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Chapter 10 Discrete random variables — 10A Random variables and their
distributions

Units 3 & 4 preview (in part). Items in this section that use the expected value E ( X ), variance Var(X)
or standard deviation sd ( X ) of a random variable go beyond the Units 1 & 2 study design, which

prescribes random variables and their probability distributions only; they are included as preparation for
Units 3 & 4 and are not assessed in the graded topic tests or practice examinations.

Theory

A random experiment ends in one of several outcomes, and the mathematics runs more smoothly once every outcome
is recorded as a number — numbers can be added and averaged, words cannot. A random variable is such a number:
its value is unknown until the experiment is performed, and which value appears depends on the outcome. A random
variable is discrete when its possible values can be listed out — 0,1,2, 3 and the like — rather than ranging over an
interval; every random variable in this chapter is discrete. We write random variables with capitals (X) and their
values with lower case (X).

Probability distribution. The distribution of X lists every value the variable can take together with the probability of
that value, usually as a table of x against Pr ( X=x ) Not every number table is a distribution — the table must pass
both of these checks:

e the entries exhaust the probability: they add to one, Y, Pr( X =x)=1;
e cach entry is a probability in its own right, so it lies between 0 and 1: 0< Pr (X=x)<1.

The first check is the one that finds an unknown probability: with every other entry known, }’ Pr ( X=X ) =1 pins

down the missing one. Probabilities of events are found by adding the relevant entries,
e.g. Pr(X>2)=Pr(X=2)+Pr(X=3)+--

Expected value (mean). The expected value of X is
E(X)=p=YxPr(X=x).
It is the long-run average value of X over many trials. For a linear change,
E(aX+b)=aE(X)+b.
Mode. The mode is the value (or values) of X with the greatest probability.
Variance and standard deviation. The spread of X is measured by the variance
Var(X)=E(X*)-[E(X)],whereE(X*)=Yx*Pr(X=x),

and the standard deviation sd (X )=+ V ar(X ). For a linear change, Var(aX+b)=a’Var(X).

Worked examples
Example 1 — scaffolded

The table shows the probability distribution of X, where k is unknown.

X 1

Pr(X=x)

w
Ul | W

0
1 3
10 10

Find (a) k; (b) Pr(X>2); (c) E(X).
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Working Comment

i+i+k+l=1:}£+k=l, sok:Z. The probabilities must sum to 1.
10 10 5 5
Pr(X22)=Pr(X=2)+Pr(X=3)=§+%=% Add the entries for x=2 and x =3.

E(X)=0x1/10+1x3/10+2x2/5+3x 1/5=3/10+ E(X)=LxPr(X=x).

2/5
3/10
= 0.3 1
Il
< 1/5
= 0.2
[a W)
1/10
0.1 1
OO _.
0 2 3
X

Example 2 — scaffolded

A discrete random variable X has the distribution below. Find E(X ), V.ar(X)and sd(X ).

X 1 2 3 4 5
Pr(X=x) 1 1 1 1 1

12 6 2 6 12
Working Comment

E(X)=1x1/12+2x1/6+3x1/2+4 x 1/6+5x1/1Z The mean.
E(X*)=1x1/12+4x1/6+9%x1/2+16x1/6+25x1 E(X*)=Y x*Pr(X=x).

Var(X)=E(X*)-[E(X)}=10-3%=1; Variance, then square root.
sd(X)=V1=1.
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Example 3 — unscaffolded

A fair coin is tossed twice. Let X be the number of heads. Find the probability distribution of X and E ( X )
1
The outcomesare TT ,T H,H T ,H H, each with probability 2 SO:

Pr(X=x)

AN

1
1
2

A|m]| O

E(X)=0x1/4+1x1/2+2x1/4=1/2+1/2.

~E(X)=1.

Example 4 — unscaffolded

For the random variable X of Example 2, E(X)=3 and Var(X)=1.Find E(3X-1)and Var(3X-1).
E(3X-1)=3E(X)-1=3x3-1=8.

Var(3X-1)=3*Var(X)=9x1=9.

~E(3X-1)=8andVar(3X-1)=9.

Practice questions
Scaffolded

Q1. For the distribution below: (a) show it is a valid probability distribution; (b) find Pr ( X<2 ); (c)find E( X )

X 1 2 3
Pr(X=x) 1 1 3
5 2 10

Q2. The distribution below has an unknown k: (a) find k; (b) find E( X ).

X 0 1 3 4
Pr(X=x) 1 1 1 1
10 5 5 10

Q3. For the distribution below, find (a) E(X ); (b) Var(X); (c) sd(X).

S0OE) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 1 & 2 - Page 4



X 2 4 6 8
Pr(X=x) 1 3 3 1
8 8 8 8

Q4. A random variable has Pr(sz)Zg for x=1,2,3,6. (a) Find k. (b) Find E( X ). (c) Find Var(X).

Q5. For the distribution below, find (a) E (X ); (b) the mode; (¢) Pr ( X=>2).

X 0 1 2 3
Pr(X=x) 1 1 3 1
10 2 10 10
Q6. For the distribution below, find (a) E(X ); (b) E(2X+5).
X 1 2 3
Pr(X=x) 1 1 1
2 3 6
Unscaffolded
_ ) v 1111
Q7.F1ndE(X)andVar(X)for:x=1,2,3,4WlthPr(X—x)—E,g,g,g.
. . _ 1 11
Q8.F1ndkandE(X)for:x=0,1,2,3w1thPr(X—X)=€,k,§,Z.

Q9.Find E(X ) and Var(X) for: x=-2,-1,1,2 with Pr(X=x):l,%,%,é.

6
Q10. A number X is chosen at random from {10,20,30,40,50}. Find E(X ) and sd (X ).
E

Q11. X is the score showing on a single roll of a fair six-sided die. Find E(X ) and Var(X).
4

Q12. Find E (X ) and the mode for: x=0,1,2 with P’”(X:X):;_S’%’?

Q13. Find E(X) and Var(X) for: x=2,3,5,7, each equally likely.

1
Q14. In a game, the net winnings X (in dollars) has the distribution x=-23,0,2 with Pr ( X=x ) = 5 . Find the

b )

3
8

|-

expected winnings and state whether the game is fair.

Q15. For the distribution x=5,10, 15,20 with Pr(sz)Zé,%,é,%, find E(X)and E(5X -2).

