflection;
(3,-27) is a minimum. f (x)=0=x=0,2, giving a second point of inflection at (2,-16).

1 )

(0, 0) 4,0)
¢ T

HH"‘,‘HHIHHHHIHHHH

(3.-27)

—2 =1 1 2 4 5
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Q12. y=x*-2x>+1=(x*-1)~Int(0,1),(+1,0) (touch). f (x)=4x* - 4x=4x(x*-1)=0=>x=0,+1;

f”(x)=12x2—4, 50 (0,1) max, (+1,0) minima; inflections ( g 5)

4

(-1,0) (1,0)

-2 -1 1 2

Q13. y=x3—3x2+4=(x+1)(x—2)2. Int(0,4),(-1,0),(2,0) (touch).
f(x)=3x*-6x=3x(x-2)=0=>x=0,2;f (x)=6x-6,50 (0,4) max, (2,0) min; inflection (1,2).

6

5
(0, 4)

4

3

2

1

(=1,0)
‘ w
(2,0

-1
=2

2 -1 1 2 3 4

Q4. y=—x"+4x’=-x*(x*-4).nt (0,0), (+2,0). f (x)=-4x>+8x=—-4x(x*-2)=0>x=0,+2;

f”(X):—12X2+8, SO (0,0) min, (i\/§,4) maxima; inflections (+g %)

6 Y

(-2,0) 2,0)
4 d

)
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Q15. y=x’+3x’=x"(x+3).Int (0,0),(=3,0). f (x)=3x’+6x=3x(x+2)=0=x=0,-2;f (x)=6x+6, 50
(-2,4) max, (0,0) min; inflection (- 1,2).

6 Y

2,4

Q16. y=x*-4x.Int (0,0) and x*=4 x = x=4, giving (V4,0). f (x)=4x’-4=4(x’-1)=0=x=1 only;
f(1)=12>0,s0(1,~3) isa minimum. f (x)=12x>=0 at x=0 but " does not change sign, so there is no point
of inflection.

)

— N W A L 0

(0,0)

—4 (1, 73)

-2 -1 1 2 3

Q17. y=x>. Int (0,0). f( x)=3 x*=0 = x=0; the gradient does not change sign, so (0,0) is a stationary point of
inflection.

)

_ N W R

0,0
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Q18. y=x'-6x>+8=(x"-2)(x*—4). Int y-int (0,8); x-ints (i\ﬁ,O) and (£2,0).
f(x)=4x’-12x=4x(x*-3)=0>x=0,+V3; f (x)=12x>~ 12,50 (0,8) max, (++3, - 1) minima;
inflections (+1,3).

Y
A
0, 8)

—_
(=1

L SIS B V. - NN B C RN

(=2,0) (2,0)
4

)
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