Q17.Find E(X ) and Var(X) for: x=-2,0,2,4 with Pr(X=x)=

Q18. A random variable has Pr(X=x)=k,k,2k,4k for x=1,2,3, 4 respectively. Find k and E (X ).
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Answers

QL. Valid (sum =1): Pr(X <2)=- E(X)="5 Q2. k=2: E(X)=2.Q3. E(X)=5: Var(X)=3;

d(X)Z\/g.Q4.k=%;E( )=2;Var(X)= 2QS.E(X):%;modeZI;Pr(X22)=§.Q6.E(X):g;
E(2X+5)=§.Q7.E(X)=2;Var(X)=%.Q8.k=%;E(X)=%Q9.E(X)=O;Var(X)=2.Q10.
E(X)=30;sd(X)=10v2.Q11.E(X)= %,Var(X)=%.Q12 E(Xx)= g mode =1. Q13. E(X):%;

Var(X ) = % Q4. E ( X)=- % (dollars); not fair — the player expects to lose % of a dollar (that is, 1.25 dollars)

per game. Q15. E(X )=11; E(5X -2)=53.Q16. E(X)=2; Var(X)=1.Q17. E(X )= %Var( ) — Q18

kzl;E(X)Zé.
8 8

Fully-worked solutions

1,1, 3_2_ 5 3 1,17
—t—=—t—+—=1, Pr(X<2)=—+—-=—.
Ql. (a) All entrlesarebetweenOand1and5 > 10" 10 10 10 so it is valid. (b) r( ) = 5710
(c)E(X)=1><1/5+2><1/2+3X3/10=1/5+1+9/10=i—é.
Q2. (a)i+l+k+l+i=l:>§+k=1 sok=g. (b) By symmetry about x =2 E(X)ZZ(orcompute
10 5 5 10 5 ’ 5 ’

Y xPr(X=x)=2).

Q3.(a) E(X)=2x1/8+4x3/8+6x3/8+8x1/8=2+12+18+8/8=5.(b) E(X*)=4+48+108+64/8=28,
soVar(X)=28-25=3.(c)sd(X)=v3.

Q4. (a) k+k/2+k/3+k/6=2k=1, so k=%; the probabilities are % (b)
)

1
6712
E(X?)=1/2+1+3/2+3=6,50

NG

)

N | —

E(X)=1x1/2+2x1/4+3x1/6+6x1/12=1/2+1/2+1/2+1/2=
Var(X)=6-4=2.

2.(c

Q5.(a) E(X)=0x1/10+1x1/2+2x3/10+3 x 1/10=5/10+6/10+3/10=%. (b) The greatestprobability%

oceurs at X =1, so the mode is 1. (¢) Pr(X >2)= 130 + 110 = é

Q6.(a) E(X)=1x1/2+2x1/3+3x 1/6:1/2+2/3+1/2:% (b) E(2X+5)=2E(X)+5= 2x5/3+5—2—;.

Q7. E(X)=1x1/2+2x1/6+3x1/6+4x1/6=3/6+2/6+3/6+4/6=2.
3+4+9+16 _16
6 3’

E(X*)=1x1/2+4x1/6+9%x1/6+16x1/6= 16 %.

) Var(X)=?—4:
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Pr(X

12
I 1/6 1/6 1/6
0.14
0.0 I I I
1 2 3 4
x
1 1.1

Q8. €+k+§+2:1:k:1—%: .Then E(X)=0x1/6+1x1/4+2x1/3+3x1/4=1/4+2/3+3/4=

NG
w|u

0.3 4

13
1/4
“1  w
) l
0.0 -
0 1 2
x
4+2+2+4

Q9. By symmetry about 0, E( X )=0. E(X*)=4x1/6+1x1/3+1 ><1/3+4><1/6:f=2, S0

1/4

Pr(X=x)
o
[\]

3

Var(X)=2-0=2.

031

Pr(X
B
&

0.14

0.0

Q10. Each value has probability % E(X)=1/5(10+20+30+40+50)=30.
E(X*)=1/5(100+400+900 + 1600 + 2500 )=1100, so V ar( X )=1100 - 900=200 and sd ( X )=+/200=10+2

®
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1/5 1/5 1/5 15 1/5
0.20

= 0.15

b
= 0.10 |
[al)

0.05 A

0.00
10 20 30 40 50

Q1. E(X):1/6(1+2+3+4+5+6):%- E(XZ)ZI/G(1+4+9+16+25+36):%, s0

2 —
Var(x)-2L_ (7291 _49_182-147_35
6 2 6 4 12 12
1/6 1/6 1/6 1/6 1/6 1/6
0.15 1
D
Q 0.10
z
0.05 -
0.00 -
1 2 3 4 5 6

+
122 c 8. % The greatest probability ;—z is at x=1, so the mode is 1.

Q12. E(X)=0%9/25+1x12/25+2x 4/25=

05 12/25

0.4 1 9/25

0.2 1 4/25

Q13. Each value has probability %. E(X)=1/4(2+3+5+7)=¥. (XZ):1/4(4+9+25+49):¥, 50

Var(X)

_87 _(17)*_348-289 _59
4 4 16 16°

®)
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1/4 1/4 1/4 1/4
0.25 A
0.20
w
Il
Ei 0.15 4
&
0.10 A
0.05 A
0.00 -
2 3 5 7
x

Q14.E(X)=-3x1/2+0x3/8+2x1/8=-3/2+1/4= —%. Since the expected winnings are not 0 (they are

. . 5 .
negative), the game is not fair — on average the player loses — of a dollar (that is, 1.25 dollars) per game.

12
0.54
04 38
03
0.2

1/8

014
004 l

-3 [ 2

*

Q15. E(X)=5%x2/5+10x1/5+15x1/5+20%x1/5=2+2+3+4=11. Then
E(5X-2)=5E(X)-2=5x11-2=53,

Pr(X=2)

041

0.0+
5

10 15 20

Q16. By symmetry about x =2, E(X)=2.
E(X*)=0+1x1/4+4x3/8+9%x1/4+16%x1/16=1/4+3/2+9/4+1=5,s0 Var(X)=5-4=1.
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Q17.E(X):—Zx1/4+0><3/8+2><1/4+4x1/8:_1/2+1/2+1/2:%.

15
E(XZ):4><1/4+O+4><1/4+16x1/8:1+1+2:4’ SOVGF(X)=4—1/4:T_

0.4 4

1 1 1
Q18. k+k+2k+4k=8k=1, so k=—; the probabilities are 3'8°2’

8
E(X)=1x1/8+2x1/8+3x 1/4+4x1/2=1/8+2/8+3/4+2=22.

Pr(X=2)

Q|-
Rl N

12

£}
I
= 0.3 o
=
[}

®)
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Chapter 10 Discrete random variables — 10B Selection without replacement

Units 3 & 4 preview. This section goes beyond the Units 1 & 2 study design. The hypergeometric
distribution is not part of the study design at Units 3 & 4 level either; the section is included as extension
practice in specifying probability distributions and calculating their means, and is not assessed in the
graded topic tests or practice examinations in this series.

Theory

When items are sampled without replacement, the draws are not independent — each selection changes what
remains. Suppose a group of N items contains D successes (and N — D failures), and a sample of n items is chosen
without replacement. Let X be the number of successes in the sample. Then

PI2)
x)\ n—x
pr(X=x)=XAN=X)
N
n
for the possible values max(0,n—(N —D))<x<min(n, D). This is a hypergeometric distribution.
Why the formula works. There are (IZ) equally likely samples in total. A sample with exactly x successes is built

by choosing x of the D successes and n — x of the N — D failures — that is, (5) (]Z : f) favourable samples.

e The probabilities of any distribution sum to 1.
nD

e The mean (expected value) is E ( X ) =Y xPr ( X=X ), which for this distribution simplifies to E ( X ) = R

e For small cases a probability tree gives the same answers (multiply along branches, add the paths).

To find a distribution: identify N, D and n; list the possible values of x; compute each Pr ( X=x ); tabulate; and
check the probabilities sum to 1.

Worked examples
Example 1 — scaffolded

A box contains 5 red and 3 blue marbles. Two marbles are drawn without replacement. Let X be the number of red
marbles drawn. Find the probability distribution of X and its mean.

Working Comment

Here N=8, D=5 (red), n=2; X may be 0,1,2. Identify the totals; X counts red.

Equally likely selections of 2 from 8.
Total number of samples = (g) =28, auatly Y

(5) (3) 0 red means both blue.
0/\2 3
Pr(X=0)= =
( ) 28 28
(5)(3) 1 red and 1 blue.
1/\1 .
Pr(le):—:E
28 28
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Working Comment
(5)(3) Both red.
2)\0 .
Pr ( X=2 ) = _10_5
28 28 14
S :3+15+1O:1. _nD_2%X5_5 The probabilities sum to 1.
um ==~ =1, mean =~ 3 1
Pr(X=x)
3
28
1 15
28
2 5
14
0.6 1 15/28
/ﬁ\ 0.4 1 5/14
)
-
0.2 4
3/28

1
x

Example 2 — scaffolded

A committee of 3 is chosen from 4 women and 2 men. Let X be the number of women. Find the distribution of X and

its mean.

Working

Comment

N =6, D=4 (women), n=3. The smallest possible
value is 1 (only 2 men).

Total :(2)220.

pr(x=1)=2/ 4 _1
20 20 5
i)
2/\1 .
Pr(X=2)= 123
20 20 5
516)
3/\0 4 1.
Pr{ X= =2 7 1= ==
rX=3)=0" =075
Sum=1;mean=324=2.

S0OE) Classbasics Pty Ltd, vwx.au -

max(0,3-2)=1,s0 X €(1,2,3}.

Equally likely committees.

1 woman, 2 men.
2 women, 1 man.

3 women.

nD
Check against —.
€CK agains N
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2
x

Example 3 — unscaffolded

Three cards are drawn without replacement from a standard deck of 52. Let X be the number of aces drawn. Find
Pr(X=2) and the mean of X.

N =52, D=4 (aces), n=3; total :(532)=22 100,

(%)
2)\1) 6xa8 288 72
P Xﬁ:z = = = = .
r(X=2) 57\ 22100 22100 5525
3
08 | 4324/5525
"%_‘E\ 0.6 1
v
= 04
1128/5525
0.2 1
. 72/5525 1/5525
0.0 - ; .
0 1 2 3

Z

Example 4 — unscaffolded

A drawer holds 7 working and 3 faulty batteries. Four are chosen without replacement. Let X be the number of faulty
batteries. Find the distribution of X and its mean.

N =10, D=3 (faulty), n=4; total =(1f)=210.

4 35 1; 1/\3) 105 _1; 2J\2 63 3.
X = = ‘f=—"=_"7P X = = 7 = = X=2)|=-—F—~ T =_— =—_
Pr( O) r( 1) 210 210 2 Pr( ) 210 210 10

S0OE) Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 1 & 2 - Page 13



4x3_6

.. the probabilities sum to 1 and the mean = 0 5

0.6

172
= 0.4 7
I 3/10
024 16
0.0 4 L
0 1 2 3
T

Pr(X

Practice questions
Scaffolded

Q1. A jar holds 6 green and 4 yellow lollies. Two are taken without replacement; X is the number of green. (a) State
the possible values of X. (b) Find the probability distribution. (¢) Find the mean.

Q2. From 5 novels and 3 textbooks, 3 books are chosen. X is the number of textbooks. Find the distribution of X and
its mean.

Q3. A team of 4 is chosen from 6 boys and 5 girls. X is the number of girls. (a) Find Pr( X =2 ) (b) Find the mean.

Q4. Three cards are drawn without replacement from a deck; X is the number of hearts. (a) State the possible values
of X. (b) Find Pr(X=0). (c) Find Pr(X=1).

Q5. A batch of 8 phones contains 2 faulty ones. Three are inspected without replacement; X is the number faulty.
Find the distribution of X and its mean.

Q6. A raffle has 10 tickets, of which 3 are winners. You buy 2 tickets; X is the number of winning tickets. (a) Find
the distribution of X. (b) Find Pr(X>1). (c) Find the mean.

Unscaffolded

For each situation, let X be the stated count. Find its probability distribution and its mean, unless directed otherwise.
Q7. 5 red and 2 black counters; draw 2; X = number of red.

Q8. 4 women and 3 men; choose 2; X = number of women.

Q9. 6 working and 4 defective globes; choose 4; X = number defective.

Q10. A carton of 12 eggs has 4 cracked; take 3; X = number cracked.

Q11. Two cards drawn from a deck; X = number of kings.

Q12. A draw selects 4 numbers from 20, of which 5 are “winning”; X = number of winning numbers chosen.
Q13. From 7 boys and 4 girls, 3 are chosen; X = number of girls.

Q14. A box of 10 items has 2 defective; 4 are tested; X = number defective.

Q15. From 9 red and 6 blue balls, 4 are chosen; X = number of red. Find the mean and Pr(all 4red ).

Q16. A group of 10 items has 3 special ones; 3 are drawn; X = number special. Find Pr( X >1) and the mean.
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Q17. From 9 tickets, of which 3 win, you buy 4; X = number of winning tickets.

Q18. A committee of 5 is chosen from 7 senior and 5 junior members; X = number of juniors. Verify the distribution
sums to 1 and find the mean.

5
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Answers

Q1. X€1{0,1,2}; Pr —% % % mean— Q2. Pr(O 3)—% % % % mean— Q3. Pr(X 2) 151
mean%.Q4.X€{0,1,2,3};Pr(X=O) 1770030 Pr (X=1) % Q5. P 154 ;: 238 mean% Qe6.

115 1—75 % Pr(XZl)Zf—S;meang.Ql 2—11 % % E .Q8. Pr —% ; % mean— Q9.
Pr_114 281 3 345 210 mean -Q10. P % % % 515 mean 1. Q11. Pr= égﬁ 23221 2;1 mean %
Qiz. Pr_39213 ggg 37203 31203 9(159 mean 1. Q13. Pr_% % % % ea“% Q14 P ; 185 125
mean % Q15. mean %; Pr(all4red)=%. Q16. Pr(X>1)= ;Z mean - = Q17 Pr % % % 211 mean%
. Q18.sum =1; mean%

Fully-worked solutions

6\(4
Q1. N=10, D=6, n=2; total 10 =45.(a) X €{0,1,2]. (b) (0)(2) 6 _ 2
2 Pr(X=0)=—~_t=—="=
45 45 15
fid 2
2x6_6
1/\1 ; 2 Mean = ==,
Pr(x=1)= _28_8p(x=p)=12L-15_L(OMean=T5m=g
45 45 15 45 45 3
L 8/15
$0.4— s
5
A&
027 s
0.0 -
0 1 2
5 )
2 = total 3 1/1\2
Q2. N=8,D=3,n=3 oa(3) Pr(x=0)=3L_10_5:p (v ) _30_15
56 56 28 56 56 28
HH )
3x3 9
Pr(X=2)= =15 pp(x=3)=2L o L Mean ===
56 56 6 5

)

@O0 Classbasics Pty Ltd, vwx.au - Mathematical Methods Units 1 & 2 - Page 16



0.6 7 15/28

T
11 (5)(6) 4x5_20
. = = =4 :330 2 2 . ==
Q3.N=11,D=5,n 4,total(4) (a)Pr(XZZ): _10x15_150 _ 5 . (b) Mean =—-==">
330 330 330 11
2)
3) 9139 _ 703 .(c)

Q4. N=52, D=13, n=3; total 52 =22100. (a) X €{0,1,2,3]. (b)
3 Pr(X=0)= = =
22100 22100 1700

(13)(39)
Pr(x=1) 1)\2 13x741 _ 741 .
22100 22100 1700
(2)(6)
1/\2) _30_15;

5
3 —@—i’Pr(X:l): = =
56 56 28

8\_
. = = =3 1 —56
Q5. N=8, D=2,n=3; tota (3) Pr(X=0)= _2V_
56 56 14

)
3x2 3
2/\1 .M = =—.
pr(x=2)=2\1/_ 6 _ 3 Mean==gm=y
56 56 28
0.6 1 15/28
?0.4— 5/14
=
&
0.2 1
3/28
0.0 -
0 1 2
T
: )
1) 217

10\ _

. = = =2: total _45 2) ‘

Q6. N=10, D=3,n=2; tota (2) @ pr(x=0)=22L=2L_ 7 p(x=1)=
45 45 15 45 45 15

X (3)
7 _ 8 2x3_3
> =1 - = =1-—=— = = —
Pr(X=2)- 2) 3 _1.0)Pr(Xz1)=1-Pr(X=0)=1 == 1g (O Mean====C.
45 45 15
-Pagel7
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0.5 A 7/15 7/15
0.4+
8
I 1
5 0.3
-
A 0.2
0.1 1/15
0.0 -
0 1 2
T

2\ (5)\(2) (5 10
Q7.N=7,D=5,n=2; total 21. Pr= 2 1/\1 2 _ 110 E.Mean7.
217 21 21 21°21°21

0.5 - 10/21 10121

— 0.4

b 0.3 1

Pr(

0.2 1

0.1 1/21

0.0 -
0 1 2

T

1 4 2 8
. = = = . ‘P :—’—’—‘ —.
Q8. N=7,D=4,n=2;total 21. Pr 77 Meam7
0.6 4/7
n
| 0.4
= 27
&
0.2 1 7
0.0 -
0 1 2
x
10 6 4\[6 4\(6 4\(6 4
Q9.N=lO,D=4,n=4;total(4):210. . 4 1/\3 2/\2 3/\1 4 _iiéii
2107 210 ° 210 ° 210 210 14°21°7°35°210
M —.
ean5

®)
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3/7

0.4 1 8/21
™
Il
>
ﬂ‘: 0.2 1

4/35
1/14
. -
0 1 2 3 4
14 28 12 1 3x4
10. N=12, D=4, n=3: total 220. Pr=—2,22% 22 2 Mean="22=1,
Q =2, ot 55°55°55°55 ' 12
0.6
28/55
& 0.4 -
Il
< 149 12/55
R 0.2 1
l 1/55
0.0 - ——
0 1 2 3
T

%)
2 ) _1128 _188;
1326 1326 221

52\ _
= = =2: =1326
Q11. N=52, D=4, n=2; total ( 5 ) ' pr(

X=0)=

(%) ) 2
1)\ 1 . 2 . Mean —.
pr(le): = 192:32’ r( — ): = 6 = 1 ean13
1326 1326 221 1326 1326 221
1.0 4
188/221

0.8 1

/Tl?O.G-

o)

£0.4-

0.2 1 32/221

1/221
0.0 -
0 1 2
X
20\ _ 91 455 70

.N= =5,n=4; =4845 Pr(X=0)=—— Pr(X=1)=—2 Pr(X=2)=——

Q12. N=20, D=5,n 4,total(4) r( ) 03’ r( ) 969" r( ) 03
10 1 4 x5

Pr(X=3)=—— Pr(X=4)=—. =——==1,
r(X=3)=555, PrX=4)=gc5. Mean ==

)
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0.5 455/969

91/323
= 70/323

0.1 1
10/323

1) 7 28 14 4 12
13. N=11, D=4, n=3; total | - |=165. Pr=—L =2 22 2 \jean ==,
Q > D=4,n=3; tota (3) 733°55°55° 165 " 11
0.6
28/55
& 0.4 -
Il
5/ 14/55
H 7133
mo.l-
4/165
0.0 - e
0 1 2 3

8 2\(8
14. N= =2, n=4; total 210. (4) ; (1)(3) ;
Q4. N=10, D=2, n=ditol 210. , o) \4) 70 _1ip o E

210 210 3 210 15
4
2 . Mean —.
Pr(x=2)=22)= 2 -Meng
210 15
0.6 1 8/15
?0.4— s
X
=
02 215
0.0 -
0 1 2

(9)

4
4X9 :2. Pr(all4red):Pr(X:4):_:ﬁ:£.
5 (15) 1365 65

4

Q15. N=15,D=9,n=4. Mean = 5

(7) M

7 _17 3x3_9
Pr(X=1)=1-+== =
3) .35 _ 7.s0 PriX=1)=1-57=00 Mean = =52 =5

T120 120 24

16. N = = =3; total .
Q16. N=10, D=3, n=3; total 120 Pr(XZO)
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0.6
21/40

" 0.4 1
724

0.2 7/40
. 1/120
0.0 G T
0 1 2 3
T

QIIJV=9,D=3,n=4;muﬂ(2):125

Pr(X =

(2)_15_1; _ :%_60_2;
Pr(Xx=1)

Pr(X=0)="~1=—-2 - =2 -
M(X=0)=16 126 " @2 126 126 21
23 I :
2)\2 : 3)\1 . Mean —.
Pr(X=2)= = 5 p(x=3)= =5 _1.Meng
126 126 14 126 126 21

0.5 4 10/21

= 0.4 7 5/14
Q 0.3 1
=
A 0.2
5/42
0.1 '. 1/21
0.0 1
0 1 2 3
o

Q18. N=12, D=5, n=>5: total (152):792.

(5)( 7 ) . 7 175 175 35 35 1
gives

x/\5—x s s s s s
- 264 ° 792 396 132792 792
792

5x5_25
12 12°

Pr(X=x)= for

x=0,1,2,3,4,5. These sum to 1, and the mean =

175/396

"

0.3 35/132
= 175/792
-

[a 9

35/792

1/792
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Chapter 10 Discrete random variables — 10C Selection with replacement and the
binomial distribution

Units 3 & 4 preview. This section goes beyond the Units 1 & 2 study design. It is included as preparation
for Units 3 & 4 and is not assessed in the graded topic tests or practice examinations in this series.

Theory

Many situations consist of repeated independent trials, each with only two outcomes — a success (probability p) or
a failure (probability 1 — p). When the number of trials n is fixed and p stays constant, the number of successes
follows a binomial distribution.

When is a distribution binomial? All four conditions must hold:

e afixed number of trials n;

e cach trial has exactly two outcomes (success / failure);

e the trials are independent;

e the probability of success p is constant from trial to trial.

Sampling with replacement keeps p constant, so it is binomial; sampling without replacement changes p each draw,
so it is not binomial.

The distribution. If X is the number of successes in n trials, we write X ~Bi(n, p), and

Pr(sz)Z(n)px(l—p)”X,x=0,1,2,...,n.
X

Here (Z) counts the ways of choosing which x of the n trials are the successes, p* is the probability of those
successes, and (1 — p )" * the probability of the failures.
Useful results.

e Pr(X>1)=1-Pr(X=0) (“atleast one” via the complement);
e Pr(X<k)=Pr(X=0)+Pr(X=1)+--+Pr(X=k);
e mean E(X)an; variance Var(X)an(l—p); standard deviation sd(X)Z\/np(l—p).

The graph of the distribution is a bar graph of Pr ( X= x) against x. It is symmetric when p=0.5 and skewed
otherwise.

X ~Bi(6, 0.5) X ~Bi(6, 0.2)

— 0.4
. 0.3+
|02 h
> >
= = 0.2
A =¥

0.1

I I N
0.0 - L 0.0 - . —
0 1 2 3 4 5 6 0 1 2 3 4 5 6
z
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Worked examples
Example 1 — scaffolded

A fair die is rolled 5 times. Let X be the number of sixes. Find Pr ( X= 2) and Pr ( X=0 )

Working Comment

Each roll is independent with Pr(six )=1/6, and there ~ Fixed n=>5, constant p=1/6, independent trials.
are 5 rolls, so X ~Bi(5,1/6).

Apply the formula with x =2.

Pr(X:2)=(g)(1/6)2(5/6)3:10 -1/36 - 125/216=§(

Pr(x=0)= 5 (1/6)0(5/6)5=(5/6)5:3125%0.4019 No sixes — all five rolls fail.
0 7776
X ~Bi(5, §)
0.4
~ 034
I
2021
[a W)
0.1
0.0 - ==
0 1 2 3 4 5

Example 2 — scaffolded

In a test, 70 % of students pass. A random sample of 8 students is taken. Let X be the number who pass. Find
Pr(X=6)and Pr(X=>1), and state the mean of X.

Working Comment

X ~Bi(8,0.7). n=8, p=0.7 constant.

Pr(X=6)=(2)(0.7)6(0.3)2=28 +0.117649 -0.09~( (g)zzs-

Pr ( X>1 ) =1-Pr ( X=0 ) =1- ( 0.3 )Bm 1-0.0001=0. Use the complement for “at least one”.

Mean E(X )=np=8x0.7=5.6. On average 5.6 of the 8 pass.
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X ~Bi(8, 0.7)

0.30 -
0.25 1
/T\? 0.20
= 0.15 1

0.10 1

0.05 1

0.00 - —_—
0 1 2 3 4 5 6 7 8

T

Example 3 — unscaffolded

X ~Bi(10,0.2). Find Pr( X =3) and the mean of X.

Pr(X=3)=(130)(0.2)3(0.8)7=120 -0.008 - 0.2097152~0.2013.

~.mean E(X)=np=10%0.2=2.

X ~Bi(10, 0.2)

0.30
0.25
|| 0201
520.15—
o)
0.10
0.05 I I
0.00 - . = T T T T
o 1 2 3 4 5 6 7 8 9 10
z

Example 4 — unscaffolded

A basketballer has a 0.8 chance of making each free throw and takes 6 shots. Let X be the number made. Find
Pr(X=6)and Pr(X>5).

X ~Bi(6,0.8).

Pr(x=6)=(0.8)"= 409 . 0.2621.
15625

_ 2048

= ~0.6554.
3125

Pr(X25)=Pr(X=5)+Pr(X=6)=(g)(0.8)5(0.2)+(0.8)6

)
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X ~Bi(6, 0.8)

0.4
031
8
Il
bt
= 0.2 4
[a W}
0.1 A
OO m L__| .
0 1 2 3 4 5 6
T

Practice questions
Scaffolded

Q1. A fair coin is tossed 4 times; X is the number of heads, so X ~Bi(4,1/2). (a) Find Pr(X=2). (b) Find
Pr(X=4).(c) Find Pr(X>1).

Q2. For X ~Bi ( 6,0.5 ): (a) find Pr ( X=3 ); (b) state the mean; (c) draw the bar graph of the distribution.

Q3. A machine produces items, 10 % of which are faulty. A sample of 5 is taken; X ~ Bi ( 5,0.1 ) (a) Find
Pr(X=0). (b) Hence find Pr( X >1).

Q4. For X ~Bi(10,0.9): (a) find Pr( X =10); (b) state the mean.

Q5. A fair die is rolled 4 times; X is the number of sixes. Find Pr( X =1).

Q6. For X ~Bi(8,0.25): (a) find the mean n p; (b) find the variance n p(1-p).
Unscaffolded

Give each probability correct to four decimal places (or as an exact fraction).

Q7. X ~Bi(7,0.3). Find Pr(X=2).

Q8. X ~Bi(10,0.5). Find Pr(X =5) and draw the bar graph of the distribution.
Q9. A fair coin is tossed 5 times. Find the probability of exactly 3 heads.

Q10. 20 % of chocolates in a large batch are dark. Six are chosen with replacement. Find the probability that none are
dark.

Q11. For the situation in Q10, find the probability that at least one is dark.

Q12. A student guesses each of 5 multiple-choice questions, each with 4 options. Find the probability of exactly 2
correct.

Q13. X ~Bi(8,0.6). Find Pr(X=5).

(
Q14. X ~Bi ( 20,0.15 ) Find the mean and the standard deviation (to 4 d.p.).
Q15. X ~Bi(5,0.4). Find Pr(X<1).

(

Q16. X ~Bi(6,0.7). Find Pr(X>4).

Q17. State, with reasons, whether each is a binomial situation: (a) drawing 3 cards from a pack without replacement
and counting the aces; (b) rolling a die 10 times and counting the fives.
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Q18. X ~Bi(n,0.5) has a mean of 4. Find n.
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Answers

Q1. (a) 3/8=0.375; (b) 1/16=0.0625; (c) 15/16=0.9375. Q2. (a) 5/16=0.3125; (b) mean 3; (¢) symmetric bar
graph. Q3. (a) 0.5905; (b) 0.4095. Q4. (a) 0.3487; (b) mean 9. Q5. 125/324 ~0.3858. Q6. (a) mean 2; (b) variance
1.5. Q7. 0.3177. Q8. 63/256~0.2461. Q9. 5/16=0.3125. Q10. 4096/15625~0.2621. Q11. 0.7379. Q12.
135/512~0.2637. Q13. 0.2787. Q14. mean 3, sd 1.5969. Q15. 0.3370. Q16. 0.7443. Q17. (a) not binomial (p
changes without replacement); (b) binomial (=10, p=1/6, independent). Q18. n=8.

Fully-worked solutions

oL X ~Bi(4,1/2). () Pr(X=2)=(‘2‘)(1/2)2(1/2)2=6 1/16=3/8_(b) pr(X=4)=(1/2)*=1/16.©)
Pr(X=1)=1-Pr(X=0)=1-(1/2)"=15/16.

Q2. (a) Pr(X=3)=(§)(l/2)6=20 -1/64=20/64=5/16_ (b) Mean =n p=6 x 0.5=3. (c) The distribution is
symmetric about x =3:

X ~Bi(6, 0.5)

0.3 A

0.2 1
0.1 A
0.0 L= I I —
0 1 2 3 4 5 6
xr

Q3. X ~Bi(5,0.1). (a) Pr(X=0)=(0.9)°=59049/100000~ 0.5905. (b) Pr( X >1)=1-0.5905=0.4095.

Pr(X=x)

Q4. X ~Bi(10,0.9). (a) Pr(X=10)=(0.9)"°~0.3487. (b) Mean =n p=10 x 0.9=9.
Q5. X ~Bil4,1/6). Pr(X:1):(‘1‘)(1/6)l(5/6)3:4 -1/6 -125/216=125/324~0.3858.
Q6. X ~Bi(8,0.25). (a) Mean =n p=8 % 0.25=2. (b) Variance =n p(1- p)=8x0.25x0.75=1.5.

Q7. Pr(X:2):(;)(0.3)2(0.7)5:21 -0.09 -0.16807~0.3177.

Q8. Pr(XZS)Z(lso)(UZ)lO:ZSZ -1/1024=63/256~0.2461, The distribution is symmetric about x =5:

)
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X ~Bi(10, 0.5)
025 -

0.20

x)

Il 0.15 -

T(X

B 0.10 1

0.05 4

o 1 2 3 4 5 6 7 8 9

10

Q9. X ~Bi(5,1/z);Pr(X=3)=(§)(1/2)5=10 -1/32=5/16=0.3125.

Q10. X ~Bi(6,0.2); Pr(X=0)=(0.8)°=4096/15625~0.2621.

QI1. Pr(X>1)=1-Pr(X=0)=1-0.2621=0.7379.

Q12. X ~Bi(5,1/4); Pr(X=2):(g)(1/4)2(3/4)3:10 .1/16 -27/64=135/512~0.2637.

Q13. Pr(X=5):(g)(0.6)5(0.4)3:56 -0.07776 -0.064~0.2787.

Q14. Mean =n p=20x%0.15=3; sd=vnp(1-p)=+20x0.15 x 0.85=+/2.55~1.5969.
Qis. Pr(Xs1):Pr(X:0)+Pr(X:1):(0.6)5+(i’)(0.4)(0.6)4=0.07776+0.2592=0.337o,

Q16. Pr(X>4)=Pr(4)+Pr(5)+Pr(6) where X ~Bi(6,0.7):

(2)(0.7)4(0.3)2+(‘55)(0.7)5(0.3)+(0.7)6:0.324135+0.302526+0.117649m0.7443.

Q17. (a) Not binomial — drawing without replacement changes the probability of an ace on each draw, so p is not
constant. (b) Binomial — n =10 fixed independent rolls, each a five/not-five with constant p=1/6.

Q18.Mean=np=nx0.5=4=>n=8.

)
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Topic 2 Test A— Technology-active

Topic 2 covers Chapters 8—10 (probability and simulation, counting principles, discrete random variables). Reading
time: 5 minutes. Writing time: 50 minutes. Total: 50 marks. One bound reference, one approved CAS calculator or
CAS software, and one scientific calculator are permitted. In all questions where a numerical answer is required, an
exact value must be given unless otherwise specified. In questions where more than one mark is available, appropriate

working must be shown.

Question 1 (4 marks)

One card is drawn at random from a standard 52-card deck.
a. Find Pr(queen ).

b. Find Pr(spade).

c. Find Pr( queen or spade ).

Question 2 (5 marks)

1 mark

1 mark

2 marks

A bag contains 6 red and 3 blue counters. Two counters are drawn at random without replacement.

a. Draw a tree diagram showing all the probabilities.
b. Find Pr(both red ).

c. Find Pr(one of each colour ).

Question 3 (6 marks)

In a group of 40 students, 25 play tennis (T'), 18 play netball (N ), and 10 play both.
a. Represent this information in a Venn diagram.

b. Find Pr(T UN).

c. Find Pr( neither sport ).

d. Find Pr( tennis only ).

e. Determine whether T and N are independent.
Question 4 (6 marks)

200 people were surveyed about a product. The results are:

Like (L) Dislike (L) Total
Male (M) 84 36 120
Female (M) 40 40 80
Total 124 76 200

a. Find Pr(L).
b. Find Pr(M nL).
c.Find Pr(L/M).

d. Are the events “Male” and “Like” independent? Justify your answer.

EREE
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2 marks
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1 mark

1 mark

1 mark
1 mark
2 marks

2 marks
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Question 5 (5 marks)

A basketball player scores on 70% of her free-throw attempts. To simulate a sequence of attempts, single random
digits (0-9) are used: the digits 0, 1, 2, 3, 4, 5 and 6 represent a score, and the digits 7, 8 and 9 represent a miss.

a. Explain why this assignment of digits correctly models a scoring rate of 70%. 1 mark

b. Using the random digits 4, 8, 2, 9, 7, 5 in order, simulate two trials of three attempts each, and state the number of
scores in each trial. 2 marks

Twenty simulated trials of three attempts each gave the following numbers of scores.

Number of
scores 0 1 2
Frequency 1 4 9 6
c. Use these simulation results to estimate the probability that the player scores on at least two of three attempts.

2 marks
Question 6 (5 marks)
A committee of 4 is chosen from 7 women and 5 men.
a. In how many ways can the committee be chosen? 1 mark
b. In how many ways can it be chosen with exactly 2 women and 2 men? 2 marks
¢. In how many ways can it be chosen with at least one man? 2 marks
Question 7 (5 marks)
Five cards are dealt from a standard 52-card deck.
a. State the total number of possible 5-card hands. 1 mark
b. Find the probability that all five cards are hearts. 2 marks
c. Find the probability of a hand containing exactly two kings. 2 marks
Question 8 (7 marks)
The discrete random variable X has the distribution:
X 0 1 2
Pr(X=x) 0.15 k 0.25 0.2
a. Find the value of k. 1 mark
b. Find Pr( X >2). 1 mark
c.Find Pr(X>1/X<2). 2 marks

d. The value of X is recorded on two separate days, and the two recorded values are independent of each other. Find
the probability that X >2 on exactly one of the two days. 3 marks

Question 9 (7 marks)

A factory has two machines. Machine A produces 70% of the factory’s components and Machine B produces the
remaining 30%. Of the components produced by Machine A, 4% are faulty; of the components produced by Machine
B, 9% are faulty. One component is selected at random from the factory’s output. Let A be the event that it was
produced by Machine A, and let F be the event that it is faulty.

a.Find Pr(AnF). 1 mark
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b. Show that Pr( F )=0.055. 2 marks

c. Given that the selected component is faulty, find the probability that it was produced by Machine B. 2 marks
d. Determine, with justification, whether the events A and F are independent. 2 marks

End of Topic 2 Test A
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Topic 2 Test A — solutions

4+13i16 4

‘11(0) Pr(queen or spade )= =5 T 513

4
Q1. (a) Pr(queen )= izﬁ (b) Pr(spade )= =

Q2. (a)

Q3. (a) Tennis only 15, both 10, netball only 8, neither 7:

7 T N

€
(b) Pr(TUN)= 15+10+8_ —33 . (c) Pr(neither)= —(d)Pr(Tonly) 5.3
40 408
25 18_9 10_1_8 9 _8
Pr(T)Pr(N)=-—7Xx—=— Pr(TnN)=—==>=—. — £
(c) Pr(T)Pr(N)= 20 40 3’ but Pr(TnN) 20 a4 32 Snce32 3’ T and N are not
independent.
124 _ 31 84 84 31
.(a P PriMNL)=——=— Pr(L/M)=—=— =—=0.62
Q4. (@ Pr(L)=320 =20 (0) Pr(MnL)=oib=25 (o) Pr(L/M)=b=20 (@) Pr(L)=25062 bu

Pr(L /M)=%=0.7. Since Pr(L /M )#Pr (L), the events are not independent.

Q5. (a) Seven of the ten equally likely digits (0, 1, 2, 3, 4, 5, 6) represent a score, so the model gives
7
Pr ( score ) = 0 =0.7, which matches the 70% scoring rate. (b) Trial 1 uses the digits 4, 8, 2: score, miss, score, s0 2

scores. Trial 2 uses the digits 9, 7, 5: miss, miss, score, so 1 score. (c) At least two scores occurred in 9+6 =15 of the
3

1
20 trials, .". the estimated probability is % = 1
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Q6. (a) (142):495. (b) (Z)(g)zzl x10=210. (¢) at least one man = total — all women

=495 —(Z)=495 ~35=460.

<)
5) 1287 _ 33

(52) 2598960 66640
5

%)
2/\3 ) 6x17296 _ 2162

(52) 2598960 54145
5

Q7. (a) (552) =2598960. (b) Pr(all hearts )= ©

Pr(exactly 2 kings )=

Q8. (2) 0.15+k+0.25+0.2=1=k=0.4. (b) Pr(X>2)=0.25+0.2=0.45. (c)
Pr(1<Xx<2) 0.4+0.25 0.65_13
PriX=z1/X<2)= = = =—. h Pr(X=2)=0.25+0.2=0.45
r(X=1/X<2) Pr(X<2) 015+04+025 08 16" Onecachday. Pr(X=2)
and Pr( X <1)=0.55. The days are independent, so

Pr(exactly one day with X >2)=0.45 x 0.55+0.55 x 0.45=0.2475+0.2475=0.495.

Q9. (a) Pr(AnF)=0.7%x0.04=0.028. (b)

Pr(F)=Pr(AnF)+Pr(A nF)=0.7x0.04+0.3 x0.09=0.028+0.027 =0.055. (c)

Pr(A/F)= PriAnF)_0027 =27 (d) Pr(A)Pr(F)=0.7x0.055=0.0385, but Pr( A n F)=0.028. Since
Pr(F)  0.055 55

0.028#0.0385, the events A and F are not independent.
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Topic 2 Test B— Technology-free

Topic 2 covers Chapters 8—10 (probability and simulation, counting principles, discrete random variables). Reading

time: 5 minutes. Writing time: 45 minutes. Total: 40 marks. Students are not permitted to bring any technology

(calculators or software), or notes of any kind. In all questions where a numerical answer is required, an exact value
must be given unless otherwise specified. In questions where more than one mark is available, appropriate working

must be shown.

Question 1 (4 marks)

Two fair six-sided dice are rolled.

a. Find Pr(sum=8).

b. Find Pr(a double).

c. Find Pr(sum is a multiple of 3 ).

Question 2 (5 marks)

A box contains 3 white and 2 black balls. Two balls are drawn at random without replacement.

a. Draw a tree diagram.

b. Find Pr ( both white ).

c. Find Pr (the two balls are different colours ).

Question 3 (5 marks)

For two events A and B, Pr(A)=3/5, Pr(B)=1/3 and Pr(AnB)=1/5.
a.Find Pr(A UB).

b. Find Pr(AnB ).

¢. Determine whether A and B are independent.

Question 4 (5 marks)

The two-way table gives probabilities for events A and B.

Pr B B
A 0.3 0.1
A 0.2 0.4
a.Find Pr(A).

b. Find Pr(A /B).

c.Find Pr(B/A).
Question 5 (5 marks)

A book club has 5 members.

a. In how many ways can 2 of the 5 members be chosen to host the next meeting?

1 mark

1 mark

2 marks

2 marks
1 mark

2 marks

2 marks

1 mark

2 marks

1 mark

2 marks

2 marks

1 mark

b. Each of the 5 members votes for one of 3 shortlisted novels. In how many different ways can the five votes be cast?

c. In how many ways can 3 of the 5 members be chosen if a particular member must be included?
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Question 6 (6 marks)

A gift box contains 7 chocolates: 4 dark and 3 milk. Three chocolates are selected at random from the box.

a. In how many ways can the three chocolates be selected? 1 mark
b. Find the probability that all three chocolates are dark. 2 marks
c. Find the probability that exactly one of the chocolates is milk. 2 marks
d. Find the probability that at least one of the chocolates is milk. 1 mark
Question 7 (5 marks)

The discrete random variable X has the distribution:

X 1 2 3 4

Pr(X=x) 1/8 3/8 1/4 1/4

a. Show that the probabilities sum to 1. 1 mark
b. Find Pr(X<2). 1 mark
¢. Find Pr(X>3/X>2). 2 marks
d. Find the probability that the value of X is odd. 1 mark

Question 8 (5 marks)

Box P contains 2 red discs and 3 green discs. Box Q contains 4 red discs and 1 green disc. A fair coin is tossed: if it
lands heads, one disc is drawn at random from Box P; if it lands tails, one disc is drawn at random from Box Q.

a. Find the probability that a green disc is drawn, given that the coin lands tails.

b. Find the probability that a red disc is drawn.

c. Given that a red disc is drawn, find the probability that the coin landed heads.

End of Topic 2 Test B
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Topic 2 Test B — solutions

Q1. (a) The favourable outcomes are (2,6),(3,5),(4,4),(5,3),(6,2): Pr—— (b) Doubles: Pr=— 6 _1 .(¢)

36 6
. . . _12_1
Sums that are multiples of 3 are 3,6,9,12, occurring 2+5+4+1=12 times: Pr “3 3
Q2. (a)
2/4 W (3/10)
35 2/4
WB
2/5
3/4 EVY
B 1/4
BB
3.2_3
Pr(both white )==x—=—,
(b) Pr(both white )= = 21710
. 3,2,2.,3_6_6_3
Pr(different )J==x—+=x—=—+—=—
(¢) Pr{different) = = 4+ x4 =55 "20 5
3,1.1_.9 5 3 3 1_2
PrlAUB)==+=-—-==—+——-—=— Pr(AnB )=Pr(A)-Pr(AnB)==-===.
Q3. (@ Pr(AUB)=2+3-2==+2 L= () Pr(AnB)=Pr(A)-Pr(AnB)=2-2=2 (0
Pr(A)Pr(B)= % % % Pr(AnB). .. A and B are independent.
Pr(AnB)_03_3 Pr(AnB)_03_3
4.(a) Pr(A)=0.3+0.1=04.b) Pr(A/B)=——F—~—=——-==.(¢) Pr(B/A)=——F———=—=—"=—.
Q4. (a) Pr(A) ®) PriA/B)=—p =075 @ Pr(B/A)=—p =002

QS. (a) (g) =10. (b) By the multiplication principle, each of the five members independently has 3 choices:

3x3x3x%x3x3=3"=243. (¢) The particular member is included, so the remaining 2 are chosen from the other 4:

i+

B )63
Q6. (a) (;):35. (b) Pr(all dark)zi:i (c) Pr(exactly one rnllk)—i—ﬁ—E (d)

71 35 7 35 35
3 3
: 4 _31
Pr(at least one milk )=1—Pr(all dark )=1-—===.
35 35
1,31 1_1.3,2 2_8 1.3 _4_1
— =+t =+ —+==—= PriX<2)|==+==—==
@5 g" 2 4 88 8 8 8 7 o) Pr( )8882'(C)
1,11
Pr(XzS/XzZ)zPr(XZS): 4 4 2.4 (d) Pr(Xisodd)=Pr(X=1)+Pr(X=3)= 1,13
Pr(x>2) 3,11 7 7 8 4 8
8 4 4 8
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. 1
Q8. (a) Box Q contains 1 green disc out of 5, so Pr ( green /tails )= o (b)

Pr(red)=Pr(heads)Pr(red / heads)+ Pr(tails ) Pr(red / tails ) =

Pr(heads nred)
Pr(red)

Pr(heads /red )= :%_

vlw|ul] =

)
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